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Preface

Welcome to the third annual Workshop on Algorithms and Computation (WAL-
COM 2009). The workshop provided a forum for researchers working in algo-
rithms and theory of computation from all over the world.

This volume contains the papers presented at WALCOM 2009 held during
February 18-20, 2009 at the Indian Statistical Institute, Kolkata, India. The
scientific program of WALCOM 2009 included 30 contributed papers selected
through a very high quality refereeing process from 102 submissions with authors
from 30 countries. In addition, there were four invited talks delivered by Otfried
Cheong of KAIST, Korea, Janos Pach of Courant Institute, NY, USA, Sandeep
Sen of Indian Institute of Technology, New Delhi, India and Chee Yap of Courant
Institute, NY, USA, who are all eminent and well-known researchers.

As editors of these proceedings, we would like to thank all the authors who
showed interest in WALCOM 2009. The reputation of a conference is enhanced
by its Program Committee and the invited talks. We were able to get highly
respected researchers to serve on our Program Committee. We are very much
indebted to all members of the Program Committee who did excellent work in
helping us to finalize the technical program. We also thank all external referees
without whose help it would not have been possible to evaluate so many contri-
butions in so little time. We thank the invited speakers for presenting their talks
on current research areas of theoretical computer science.

Our sincerest thanks are due to Bhargab B. Bhattacharya for arranging a
relevant pre-conference national workshop on Nano-Science and Bio-chips. It
provided an excellent overview to the participants about the research on this
emerging technology. We are immensely grateful to Sankar K. Pal, Director,
Indian Statistical Institute, for his support in co-sponsoring the workshop and
for providing infrastructural help.

We gratefully acknowledge the Organizing Committee led by Subhas C.
Nandy for their excellent services that made the workshop a grand success. We
thank the Steering Committee members for their continuous encouragement. We
also thank Md. Saidur Rahman for valuable suggestions and support.

We would like to thank Springer for publishing these proceedings in their
prestigious Lecture Notes in Computer Science series, which has in no small way
contributed to elevating the status of the conference in academic circles.

We would like to thank our sponsors for their support. Finally, we would
also like to thank the EasyChair system for providing a flexible, user-friendly
conference management system.

February 2008 Sandip Das
Ryuhei Uehara
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A Separator Theorem for String Graphs
and Its Applications

Jacob Fox1,� and János Pach2,��

1 Department of Mathematics, Princeton University, Princeton, NJ, USA
jacobfox@math.princeton.edu

2 City College, New York, USA and EPFL, Lausanne, Switzerland
pach@cims.nyu.edu

Abstract. A string graph is the intersection graph of a collection of
continuous arcs in the plane. It is shown that any string graph with m
edges can be separated into two parts of roughly equal size by the removal
of O(m3/4√log m) vertices. This result is then used to deduce that every
string graph with n vertices and no complete bipartite subgraph Kt,t has
at most ctn edges, where ct is a constant depending only on t. Another
application is that, for any c > 0, there is an integer g(c) such that every
string graph with n vertices and girth at least g(c) has at most (1 + c)n
edges.

1 Introduction

A large part of computational geometry deals with representation and manipu-
lation of various geometric objects. Special attention is paid to pairs of objects
that are in contact with each other: detecting intersections among line segments,
for example, belongs to the oldest and best studied chapter of computational ge-
ometry, already addressed in the first monograph devoted to the subject [29].
Yet, even in the special case of segments, little is known about elementary struc-
tural properties of the arising intersection patterns. The recognition of such
intersection patterns (intersection graphs) is known to be NP-hard [18], [19].

Given a collection C = {γ1, . . . , γn} of arcwise connected sets in the plane,
their intersection graph G = G(C) is a graph on the vertex set C, where γi and
γj (i �= j) are connected by an edge if and only if γi ∩ γj �= ∅. It is easy to show
that every such intersection graph can be obtained as an intersection graph of a
collection of (simple) continuous curves in the plane. Therefore, the intersection
graphs of arcwise connected sets in the plane are often called string graphs.

Given a graph G = (V, E) with vertex set V and edge set E, a weight function
w : V → R≥0 is a nonnegative function on the vertex set such that the sum of

� Research supported by an NSF Graduate Research Fellowship and a Princeton Cen-
tennial Fellowship.

�� Supported by NSF Grant CCF-05-14079, and by grants from NSA, PSC-CUNY,
Hungarian Research Foundation OTKA, and BSF.

S. Das and R. Uehara (Eds.): WALCOM 2009, LNCS 5431, pp. 1–14, 2009.
c© Springer-Verlag Berlin Heidelberg 2009



2 J. Fox and J. Pach

the weights is at most 1. The weight of a subset S ⊆ V , denoted by w(S), is
defined as

∑
v∈S w(v).

A separator in a graph G = (V, E) with respect to a weight function w is
a subset S ⊆ V for which there is a partition V = S ∪ V1 ∪ V2 such that
w(V1), w(V2) ≤ 2/3 and there is no edge between V1 and V2. If the weight
function is not specified, it is assumed that w(v) = 1

|V | for every vertex v ∈ V .
The Lipton-Tarjan separator theorem [22] states that for every planar graph

G with n vertices and for every weight function w for G, there is a separator
of size O(n1/2). This has been generalized in various directions: to graphs em-
bedded in a surface of bounded genus [14], graphs with a forbidden minor [1],
intersection graphs of balls in R

d [24], intersection graphs of Jordan regions [9],
and intersection graphs of convex sets in the plane [9]. Our main result is a
separator theorem for string graphs.

Theorem 1. For every string graph G with m edges and for every weight func-
tion w for G, there is a separator of size O

(
m3/4√log m

)
with respect to w.

We do not believe that the bound on the separator size in Theorem 1 is tight.
In fact, as in [12], we make the following conjecture.

Conjecture 1. Every string graph with m edges has a separator of size O(
√

m).

This conjecture is known to be true in several special cases: (1) for intersec-
tion graphs of convex sets in the plane with bounded clique number [9], (2) for
intersection graphs of curves, any pair of which have a bounded number of in-
tersection points [9], and (3) for outerstring graphs, that is, intersection graphs
of collections C of curves with the property that there is a suitable curve γ such
that each member of C has one endpoint on γ, but is otherwise disjoint from
it [10].

Separator theorems have many important applications (see, e.g., [21] and [23]).
Despite the apparent weakness of the bound in Theorem 1, it is still strong
enough to yield some interesting corollaries.

For any graph H , a graph G is called H-free if it does not have a (not nec-
essarily induced) subgraph isomorphic to H . Given H and a positive integer
n, the extremal number ex(H, n) is defined as the maximum number of edges
over all H-free graphs on n vertices. The study of this parameter is a classical
area of Turán type extremal graph theory; see [2]. The problem of investigating
the same maximum restricted to intersection graphs of arcwise connected sets,
convex bodies, segments, etc., was initiated in [27]. For partial results in this
direction, see [27], [30], [9].

In the present paper, we use Theorem 1 to prove that for any bipartite graph
H , there is a constant cH such that every H-free intersection graph of n arcwise
connected sets in the plane has at most cHn edges. Clearly, it is sufficient to
prove this statement for balanced complete bipartite graphs H = Kt,t, as every
bipartite graph with t vertices is a subgraph of Kt,t.

Theorem 2. For any positive integer t, every Kt,t-free string graph with n ver-
tices has at most tc log log tn edges, where c is an absolute constant.
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A graph G is called d-degenerate if every subgraph of G has a vertex of degree at
most d. Every d-degenerate graph has chromatic number at most d+1. Theorem 2
implies that every Kt,t-free intersection graph of arcwise connected sets in the
plane is 2tc log log t-degenerate. Thus, we obtain

Corollary 1. For any positive integer t, the chromatic number of every Kt,t-free
intersection graph of n arcwise connected sets in R

2 is at most 2tc log log t + 1.

In [9], it was shown that every Kt,t-free intersection graph of n curves, no pair of
which has more than a fixed constant number of points in common, has at most
ctn edges, where the dependence on t is exponential. In this case, our separator
based approach gives a tight bound. In Section 5, we establish

Theorem 3. Let k and t be positive integers. There exists a constant Ck de-
pending only on k, such that the maximum number of edges of any Kt,t-free
intersection graph of n curves in the plane, no pair of which have more than k
points in common, is at most Cktn. Apart from the value of the constant Ck,
this bound cannot be improved.

A collection of curves in the plane is called a collection of pseudo-segments if
no two of them have more than one point in common. The girth of a graph is
the length of its shortest cycle. Kostochka and Nešetřil [17] proved that for any
c > 0, there is a positive integer g(c) such that the intersection graph of any
collection of pseudo-segments with girth at least g(c) has at most (1+ c)n edges.
Using our separator theorem, Theorem 1, this statement can be extended to all
string graphs.

Theorem 4. For any c > 0, there is a positive integer g(c) such that every
string graph on n vertices with girth at least g(c) has at most (1 + c)n edges.

In particular, this theorem implies that there exists a positive integer g0 such
that every string graph with girth at least g0 has chromatic number at most 3.
It would be interesting to determine the smallest such integer g0.

We mention another application of Theorem 1. The bandwidth of a graph G
with n vertices is the minimum b such that there is a labeling of the vertices of G
by 1, . . . , n so that the labels of adjacent vertices differ by at most b. Chung [5]
showed that every tree with n vertices and maximum degree Δ has bandwidth
at most O(n/ logΔ n). Böttcher, Pruessmann, Taraz, and Würfl [3] used the
separator theorem for planar graphs to extend this result to show that every
planar graph with n vertices and maximum degree Δ has bandwidth at most
O(n/ logΔ n). Replacing the separator theorem for planar graphs by Theorem 1
in the proof of this result, we obtain the following extension to all string graphs
with a forbidden bipartite subgraph.

Corollary 2. Every Kt,t-free string graphs with n vertices and maximum degree
Δ has bandwidth at most ctn/ logΔ n, where ct only depends on t.

The proof of Theorem 1 is given in Section 2. In Section 3, in a few lines we
deduce from Theorem 1 a qualitative version of Theorem 2, which states that for
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any fixed t, every Kt,t-free string graph with n vertices has O(n) edges. The proof
of Theorem 2 is given in Section 4. In Section 5, we establish Theorem 3 and a
similar result for intersection graphs of convex sets in the plane. In Section 6, we
prove Theorem 4 and two other results that can be obtained similarly. Through-
out the paper, for the sake of clarity of the presentation, we systematically omit
floor and ceiling signs, whenever they are not crucial.

2 Proof of Theorem 1

The bisection width bw(G) of a graph G = (V, E) with respect to a weight
function w is the least integer for which there is a partition V = V1 ∪ V2 such
that w(V1), w(V2) ≤ 2/3 and the number of edges between V1 and V2 is bw(G). If
w is the “homogeneous” weight function w(v) = 1

|V | for all v ∈ V , for simplicity
we write b(G) for bw(G).

A topological graph is a graph drawn in the plane with vertices as points and
edges as curves connecting these points. The pair-crossing number pcr(G) of a
graph G is the smallest number of pairs of edges that intersect in a drawing of
G in the plane. For any graph G, let ssqd(G) =

∑
v∈V (G)(deg(v))2. We will use

the following result of Kolman and Matoušek [16].

Theorem 5. (Kolman and Matoušek [16]) Every graph G on n vertices satisfies

b(G) ≤ c log n
(√

pcr(G) +
√

ssqd(G)
)

,

where c is an absolute constant.

By iterating this theorem, we obtain the following result.

Theorem 6. Let G be a topological graph with n vertices and maximum degree
d, and assume that every edge of G intersects at most D other edges. For any
weight function w, we have

bw(G) = O
((√

dD + d
) √

n log n
)

.

Proof. The maximum degree is d, so that the number of edges of G is at most
dn/2. Since each edge of G intersects at most D other edges, the pair-crossing
number of G is at most dn

2
D
2 = dDn/4.

Let A0 denote the vertex set of G. By Theorem 5, there is a partition A0 =
A1 ∪ B1 such that |A1|, |B1| ≤ 2

3n, and the number of edges with one vertex in
A1 and the other in B1 is at most

c logn
(√

pcr(G) +
√

ssqd(G)
)

≤ c log n
(√

dDn/4 +
√

d2n
)

.

Without loss of generality, we may assume that w(A1) ≥ w(B1).
After i iterations, we have a vertex subset Ai with at most

( 2
3

)i
n vertices.

By Theorem 5 applied to the subgraph G[Ai] of G induced by Ai, there is a
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partition Ai = Ai+1 ∪Bi+1 such that |Ai+1|, |Bi+1| ≤ 2
3 |Ai| ≤

( 2
3

)i+1
n, and the

number of edges with one vertex in Ai+1 and the other in Bi+1 is at most

c log n
(√

pcr(G[Ai]) +
√

ssqd(G[Ai])
)

≤ c log
(( 2

3

)i
n
)(√

dD
( 2

3

)i
n/4 +

√

d2
( 2

3

)i
n

)

≤
( 2

3

)i/2
c(

√
dD + d)

√
n log n.

Without loss of generality, we may assume that w(Ai+1) ≥ w(Bi+1).
We stop the iterative process with i0 if w(Ai0 ) ≤ 2

3 . Since w(Ai0 ) + w(Bi0 ) =
w(Ai0−1) > 2/3, we have 1/3 < w(Ai0 ) ≤ 2/3. Let X = Ai0 and Y = A0 \Ai0 =
B1 ∪ . . . ∪ Bi0 . By construction, the number of edges of G with one vertex in X
and the other vertex in Y is less than

∞∑

i=0

(
2
3

)i/2

c
(√

dD + d
)√

n log n ≤ 6c
(√

dD + d
)√

n log n.

Thus, A0 = X ∪ Y is a partition of the vertex set, demonstrating that the
bisection width of G with respect to w is O

((√
dD + d

) √
n log n

)
. �

We next prove a separator theorem for string graphs of maximum degree Δ.

Theorem 7. Let C be a collection of curves in the plane whose intersection
graph G has m edges and maximum degree Δ, and let w be a weight function on
G. Then G has a separator of size O (Δ

√
m log m) with respect to w.

Proof. By slightly perturbing the curves in C, if necessary, we can assume that
no three curves in C share a point in common. We may also assume without loss
of generality that every element of C intersects at least one other element.

For each pair of intersecting curves, pick a point of intersection, and let P be
the set of these m points. Define the topological graph T on the vertex set P by
connecting a pair of points of P with an edge if and only if they are consecutive
points of P along a curve in C. The number of vertices of T is m. Since no three
curves in C have a point in common, the maximum degree of the vertices of T is
at most four. Each curve in C gives rise to a path in the topological graph T with
at most Δ vertices and at most Δ − 1 edges. Since each curve in C intersects at
most Δ other curves, each edge of T crosses at most Δ curves, besides the one it
is contained in. Each of these at most Δ curves contains at most Δ − 1 edges of
T , therefore, each edge of T intersects altogether at most Δ(Δ − 1) < Δ2 other
edges.

For any γ ∈ C, let d(γ) denote the number of points of P on γ, i.e., the number
of curves in C that intersect γ. To each vertex v of T that is the intersection of
two elements γ1, γ2 ∈ C, assign the weight

w′(v) =
w(γ1)
d(γ1)

+
w(γ2)
d(γ2)

.
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Notice that w′(P ) = w(C) = 1.
We now apply Theorem 6 to the topological graph T and to the weight func-

tion w′. Recall that T has m vertices, maximum degree at most four, and every
edge intersects at most Δ2 other edges. So there is a partition P = P1 ∪P2 with
w′(P1), w′(P2) ≤ 2/3 and the number of edges with one vertex in P1 and the
other in P2 is

O
(
(Δ2m)1/2 log m

)
= O

(
Δm1/2 log m

)
.

Let C0 consist of those curves in C that contain an edge of the topological graph

T with one vertex in P1 and the other in P2. There are O
(
Δm1/2 log m

)
such

edges, therefore we have |C0| = O
(
Δm1/2 log m

)
.

For i ∈ {1, 2}, let Ci consist of those curves of C all of whose intersection
points in P belong to Pi. Note that, by construction, w(Ci) ≤ w′(Pi) ≤ 2/3. We
claim that C = C0 ∪ C1 ∪ C2 is a partition of C, and hence C0 is a separator for
G with respect to w.

Each curve in C0 contains an edge with one endpoint in P1 and the other in
P2. Thus, C0 is disjoint from C1 and from C2. To show that C1 ∩ C2 = ∅, it is
enough to notice that any curve γ of C which contains a point in P1 and one
in P2 must belong to C0, because it gives rise to a path in T , therefore it must
contain an edge from P1 to P2. Thus, C = C0 ∪ C1 ∪ C2 is a partition of C, and
C0 is a separator with respect to w, of the desired size. �

Proof of Theorem 1. Let Δ = m1/4/
√

log m. Let C be a collection of curves
in the plane whose intersection graph is the string graph G. Let C′ denote
the set of all curves in C, the degree of which in G is at least Δ. We have
|C′| ≤ 2m/Δ = 2m3/4√log m. In the subgraph G′ of G induced by the remaining
vertices, the maximum degree is at most Δ. Applying Theorem 7 to this graph
and to the weight function w restricted to C \ C′, we conclude that there is a
separator C′′ for G′ of size O(Δ

√
m log m). Hence, C′ ∪ C′′ is a separator for G

of size O(m3/4√log m), completing the proof. �

3 H-Free String Graphs Have Linearly Many Edges

In this section, we show how Theorem 2 can be deduced in a few lines from our
separator theorem, Theorem 1, if we pay no attention to the dependence of the
constant coefficient of n on t.

A weaker version of Theorem 2, established in [27], states that every Kt,t-free
string graph on n vertices has at most n logct n edges. Combining this theorem
with Theorem 1, we obtain the following corollary.

Corollary 3. For every Kt,t-free string graph G on n vertices and for every
weight function w for G, there is a separator of size n3/4 logct n with respect to
w, where ct is a constant depending only on t.

A family of graphs is hereditary if it is closed under taking induced subgraphs.
The following lemma of Lipton, Rose, and Tarjan [21] shows that if all members
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of a hereditary family of graphs have small separators, then the number of edges
of these graphs is at most linear in the number of vertices. Another proof with
a slightly better bound can be found in [9].

Lemma 1. (Lipton, Rose, Tarjan [21]) Let ε > 0, and let F be a hereditary
family of graphs such that every member of F with n vertices has a separator
of size O(n/(log n)1+ε). Then every graph in F on n vertices has at most cF n
edges, where cF is a suitable constant.

Clearly, the family of Kt,t-free string graphs is hereditary. Therefore, Corollary 3
combined with Lemma 1 immediately implies that every Kt,t-free string graph
on n vertices has at most ctn edges, where ct only depends on t. �

4 Proof of Theorem 2

The aim of this section is to prove Theorem 2 in its full generality.
The first ingredient of the proof of Theorem 2 is a weaker upper bound on the

number of edges of a Kt,t-free string graph on n vertices. Pach and Sharir proved
that every Kt,t-free string graph on n vertices has at most n logct n edges. Their
proof gives that we may take ct = 2ct, for some absolute constant c. We first
show how to modify their proof technique, in combination with other extremal
results on string graphs, to show that the result also holds with ct = c log t.

Lemma 2. Every string graph G with n vertices and at least n logc1 log t n edges
has Kt,t as a subgraph.

To prove this lemma, we need the following two auxiliary results.

Lemma 3. There is an absolute constant c2 such that every topological graph
with n vertices and at least n(log n)c2 log s edges has s ≥ 3 pairwise crossing edges
with distinct vertices.

Lemma 4. ([11]) Every string graph with n vertices and εn2 edges contains Kt,t

as a subgraph with t = εc3n/ log n for some absolute constant c3.

The last statement was established in [11], while the previous one can be obtained
by strengthening the argument in [10], where the same result was proved, except
that the s pairwise crossing edges were allowed to share endpoints.

It follows from Lemma 4 that n vertex string graphs with positive constant
edge density must contain balanced complete bipartite graphs of size Ω(n/ log n).

A Jordan region is a closed region of the plane, bounded by a simple closed
Jordan curve. In other words, a Jordan region is homeomorphic to the closed
unit disk.

Proof of Lemma 2. Let s be the smallest positive integer such that

(1/16)c3(2s)/ log 2s ≥ t,
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where c3 is the absolute constant from Lemma 4. Let ct = c2 log s = O(log t),
where c2 is the absolute constant from Lemma 3.

Suppose G is a string graph with n vertices and at least n(log n)ct edges. Let
C = {C1, . . . , Cn} be a collection of n Jordan regions whose intersection graph is
the string graph G and which have the property that any two intersecting Jordan
regions in C intersect in their interiors (it is easy to see, by slightly fattening
compact connected sets, that every string graph is the intersection graph of such
a collection of Jordan regions). Fix distinct points pi in the interior of Ci for
i = 1, . . . , n. For each intersecting pair Ci, Cj ∈ C with i < j, let pij be a point in
Ci ∪Cj such that all the points in {p1, . . . , pn}∪{pij : Ci ∪Cj �= ∅} are distinct,
and let γij be a simple (nonintersecting) curve contained in Ci ∪ Cj such that

1. γij has endpoints pi and pj ;
2. γij is disjoint from all other p�;
3. γij can be split into two subcurves γ0

ij and γ1
ij such that γ0

ij is contained in
Ci and has endpoints pi and pij and γ1

ij is contained in Cj and has endpoints
pij and pj .

The points {p1, . . . , pn} form the vertex set and curves {γij : Ci∩Cj �= ∅} form
the edge set of a topological graph T with n vertices and at least n(log n)ct edges.
Since ct = c2 log s, by Lemma 3, there are at least s pairwise intersecting edges
in T with distinct vertices. Each edge consists of two subcurves and these 2s sub-
curves have at least

(
s
2

)
≥ 1

16 (2s)2 intersecting pairs. By Lemma 4, the intersec-
tion graph of these 2s subcurves contains Kh,h with h = (1/16)c3(2s)/ log 2s ≥ t.
It follows from the construction that G contains Kt,t. �

The second ingredient of the proof of Theorem 2 is our separator theorem, The-
orem 1, which, together with Lemma 2, implies that every Kt,t-free string graph
with m < n(log n)ct edges has a separator of size

O(m3/4
√

log m) < O(n3/4 log3ct/4+1/2 n).

Thus, for n0 = 2O(ct log ct) ≤ tc
′ log log t (where c′ is an absolute constant), every

Kt,t-free string graph with n ≥ n0 vertices has a separator of size n7/8. This
fact, together with the following lemma from [9] (which is a more precise version
of Lemma 1), immediately implies Theorem 2.

Lemma 5. ([9]) Let φ(n) be a monotone decreasing nonnegative function de-
fined on the set of positive integers, and let n0 and C be positive integers such
that

φ(n0) ≤ 1
12

and
∞∏

i=0

(
1 + φ

(
�(4/3)in0


))
≤ C.

If F is an nφ(n)-separable hereditary family of graphs, then every graph in F on
n ≥ n0 vertices has fewer than Cn0

2 n edges.
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5 Stronger Versions of Theorem 2

First we establish Theorem 3, that is, we show how to improve considerably
Theorem 2 for intersection graphs of collections of curves, in which every pair of
curves intersect in at most a fixed constant number k of points.

In [9], we proved that the intersection graph of a collection of curves with x
crossings has a separator of size O(

√
x). If each pair in a collection of curves

intersect in at most k points, then the number m of edges of the intersection
graph is at least x/k, and we obtain a separator of size O(

√
km). In [12], the

following result was established, which is an analogue of Lemma 4 for families
of curves in which every pair intersect in at most a constant k number of points.

Lemma 6. Let G be the intersection graph of a collection C of n curves such
that each pair of curves in C intersect in at most k points. If G has at least εn2

edges, then it contains a complete bipartite subgraph Kt,t with t ≥ ckεcn, where
c is an absolute constant and ck is a constant that only depends on k.

We now have the necessary tools to prove Theorem 3.

Proof of Theorem 3. Suppose that G has εn2 edges. By Lemma 6, we have
t ≥ ckεcn, that is, ε ≤

(
c−1
k

t
n

)1/c
. Thus, according to the separator lemma men-

tioned above, G has a separator of size O(
√

km) < O

(√

k
(
c−1
k

t
n

)1/c · n2

)

<

c′k(t/n)c1n, where c1 = 1/(2c) > 0 and c′k only depends on k.
Letting φ(n) = c′k(t/n)c1 and n0 = (12c′k)−1/c1t, Lemma 5 implies that G has

at most Cktn edges for some constant Ck only depending on k. �

In [13], it was shown that every intersection graph of n convex sets in the plane
with m = εn2 edges contains a complete bipartite subgraph Kt,t with t = Ω(ε2n).
From this result, using a separator lemma from [10], which states that every Kt-
free intersection graph of convex sets in the plane with m edges has a separator
of size O(

√
tm), and Lemma 5, it is easy to deduce the following result.

Theorem 8. Every Kt,t-free intersection graph of n convex sets in the plane
has O(t3n) edges.

6 Proof of Theorem 4 and Related Results

Theorem 4 is a direct corollary of Theorem 1 and the following lemma, showing
that all graphs of large girth, which belong to a hereditary family of graphs with
small separators, are sparse.

Lemma 7. Let ε > 0, and let F be a hereditary family of graphs such that every
member of F with n vertices has a separator of size O(n/(log n)1+ε). Then for
each c > 0 there is a positive integer g = gF (c) such that every graph in F on n
vertices and girth at least g has at most (1 + c)n edges.
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The aim of this section is to prove Lemma 7 and to discuss some of its conse-
quences. The similarity between Lemmas 7 and 1 is no coincidence; their proofs
are very similar.

Before turning to the proof, we briefly outline its main idea. Consider a hered-
itary family F of graphs, in which every graph has a small separator. We show
that every graph G in F with n vertices has an induced subgraph with at most
3
4n vertices, whose average degree is not much smaller than the average degree
of G. We repeatedly use this fact until we find an induced subgraph of G with
fewer than g vertices, whose average degree is not much smaller than that of G.
But if the girth of G is at least g, then this induced subgraph of G with fewer
than g vertices is a forest and so has average degree less than 2. If g is chosen
sufficiently large, we conclude that G has average degree at most 2 + 2c and
hence at most (1 + c)n edges.

Now we work out the details of the proof of Lemma 7. Given a nonnegative
function f defined on the set of positive integers, we say that a family F of
graphs is f -separable, if every graph in F with n vertices has a separator of size
at most f(n).

Lemma 8. Let φ(n) be a monotone decreasing nonnegative function defined on
the set of positive integers, and let g be a positive integer and c > 0 such that

φ(g) ≤ 1
12

and
∞∏

i=0

(
1 + φ

(
�(4/3)ig


))
≤ 1 + c.

If F is an nφ(n)-separable hereditary family of graphs, then every graph in F
with n vertices and girth at least g has fewer than (1 + c)n edges.

Proof. Let G0 = (V, E) be a member of the family F with n vertices, girth at
least g, and average degree d. If n < g, then G0 is a forest and hence has at
most n − 1 edges. We may assume that n ≥ g. By definition, there is a partition
V = V0 ∪ V1 ∪ V2 with |V0| ≤ nφ(n), |V1|, |V2| ≤ 2

3n, such that no vertex in V1 is
adjacent to any vertex in V2.

Let d′ and d′′ denote the average degree of the vertices in the subgraphs of
G0 induced by V0 ∪ V1 and V0 ∪ V2, respectively. Every edge of G0 is contained
in at least one of these two induced subgraphs. Hence,

d′(|V0| + |V1|) + d′′(|V0| + |V2|) ≥ 2|E| = d|V |,

so that

d′
|V0| + |V1|
|V | + |V0|

+ d′′
|V0| + |V2|
|V | + |V0|

≥ d
|V |

|V | + |V0|
.

Since |V | = |V0| + |V1| + |V2|, we have |V0|+|V1|
|V |+|V0| + |V0|+|V2|

|V |+|V0| = 1 and the left hand

side of the above inequality is a weighted mean of d′ and d′′. Consequently, d′

or d′′ is at least

d
|V |

|V | + |V0|
≥ d

1
1 + φ(n)

.
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Suppose without loss of generality that d′ is at least as large as this number, and
let G1 denote subgraph of G induced by V0 ∪ V1. By assumption, we have that
φ(n) ≤ 1

12 and |V0| ≤ nφ(n). Therefore, G1 has |V0| + |V1| ≤ 1
12n + 2

3n = 3
4n

vertices.
Proceeding like this, we find a sequence of induced subgraphs G0 ⊃ G1 ⊃

G2 ⊃ . . . with the property that, if Gi has ni ≥ g vertices and average degree di,
then Gi+1 has at most 3

4ni vertices and average degree at least 1
1+φ(ni)

di. We
stop with Gj if the number of vertices of Gj is less than g.

Since Gj is an induced subgraph of G, it also has girth at least g. The number
of vertices of Gj is less than g, so Gj must be a forest and therefore has average
degree less than 2. The above argument also shows that the average degree of Gj

is at least 1
1+cd, so d < 2(1+c), and the number of edges of G is dn/2 < (1+c)n,

completing the proof. �

Taking logarithms and approximating ln(1 + x) by x, we obtain that
∏∞

i=0(1 +
φ(�(4/3)i
)) �= ∞ if and only if

∑∞
i=0 φ(�(4/3)i
) �= ∞ if and only if

∑∞
i=0 φ(2i) �=

∞. Therefore, Lemma 8 has the following corollary.

Corollary 4. Let F be an nφ(n)-separable hereditary family of graphs, where
φ(n) is a monotone decreasing nonnegative function such that

∑∞
i=0 φ(2i) �= ∞.

Then, for each c > 0, there is gF (c) such that every graph in F on n vertices
and girth at least g has at most (1 + c)n edges.

Since
∑∞

i=1 1/i1+ε converges for all ε > 0, Lemma 7 is an immediate consequence
of Corollary 4.

The condition that a connected graph has large girth means that the graph is
locally “tree-like.” In general, this local condition does not imply that the graph
also has some global tree-like properties. For instance, in 1959, Erdős [7] proved
that the existence of graphs with arbitrarily large girth and chromatic number.
However, according to Lemma 7, if every member of a hereditary family F of
graphs has a small separator, then the condition that a connected graph in F
has large girth does imply that the graph is globally tree-like. Indeed, if c < 1/2,
then every graph in F with girth at least gF (c) is 2-degenerate and hence has
chromatic number at most three. Furthermore, any graph G in F with girth at
least max(gF (c/2), 2/c) can be turned into a forest by the removal of at most
c|G| edges.

We end this section by presenting two other corollaries of Lemma 7. The
separator theorem for graphs with an excluded minor [1], together with Lemma 7,
imply the following.

Corollary 5. For any c > 0 and positive integer t, there exists a positive integer
g(c, t) such that every Kt-minor-free graph on n vertices with girth at least g(c, t)
has at most (1 + c)n edges.
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A well-known result of Thomassen [31] (see also Chapter 8.2 in [6]) states that
for any positive integer t, there exists another integer g(t) such that every graph
with minimum degree at least three and girth at least g(t) contains Kt as a minor.
Obviously, Corollary 5 implies Thomassen’s result. In fact, it can be shown by a
simple argument that the two statements are equivalent. In the special case of
planar graphs and, more generally, for graphs with bounded genus, the statement
easily follows from Euler’s polyhedral formula.

The separator theorem for intersection graphs of balls in R
d [24] together with

Lemma 7 imply

Corollary 6. For any c > 0 and positive integer d, there exists a positive integer
g(c, d) such that every intersection graph of balls in R

d with girth at least g(c, d)
has at most (1 + c)n edges.

7 Concluding Remarks

Theorem 2, with a much worse dependence of the coefficient of n on t, can also
be deduced from the following result of Kuhn and Osthus [20]: For any graph H
and any positive integer t, there is a constant c(H, t) such that every graph with
n vertices and at least c(H, t)n edges, which contains no induced subdivision
of H , contains Kt,t as a subgraph. Let H0 be the graph obtained from the
complete graph K5 by replacing each edge by a path of length two. Using the
nonplanarity of K5, it is easy to see that no subdivision of H0 is a string graph.
Since the family of string graphs is closed under taking induced subgraphs, no
string graph contains an induced subdivision of H0. Thus, the result of Kuhn
and Osthus implies that any Kt,t-free string graph on n vertices has at most

c(H0, t)n edges. However, this proof only shows that c(H0, t) < 2222
ct log t

, for
some absolute constant c.

The dependence of the coefficient of n on t in Theorem 2 could be further
improved if we could prove Conjecture 1. Indeed, Conjecture 1 combined with
Lemmas 4 and 5 would imply the following.

Conjecture 2. Every Kt,t-free string graph with n vertices has O((t log t)n) edges.

Conjecture 2, if true, would be tight up to the constant factor. According to a
construction in [8] and [28], there are string graphs with n vertices and (1 −
o(1))n2/2 edges, in which the size of the largest balanced bipartite subgraph is
O(n/ log n).

Another consequence of Conjecture 1 would be that, together with Lemma 4,
it would imply that every Kt-free string graph with n vertices has chromatic
number at most (log n)c log t for some absolute constant c. It is not even known
if every triangle-free string graph with n vertices has chromatic number no(1).
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Abstract. Exact rounding of numbers and functions is a fundamental
computational problem. This paper introduces the mathematical and
computational foundations for exact rounding. We show that all the
elementary functions in ISO standard (ISO/IEC 10967) for Language
Independent Arithmetic can be exactly rounded, in any format, and to
any precision. Moreover, a priori complexity bounds can be given for
these rounding problems. Our conclusions are derived from results in
transcendental number theory.

1 Introduction

Modern scientific and engineering computation is predominantly based on float-
ing point computations. Central to such computations is the now ubiquitous
floating-point hardware that performs the four arithmetic operations and square-
root to double or quadruple precision, exactly rounded. The IEEE 754 standard
[11] specifies the various rounding modes that must be supported: round up
or round down, round toward or away from zero, and round to nearest (with
suitable tie-breaking rule).

To supplement these built-in hardware operations, many scientific computa-
tion also need a mathematical library in software for the elementary operations
such as exponentiation, logarithm, trigonometric functions, etc. There is an ISO
standard ISO/IEC 10967 for Language Independent Arithmetic (LIA) which is
compatible with the IEEE 754 standard [18,3]. The second part of this standard
(known as LIA-2) specifies a list of elementary functions that should be imple-
mented in such libraries. A very similar list of functions from Defour et al [3] is
reproduced in Table 1.

An excellent general reference for the issues of exact rounding, including var-
ious algorithms for elementary functions is Muller [16]. Issues of hardware im-
plementation and fixed precision formats are also addressed in this book. There
is also a growing interest in arbitrary precision “big number” packages that
need such algorithms. A much larger class of functions than elementary func-
tions is the class of hypergeometric functions. In [5,6], we provide algorithms for
computing hypergeometric functions to any desired precision.

S. Das and R. Uehara (Eds.): WALCOM 2009, LNCS 5431, pp. 15–31, 2009.
c© Springer-Verlag Berlin Heidelberg 2009
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Logarithms: log(x), log2(x), log10(x), logy(x), log(1 + x)
Exponentials: exp(x), exp(x) − 1, 2x, 10x, xy

Trigonometric: sin(x), cos(x), tan(x), cot(x), sec(x), csc(x)
Inverse Trigonometric: arcsin(x), arccos(x), arctan(x), arctan(x/y),

arccot(x), arcsec(x), arccsc(x)
Hyperbolic: sinh(x), cosh(x), tanh(x), coth(x), sech(x), csch(x)
Inverse Hyperbolic: arcsinh(x), arccosh(x), arctanh(x), arctanh(x/y),

arccoth(x), arcsech(x), arccsch(x)

Fig. 1. Elementary functions in the LIA-2

The ability to approximate a given function f to any desired precision is a
prerequisite for the general problem1 of exact rounding for the function f . But
this ability alone is insufficient for the exact rounding of f . In general, this only
be resolved by using nontrivial results from transcendental number theory. For
instance, current knowledge does not allow us to exactly round the hypergeo-
metric functions. According to [3], there is no IEEE standard analogous to LIA-2
because the theory of exact rounding for such functions is not understood.

Until the advent of modern computers, various elementary functions are pre-
computed and stored in tables for hand calculation. The Table Maker’s Prob-
lem amounts to producing exactly rounded function values at a finite set G of
inputs, with the function values also exactly rounded to G. We call G a “grid”
for rounding. E.g., G can be the set of IEEE 754 double precision numbers in
binary format. The associated Table Maker’s Dilemma arises because it is
not apparent that there are terminating algorithms to produce the table entries
correctly [10,16,13, p. 166]. Indeed, this dilemma is another form of the Zero
Problem [19,23].

Why is exact rounding important? An exactly rounded math library is the
foundation for trustworthy numerical computations, for code portability, for use
in computed-assisted proofs, etc. See [3,16] for other considerations. Another
application arises in Computational Geometry, where the problem of numerical
non-robustness is especially acute. A highly successful approach for achieving
robust algorithms is Exact Geometric Computation (EGC) [23]. To speed
up EGC computations, we need floating point filters [2,15]. A basis for such filters
is exactly rounded arithmetic at machine-level. In our Core Library (version 2),
we introduced transcendental functions in expressions [15]. The corresponding
filters need exactly rounded elementary functions in some fixed precision library,
such as specified by LIA-2.

Let us briefly review some basic results on exact rounding of elementary func-
tions. In Lefèvre et al [13], the exact rounding problem was solved for elementary
functions for the IEEE double precision format in radix 2. Their general approach

1 The problem is also known as “correct rounding”. We prefer the terminology of
“exact rounding” as there are situations when we would settle for less stringent
notions of exactness, but consider it to be “correct” nevertheless. For instance, [3]
describes 3 levels of rounding.
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was to search for the worst case input numbers in the IEEE format. By exhaus-
tive search, it is determined that the smallest gap between a function value and
a breakpoint is greater than 2−119. (A “break point” is either an possible input
number, or the midpoint between consecutive input numbers.) It follows that if
we evaluate the elementary functions to 119 bits of accuracy, we can round exactly.

The exhaustive search approach is important for hardware implementation of
exactly rounded functions. But it’s extendability is fragile: a new search must be
mounted for input numbers in other precision, or in other formats. In short, each
choice of a rounding grid G needs its own search. For example, Lefèvre et al [14]
describe the search for the exponential function on 64-bit IEEE numbers in dec-
imal format. They show that exact rounding can be achieved by approximating
the exponential function to 47 digits. With 64-bit inputs, the search space is too
large for naive search. Among the sophisticated search methods they employed
is one based on lattice reduction. But exhaustive search for 128-bit formats is
way beyond current techniques and computing power [16, p. 168].

Another important application for exact rounding is in multiprecision floating
point libraries. Unlike hardware implementation applications, we do not need to
determine the worst case precision for a fixed grid. We only need an algorithm
that is guaranteed to produce the exactly rounded answer for any potential in-
put number. One of the most widely used multiprecision libraries is gmp (Gnu
Multiprecision library). The bigfloat subsystem in gmp does not guarantee exact
rounding. The mpfr project [8] aims to remedy this shortcoming; but the under-
lying basis for such algorithms does not seem to have been published. Ziv and
others [25,9] have proposed to use arbitrary precision computation to achieve
exact rounding. The problem with a naive application of arbitrary precision
computation is termination. Only heuristic arguments have been used to argue
for a high probability of termination.

The purpose of the present article is to clearly formulate the fundamental
principles behind exact rounding. We show that there are terminating algorithms
for computing exactly rounded values for the standard elementary functions,
in any format and to any desired precision. In this sense, we solve the Table
Maker’s Dilemma for such functions. Worst case complexity estimates for some
of these algorithms are also given. Our conclusions are based on basic results
from transcendental number theory (TNT). Note that Muller [16, p. 167] had
already observed that Lindemann’s result in TNT can be used to justify exact
rounding; he also gave quantitative bounds from Baker type theory in TNT. A
general reference for TNT is [7].

¶1. Computational Model. We consider only R (the real numbers). Usually, ex-
tensions of our results to C is routine. In computing with reals, we use the
computational model of [22,24] in which numerical inputs and outputs for al-
gorithms are members of some set F ⊆ R such that F contains the integers Z,
and F is dense in R and is closed under the ring operations (+, −, ×) as well
as division by 2 (so x ∈ F implies x/2 ∈ F), and allow exact comparisons. We
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may call F the computational ring of our model. There are several common
choices for this ring. Consider the following tower of rings

Z[1/2] ⊆ Z[1/10] ⊆ Q ⊆ A ∩ R

where Z[1/2] = {m2n : m, n ∈ Z} is the set of bigfloats or dyadic numbers,
Z[1/10] = {m10n : m, n ∈ Z} is the set of decimal numbers, Q is the set of
rational integers, and A is the set of algebraic numbers. We can choose F to
be any one of these four rings. For these “standard” choices, our computational
model can be implemented by standard Turing machines [24].

Unlike the computational model of computable analysis [12], ours allows exact
comparison between members of F; this is crucial for the rounding problem. Not
only can we recognize if a given x ∈ F is 0, but we also determine if x is in Z

(resp., Q). E.g., this is needed for rounding the function yx where the case x ∈ Q

is an exceptional case that is separately treated.
The most important computational ring is F = Z[1/2]; it is also the minimal

computational ring by our axioms. In the following, F = Z[1/2] is our default,
unless otherwise noted. In order to formulate the rounding problem using F as the
rounding target, we need to introduce a “scale” or grading on F. A tower of proper
inclusions F0 ⊆ F1 ⊆ F2 ⊆ · · · such that ∪n≥0Fn = F is called a grading of F,

For our minimal ring F = Z[1/2], we use the grading in which Fn = Z/2n :=
{m2−n : m ∈ Z} for each n ∈ N. In general, for any set G ⊆ R, let2 G/N :={a/N :
a ∈ G} where N �= 0. We can formulate similar grading for other choices of F,
with the proviso that Z/2n ⊆ Fn. E.g., for Q, we can choose Qn = {m/b : 1 ≤
b ≤ n + 1, m ∈ Z}.

Bigfloats are a convenient abstraction of the finite-precision binary formats of
the IEEE numbers [11]. In particular, the IEEE numbers in double precision is
a finite subset of F1075. The choice F = A ∩ R is mostly of theoretical interest.
It is conceivable that F = Z[

√
2] has attractive computational properties.

Let f : R → R be any real function. An approximation for f is any function
f̃ : F × N → F with the property that f̃(x, n) ∈ Fn and f̃(x, n) = f(x) ± 2−n

(i.e., f̃(x, n) is correct to n bits). In general, a numerical expression of the form
“x ± ε” (involving the symbol ‘±’) denotes some value of the form x + θε where
θ is an implicit variable satisfying |θ| ≤ 1.

Suppose we fix some rounding rule r and some grading {Fn : n ∈ N} of F.
Then an exactly rounded approximation for f is

f̂ : F × N → F (1)

such that (1) f̂ is an approximation for f , and (2) the value f̂(x, n) ∈ Fn is
rounded following the rule r. In the next section, we will clarify the notion of
rounding rules.

Our main task is to provide an algorithm for computing f̂ . For this, we
make two natural assumptions: First, we assume the availability of an algo-
rithm to compute an approximation f̃ for f . Such algorithms are well-known
2

Z/N should not be confused with integers mod N , a concept not used in this paper.
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(e.g., [1,22,6]). Second, we assume that given x ∈ F and n ∈ N, we know how to
round x in Fn. Both these assumptions are easily satisfied in our computational
model, assuming the standard choices of f and F. We will next see what else is
needed to complete our task.

2 The Rounding Framework

We describe an abstract framework for rounding a real number y. In the context
of our main task of computing f̂ , the number y is the value of the function f at
some point x ∈ F.

Rounding of numbers takes place with respect to some discrete set G of points:
a countable set G ⊆ R that is closed is called a (rounding) grid. Each g ∈ G is
called a grid point. Intuitively, the grid points serve as potential values for the
approximation of real numbers. Note that G may be a finite set.

Examples: Typically, G = Fn in arbitrary precision arithmetic computation.
For hardware-oriented algorithms, G can be the set of IEEE machine doubles.
In evaluation of the arctangent function, it is desirable to output an element
y ∈ G that is in [−π/2, π/2], to ensure monotonicity properties (see [16,3]). One
way to do this is to insert all integer multiples of π/2 into G; it is possible to
compute effective with this extended set [24].

Relative to grid G, we introduce the floor and ceiling functions on y ∈ R:


y�G :=max{x ∈ G : y ≥ x}, 
y�G :=min{y ∈ G : y ≤ x}.

If y is less than the smallest grid point, 
y�G = −∞ and if y is greater than the
largest grid point, 
y�G = +∞. Thus, −∞ and +∞ are implicitly included in
all grids. A rounding rule for G is a function r : R → G ∪ {−∞, +∞} such
that for all y ∈ R, we have r(y) ∈ {
y�G , 
y�G}. Here are 5 standard rounding
rules:

r1: Round Up r1(y) = 
y�G

r2: Round Down r2(y) = 
y�G

r3: Round toward Zero r3(y) = 
y�G iff y ≥ 0
r4: Round away from Zero r4(y) = 
y�G iff y ≥ 0
r∗: Round To Nearest |r∗(y) − y| = min{|y − 
y�G |, | 
y�G − y|}

Note rounding to nearest r∗(y) is sometimes denoted 
y�. But this rule r∗ is
incomplete as stated because when y = (
y�G + 
y�G)/2, the round-to-nearest
rule does not give a unique determination of r∗(y). In this case, r∗(y) can be
decided by using one of the other four rules (r1, . . . , r4) as tie-breaker rule. We
denote the corresponding rule by r∗i (i = 1, . . . , 4).

There are two more rounding rules, based on an additional property of G:
suppose there is parity function par : G → {odd, even}. By definition, the
parity function assigns different parity to any two adjacent y’s in G. Clearly,
there are only two possible parity functions for G. The standard parity function
is the one where 0 has even parity. In case G = Fn, this choice assigns to g ∈ Fn
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an even parity iff the mantissa of y is even (i.e., y = m2−n and m is even). We
now have two more rounding rules: Round to Even (re) or Round to Odd
(ro). For instance, re(y) = y if y ∈ G; otherwise re(y) is the even parity grid
point from {
y�G , 
y�G}. These rules work because 
y�G and 
y�G have different
parity when they are distinct. As before, we can also use these two rules as tie-
breaker for round to nearest, and thus obtain the rounding rules denoted by
r∗e and r∗o . We remark that rule r∗e is empirically found to be a good rule for
reducing error in a computation. So it is often the default rounding mode.

Naively, the problem of exact rounding is this: given a rounding rule r : R →
G, construct an algorithm to compute r. This is naive because ordinary algo-
rithms (in the sense of Turing) cannot possibly accept arbitrary real numbers,
which are uncountably many, and which generally has no finite representation.
Instead, suppose each real number y is given by some “black box” which, given
n ∈ N, will return an n-bit approximation of y. Formally, a black box number
(or Cauchy function [12]) is a function ỹ : N → F such that there exists a y ∈ R

with the property that ỹ(n) = y ± 2−n for all n ∈ N. Call ỹ a black box for y. In
computable analysis, y is called a computable real number if it has a black
box ỹ that is recursive. Turing machines can be extended to use such black boxes
as inputs and outputs; these are called oracle Turing machines (see [12,24]).

The black box rounding problem relative to some rounding function r on
grid G is this: given a black box ỹ for y, to compute r(y) ∈ G by using ỹ as an
oracle. The black box ỹ arise naturally when y is the value of an approximable
function f at a point a ∈ F. In this case, ỹ(n) is just f̃(a, n) where f̃ is any fixed
approximation of f .

We call G an effective grid if (1) for all y ∈ F, we can compute 
y�G and

y�G, and (2) for all g ∈ G, we can determine the next larger g+ and next smaller
g− grid point, g− < g < g+. Typically G ⊆ Fn for some n, and the effectiveness
of G is easy to see. But the introduction of non-algebraic grid points like π
requires special considerations which we must address.

Recall the definition of the exactly rounded approximation f̂ in (1). We can
now interpret the problem of computing f̂(x, n) as rounding f(x) to the grid Fn.

3 Two Preconditions of Exact Rounding

Given an effective grid G, and y ∈ R, our goal is to round y in G according
to some rounding rule. Define ‖y‖G := infx∈G |x − y| to be the distance from y
to the nearest grid point. Thus y ∈ G iff ‖y‖G = 0. Clearly, one of these two
equalities must hold:


y�G = y − ‖y‖G or 
y�G = y + ‖y‖G.

For any ε ≥ 0, we say that y is ε-discrete in G provided that y �∈ G implies
‖y‖G > ε. We shall denote this condition by

Δε(y, G). (2)
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We now state two (alternative) preconditions on (y, G) for this:

– Precondition A: y �∈ G.
– Precondition B: Δε(y, G) holds for a known ε > 0.

Our first result shows that either of these two preconditions suffices to achieve
exact rounding; it further shows that some precondition is unavoidable.

Theorem 1. Let G be a fixed effective grid.
(i) There are oracle Turing machines MA and MB such that for all black boxes
y for y, the machine MX (X = A or B) on y will output 
y�G if Precondition
X holds.
(ii) For all oracle Turing machines M , there exists black boxes y such that M
on y does not compute 
y�G.

Proof. The oracle Turing machines MA and MB will be given below. So we only
prove (ii) here. Let M be an oracle Turing machine that takes an input oracle ỹ
(any black box for y ∈ R) and outputs 
y�G after finitely many steps. Let g < g′

be two consecutive grid points. Let g be a black box for g with g(n) = g −2−n−1

for all n. Then M on input g must output g. Let n0 be the largest value of n such
that the computation of M on g queries the oracle g(n). Now let y = g+2−n0−1,
and choose any black box ỹ for y that agrees with g for the first n0 values. Clearly
M on input ỹ will still output g. This is wrong since 
y�G = g′. Q.E.D.

¶2. METHOD A. If y �∈ G, we have the following method for computing 
y�G:
Compute ỹ(n) = y ± 2−n for n = 0, 1, 2, . . . until the interval [ỹ(n) ± 2−n] =
[ỹ(n) − 2−n, ỹ(n) + 2−n] contains no grid points,

[ỹ(n) ± 2−n] ∩ G = ∅. (3)

We then output 
ỹ(n)�G.
Correctness: By our assumption about the effective grid G, we can check (3)

since this amounts to checking that | 
ỹ(n)�G − ỹ(n)| > 2−n and | 
ỹ(n)�G −
ỹ(n)| > 2−n. Furthermore, (3) ensures that 
y�G = 
ỹ(n)�G. Finally, observe
that (3) will eventually hold since y �∈ G.

¶3. METHOD B. In contrast to the precondition A, the ε-discreteness property
Δε(y, G) does not exclude the possibility that y ∈ G. The constant ε > 0 (or a
positive lower bound) must be effectively known. We use the following lemma.

Lemma 1 (Discreteness Lemma). Suppose Δε(y, G) and ỹ = y±ε/2. Then:

y�G < y < 
y�G iff


y�G + ε/2 < ỹ < 
y�G − ε/2.

Proof. It is enough (by symmetry) to show that y < 
y�G iff ỹ < 
y�G − ε/2. If
y < 
y�G, then by ε-discreteness, y + ε < 
y�G. Thus ỹ ≤ y + ε/2 < 
y�G − ε/2.
Conversely, if ỹ < 
y�G − ε/2, then y ≤ ỹ + ε/2 < 
y�G. Q.E.D.

METHOD B goes as follows: Fix N = 
lg(2/ε)�. Compute ỹ(n) = y ± 2−n for
n = 0, 1, 2, . . . until the first time that one of the following cases hold:
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Case (i): If (3) holds (as in METHOD A), we output 
ỹ(n)�G (as before).
Case (ii): [ỹ(n) − 2−n, ỹ(n) + 2−n] ∩ G contains exactly one point g and n ≥ N .
We output g in this case.

Note that termination is assured since the interval [ỹ(n)±2−n]∩G will eventu-
ally have at most one point. The output in case (i) is clearly correct. In case (ii),
by ε-discreteness, we know that y = g and so 
y�G = g. It should be observed
how ε-discreteness is used in an essential way.

¶4. Other Rounding Modes. The preceding METHODs A and B were for round-
ing up (or r1). They can clearly be modified for rounding down (r2). It can also
be used for round to odd (ro) and round to even (re): assuming that we can
decide if a grid point is odd of even, we first compute 
y�G.

To extend them to r3 and r4, we need to know the sign of y. Actually, all
we need to know if whether y = 0. If y �= 0, we can then determine the sign of
y from ỹ. Unfortunately, deciding if y = 0 from ỹ is a well-known undecidable
problem in computable analysis. However, in our applications below, y is the
value of the elementary functions evaluated at dyadic points; we could explicitly
detect when y = 0, and METHOD B will not be invoked if y = 0.

Finally, consider the round to nearest function r∗i (various i). Here, we must ex-
tend the grid G to G′ where G ⊆ G′ and the extra grid points of G′ are the “break-
points” that lie midway between two consecutive grid points of G. Method A ex-
tends directly to the grid G′. For Method B, we need some discreteness property,
Δε(y, G′) for a suitable ε.This concludes ourdiscussionof the rounding algorithms.

REMARK: we can extend the above rounding methods to complex grids, G ⊆ C

with grading with Gn = {x + iy : x, y ∈ Fn}.

4 Rounding the Elementary Functions

We now consider exact rounding of the elementary functions found in Table 1.
The functions there can be put into two groups: the “pure” functions are given by

Exponentiation : exp(x), exp(x) − 1
Trigonometric func. : sin(x), cos(x), tan(x), cot(x), sec(x), csc(x)
Hyperbolic func. : sinh(x), cosh(x), tanh(x), coth(x), sech(x), csch(x)

⎫
⎬

⎭
(4)

together with all their inverses

log(x), log(1 + x); arcsin(x), arccos(x), . . . ; arcsinh(x), . . . .

The inverses (except for log) are multivalued functions: we will assume principal
values for these functions. However, they are easily generalized to allow the
specification of any desired branch, by introducing an extra integer argument.
The second group of functions from Table 1 are

Logarithm : log2(x), log10(x), logy(x)
Exponential : 2x, 10x, xy

Inverse Trigonometric : arctan(x/y)
Inverse Hyperbolic : arctanh(x/y)

⎫
⎪⎪⎬

⎪⎪⎭
(5)
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This group is treated separately. We appeal to the following classic results from
transcendental number theory:

Proposition 1
(a) [Lindemann] For any complex number α �= 0, either α or eα is transcendental.
(b) [Gelfond-Schneider] For any complex numbers α, β where α(1 − α) �= 0 and
β is irrational, one of the numbers in the set {α, β, αβ} is transcendental.

In order to apply this proposition, we need some basic facts about algebraic
functions. A partial function f : C → C is algebraic if there is an integer
polynomial F (X, Y ) such that F (x, f(x)) = 0 for all x in dom(f) :={x :f(x) =↓},
the domain of f . To ensure closure of algebraic functions under composition, it
turns out that we also require that if F (X, Y ) = F1(X)F2(X, Y ) then F1(X)
must be a constant. Here f(x) =↓ means f is defined at x. We say F (X, Y ) is
a defining polynomial for f . The constant function f(x) = c where c ∈ A

is the simplest example of an algebraic function; another is f(x) =
√

x. If a
function is not algebraic, we say it is transcendental. By an inverse function
of f , we mean any partial function g : C → C such that f(g(x)) = x holds for
all x ∈ dom(g). Write f−1(x) to denote any choice of an inverse functions of f .
(The notation f−1 will not be used for 1/f in this paper.) Also, let f ◦ g denote
function composition, (f ◦ g)(x) = f(g(x)).

Our application of Prop. 1 is reduced to an application of the following:

Lemma 2. Let f be an algebraic function. If x ∈ dom(f) is algebraic then f(x)
is algebraic.

Proof. Let F (X, Y ) be a defining polynomial for f . For algebraic x, the relation
F (x, f(x)) = 0 implies that f(x) is the zero of a polynomial with algebraic
coefficients. Thus f(x) is algebraic. Q.E.D.

Combining this lemma with the results of Lindemann and Gelfond-Schneider
Prop. 1, we conclude:

Corollary 1. Let y ∈ A with y(1 − y) �= 0. The functions f(x) = ex and
g(x) = yx are transcendental functions.

In this corollary, we could have stated that g(x, y) = yx is a transcendental (i.e.,
non-algebraic) function. The definition of algebraic functions on more than one
variable is a straightforward extension of the univariate case; but we avoided
this for simplicity.

Here is the analogue of Lemma 2 for transcendental functions: if f is transcen-
dental, and x ∈ dom(f) is algebraic then f(x) is transcendental. Unfortunately,
this is falsified even by f(x) = ex: just take x = 0. We say x is an exceptional
argument for a function f if both f(x) and x are algebraic. Let Ef ⊆ A de-
note the set of exceptional arguments for a function f . Lindemann says that 0
is the only exceptional argument for the function ex, Ef = {0}. Fortunately,
all the elementary functions has exactly one exceptional argument and they are
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easy to detect. Gelfond-Schneider says that the set of exceptional arguments for
g(x) = yx is contained in Q. We easily verify that Eg = Q.

Lemma 3. The exceptional arguments of f−1 are contained in the set f(Ef ) =
{f(x) : x ∈ Ef}. In particular, f−1 cannot have more exceptional arguments
than f .

Proof. Let y be exceptional for f−1. We must show that y = f(x) for some
x ∈ Ef . Then {f−1(y), y} ⊆ A. Writing x = f−1(y), we also have {x, f(x)} ⊆ A.
So x ∈ Ef and y = f(x) as desired. Q.E.D.

The following allows us to conclude that certain functions are algebraic:

Theorem 2 (Closure of Algebraic Functions). If f, g are algebraic func-
tions, so are

f + g, f − g, fg, 1/f,
√

f, f−1, f ◦ g.

Proof. Assume F (x, f(x)) = 0 and G(x, g(x)) = 0. Our basic tool is resul-
tant theory [21, chap. 6]. View F (X, Y ) ∈ Z[X, Y ] as a polynomial in D[X ]
where D = Z[X ]. Then we can view f(x) as an element of D (algebraic clo-
sure of D). The constructions for f + g, f − g, fg, 1/f are obtained from the
corresponding resultants for adding, subtracting, multiplying and taking recip-
rocals of algebraic numbers (Lemma 6.16 in [21, p.158]). To see that h =√

f is algebraic, let H(X, Y ) = F (X, Y 2). Then H(x, h(x)) = F (x, h(x)2) =
F (x, f(x)) = 0. To see that the inverse h = f−1 is algebraic, let H(X, Y )
= F (Y, X). Then for all y in the domain of h = f−1, H(y, h(y)) = F (f−1(y), y) =
F (f−1(y), f(f−1(y))) = F (x, f(x)) = 0. For function composition h = f ◦ g, let
H(X, Y ) = resZ(F (Z, Y ), G(X, Z)). Then H(x, f(g(x)) = 0. Q.E.D.

An application of the preceding theorem shows that certain functions are tran-
scendental:

Corollary 2. If f is transcendental and g is algebraic, then the following are
transcendental:

f + g, f − g, fg, f/g, 1/f,
√

f, f−1, f ◦ g, g ◦ f.

The next theorem assumes the general setting where the set F is the set of real
algebraic numbers.

Theorem 3. Assume F = A ∩ R. Let f or the inverse of f be an elementary
function from the list (4).
(a) f is transcendental with one exceptional argument.
(b) The exact rounding problem for f in an effective grid G ⊆ F is solvable.

Proof. Suppose we have shown part (a), i.e., f is transcendental, and determined
its single exceptional argument x0. Then part (b) follows in a generic way: the
algorithm for exact rounding of f amounts to detecting if an input x ∈ F is
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exceptional. If so, explicitly output the exact rounding of f(x0) in G ⊆ F (in-
variably, this is trivial). Otherwise, x is non-exceptional, and we use METHOD
A to round f(x) in the grid G.

Exponential function: If f(x) = ex, we already saw that f(x) is transcendental
provided x �= 0. If x = 0, we output ex = 1. Otherwise, we use METHOD A
to round f(x) = ex to G. Clearly, the method extends to the variant where
f(x) = ex − 1.

Trigonometric functions: Suppose y = sin(x) (the case y = cos(x) is very
similar). If x = 0, we may output sin(0) = 0. Otherwise, consider f(y) =
f(sin x) :=

√
1 − sin2 x + i sinx =

√
1 − y2 + iy. By Thm. 2, f(y) is an alge-

braic function of y. But f(y) = f(sin x) = eix and ix is non-zero algebraic; so
Lindemann says f(y) = eix is transcendental. From this fact, and Lemma 2, we
conclude that y is transcendental.

Suppose y = tan(x) = s√
1−s

where s = sin(x). Thus, tan(x) is an algebraic
function of sin(x). By Thm. 2, we conclude sin(x) is an algebraic function of
tan(x). If x = 0 then we may output tan(0) = 0. Otherwise, we already know
that sin(x) in transcendental. Then tan(x) is transcendental.

Since cot(x) = 1/ tan(x), sec(x) = 1/ cos(x), csc(x) = 1/ sin(x), it follows
from Corollary 2 that cot(x), sec(x), csc(x) are transcendental functions. More-
over, their exceptional argument are directly obtained from the exceptional argu-
ment of their reciprocals (Lemma 3). We can round exactly at these exceptional
points.

The hyperbolic functions are seen to be transcendental by Corollary 2, since
they are derived from transcendental trigonometric functions using the following
algebraic relations:

sinh(x) = i sin(ix), cosh(x) = cos(ix), tanh(x) = −i tan(ix).

Inverse functions: finally, we address the inverses of all the preceding functions.
It is clear from the preceding proofs that these functions are transcendental and
each has exactly one exceptional argument. By Corollary 2, the inverses are
all transcendental. Moreover, by Lemma 3, the inverses has at most one excep-
tional argument. We can directly round the functions at the single exceptional
argument. Q.E.D.

We now turn to the functions (5) of the second group.

Theorem 4. Let F = A∩R and y ∈ A and y(y−1) �= 0. Consider the functions
f(x) = yx and its inverse g(x) = logy x.
(a) f(x) and g(x) are transcendental with exceptional values Ef = Q and Eg =
{yx : x ∈ Q}.
(b) The exact rounding of f(x) and g(x) to grid G = Fn is solvable.

Proof. (a) We already know that f(x) = yx is transcendental with Ef = Q. The
transcendence of g(x) = logy x with Eg = {yx : x ∈ Q} follows from Lemma 3.
(b) To perform exact rounding for f(x) = yx, we first check if f(x) ∈ G, and if
so, we directly output f(x). If not, we can use METHOD A.
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To check if f(x) ∈ G, we proceed as follows: we check if x ∈ Q. If not,
f(x) /∈ G. Otherwise let x = a/b be a rational in lowest terms. If f(x) = yx ∈ G,
let f(x) = m2−n for some positive m ∈ Z. We can compute some approximation
w̃ = 2nyx ± 1/4. Then m = 
w̃� or m = 1 + 
w̃�. So we have to check if one
of two cases hold: 2nyx = 
w̃� or 2nyx = 1 + 
w̃�. Let us focus of testing the
first case (the other case is similar). The height H of E = 2nyx − 
w̃� is easy
to determine [15]. It follows that if E �= 0 then |E| > 1/(1 + H). We compute
an approximation Ẽ = E ± (4(1 + H))−1. If |Ẽ| < (2(1 + H))−1, we know that
E = 0, and we may output f(x) = m2−n ∈ G. Q.E.D.

Finally, we address the two argument functions of arctan(x/y) and arctanh(x/y)
in (5). Let f(x) = arctan(x/y) where y ∈ A is nonzero. By Corollary 2, f(x) is
a transcendental function. Moreover, its only exceptional argument is x = 0, and
f(0) = 0. Thus METHOD A applies for rounding f(x) �= 0. Similarly, we can
treat arctanh(x/y).

All our algorithms above are based on METHOD A. It is also possible to base
our algorithms on METHOD B but these require ε-discreteness properties. As
we shall see in the next section, current estimates for ε (from TNT) is extremely
pessimistic. So it is best to use METHOD A whenever possible.

5 Complexity of Exact Rounding

No complexity bounds can be deduced using only Precondition A. To deduce
bounds, we need to invoke the ε-discreteness conditions of Precondition B (even
when our algorithms are based on METHOD A). If Δε(f(x), G) holds, the com-
plexity of rounding f(x) in G is basically the time to compute f(x) ± ε/2.
When f is an elementary function, Brent [1] tells us that the running time is
O(M(log(1/ε)) log(1/ε)) where M(n) is the time to multiply two n-bit numbers.
One caveat is that Brent’s result is “local”, i.e., it is only applicable when x lies
in a bounded range [20]. More global results are obtained in [6].

The ε-discreteness results are obtained from effective forms of the Linde-
mann or Gelfond-Schneider theorems, such as are provided by Baker’s theory of
linear form in logarithms [7]. In particular, we use some explicit bounds from
Nesterenko and Waldschmidt [17], somewhat simplified.

Proposition 2 (Nesterenko-Waldschmidt, 1995). Let α, β ∈ A with D =
[Q(α, β) : Q] and the heights of α and β are at most H. Define

B1(D, H) := 10550 · D2A · (H + log(A) + log(D) + 1)(D log(D) + 1)

where A = max{H, D−1(1 + H)e}.

– (i) If β �= 0 then |eβ − α| ≥ exp(−B1(D, H)).
– (ii) If α �= 0 and log α is any non-zero logarithm of α, then |β − log α| ≥

exp(−B1(D, H)).
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Write B1(H) := B1(1, H). If D = 1, then A = (1 + H)e and we have

B1(H) = 10550 · (1 + H)e · (H + log(1 + H) + 2) (6)

Since H ≥ 1, we see that B1(H) > 10550.

¶5. Transfer Functions: Inhomogeneous Case. To make our bounds as useful
as possible, we state them as “transfer functions” that convert bounds such as
B1(D, H) from TNT into ε-discreteness bounds. This is illustrated by the next
lemma.

Lemma 4. Let G = Z/N (n ≥ 0). If x ∈ Q (x > 0) has height at most h0, and
log(x) is real, then

‖ log(x)‖G ≥ exp(−B1(H))

where H = max{h0, N log(e(1 + h0))}.

Proof. Let Λ1 = g − log x where g ∈ G and |Λ1| = ‖ log(x)‖G. So Λ1 �= 0. If
|Λ1| ≥ 1, then our lemma is immediate. Otherwise, |g| ≤ 1 + | log x| ≤ 1 +
log(1 + h0) = log(e(1 + h0)). If g = a/N ∈ Fn then h(g) ≤ max{|a|, N} ≤
max{N log(e(1 + h0)), N}. So h(g) ≤ N log(e(1 + h0)). Hence by Prop. 2(ii),

|g + log x| ≥ exp(−B1(H))

where H = max{h(x), h(g)} ≤ max{h0, N log(e(1 + h0))}. Q.E.D.

We can clearly obtain a similar transfer function for rounding the function f(x) =
ex. Suppose G is the IEEE double precision binary numbers and x ∈ G. Then
h0 ≤ 21075 and N = 21075. Hence H = 21075. Thus it is clear that the bound
B1(H) is nowhere near practical. On the other hand, the worst-case searches
from Lefèvre et al [13,14] gives very practical bounds for this case. This suggests
that our ability to derive sharp transcendence bounds are rather limited.

¶6. Transfer Function: Homogeneous Case. An expression of the form

Λ = β0 +
m∑

i=1

βi log αi

where αi, βi ∈ A is called a “linear form in logarithms”. The form is homogeneous
when β0 = 0; if, in addition, the βi’s are integers, then Λ is said to be in “algebraic
form”. This is the case (with m = 2) needed for bounding ‖ log2(x)‖G.

Lemma 5. Let Λ0 = β1 log α1 + β2 log α2 where α1, α2 ∈ A and β1, β2 ∈ Z. If
α := α1

β1α2
β2 , then

|Λ0| ≥ exp (−B1 (D, H)) . (7)

where D = [Q(α) : Q] and h(α) = H.
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Proof. Note that α ∈ A so that its degree D and height H is well-defined. Thus
|Λ0| = |β1 log α1 + β2 log α2| = | log α|. Then Prop. 2(ii), with β = 0, shows that
|β − log α| = | log α| ≥ exp(−B1(D, H)). Q.E.D.

We now apply this bound:

Lemma 6. Let G = Z/N (N ≥ 1). If x ∈ Q (x > 0) has height at most h0,
then

‖ log2(x)‖G ≥ exp(−B1(H))/N

where H = 22N log(1+h0)+2hN
0 .

Proof. Let Λ1 = g − log2 x where |Λ1| = ‖ log2 x‖G and g ∈ G. So Ng ∈ Z, and
(N log 2)Λ1 = Λ0 where

Λ0 = Ng log 2 − N log x.

If |Λ0| ≥ 1, the lemma is true. Otherwise, it is easy to see that |g| ≤ 2/N +
2| log(x)| ≤ 2/N + 2 log(1 + h0). We then use Lemma 5 to lower bound |Λ0|. To
do this, we need to bound the degree D and height H of α = eΛ0 . Clearly, D = 1.
Moreover, H = h(2Ngx−N ) = h(2Ng)h(x−N ) ≤ 2NghN

0 ≤ 22N log(1+h0)+2hN
0 .

Q.E.D.

¶7. Non-algebraic Grid Points. In evaluating the tangent function, it useful
to know the relation of an input argument x ∈ F to multiples of π/2. The
complexity of this comparison, can be deduced from the following result from
[17, Theorem 2].

Proposition 3 (Nesterenko-Waldschmidt). Let L ≥ 3. Let ξ be a real alge-
braic number with d = deg ξ and L(ξ) ≤ L. Then

− log |π − ξ| ≤ Bπ(d, L)

where Bπ(d, L) = 1.2 · 106d · (log L + d log d)(1 + log d).

We provide a corresponding transfer function:

Lemma 7. If G = Fn = Z/N then

‖π‖G ≥ exp(−Bπ(5N))

Proof. The Λ = g − π such that g ∈ G and |Λ| = ‖π‖G. If |Λ| ≥ 1, the result is
immediate. Else, |g| < 1 + π. If g = a/N then L(g) ≤ |a| + N ≤ N(1 + π)+ N <
5N . Q.E.D.

¶8. How to Use ε-discreteness for π. Suppose we are given x ∈ Z/N . We want to
determine the sign of tan(x). Suppose mπ

2 < x < (m+1)π
2 . Then sign(tan(x)) =

1 − 2 · parity(m) where parity(m) = 0 if m is even, and parity(m) = 1 if m is
odd. Thus, our goal is to determine m.
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We first compute m̃ = 2x
π ±2−3. Let m′ = 
m� (rounding, with ties arbitrarily

taken). If |m′ − m̃| > 1/4, we know that m = 
m̃�, so we can output 1 − 2 ·
parity(
m̃�).

Otherwise, notice that m′π/2 > x iff π > 2x/m′. But 2x/m′ ∈ Z/(m′N).
According to Lemma 7, − log |π − (2x/m′)| ≤ Bπ(5m′N). Hence we compute
π̃ = π ± 2−1−Bπ(5m′N). We then know that π > 2x/m′ iff π̃ > 2x/m′. The latter
is easy to determine. If π̃ > 2x/m′, we output 1 − 2 · parity(m′). Otherwise, we
output 2 · parity(m′) − 1.

The above transfer functions illustrate the three types ε-discreteness bounds
that are of interest. In a full paper, we will describe other transfer functions for
the other elementary functions.

6 Conclusions

As this paper shows, the proper foundations for exact rounding are (1) the com-
putational framework of arbitrary-precision approximation, and (2) the mathe-
matical properties of transcendence.

We have shown that in the most important case of elementary functions,
the exact rounding problem is solvable (thereby avoiding the Table Maker’s
Dilemma). However, pending much improved bounds from transcendental num-
ber theory, the worst-case complexity analysis of these algorithms is hopelessly
pessimistic. Evidence (in the case of single and double precision IEEE number
formats) suggests that the actual bounds are much better than we are able to
prove. In any case, our algorithms based on METHOD A are naturally adaptive
and run in time (roughly) proportional to the actual bounds.
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Abstract. Computing all-pairs distances in a graph is a fundamental
problem of computer science but there has been a status quo with respect
to the general problem of weighted directed graphs. In contrast, there has
been a growing interest in the area of algorithms for approximate shortest
paths leading to many interesting variations of the original problem.

In this article, we trace some of the fundamental developments like
spanners and distance oracles, their underlying constructions, as well as
their applications to the approximate all-pairs shortest paths.

1 Introduction

The all-pairs shortest paths (APSP) problem is one of the most fundamental al-
gorithmic graph problems of computer science. Efficient algorithms for the APSP
problem are very important in several applications. In many applications the aim
is not to compute all distances, but to have a mechanism (data structure) through
which we can extract distance/shortest-path for any pair of vertices efficiently.
Therefore, the following is a useful alternate formulation of the APSP problem.

Preprocess a given graph efficiently to build a data structure that can answer
a shortest-path query or a distance query for any pair of vertices.

There are various algorithms for the APSP problem depending upon whether
the graph is directed or undirected, edges are weighted or unweighted, weights
are non-negative or negative. In its most generic version, that is, for directed
graph with real edge weights, the best known algorithm [25] for this problem
requires O(mn + n2 log log n) time. However, for graphs with m = Θ(n2), this
algorithm has a running time of Θ(n3) which matches that of the old and classical
algorithm of Floyd and Warshal [18]. The existing lower bound on the time
complexity of APSP is the trivial Ω(n2) lower bound. Researchers have striven
for years to improve the time complexity of APSP but with little success - the
best known upper bound on the worst case time complexity of APSP problem
is O(n3/ log2 n) due to Chan [14], which is marginally subcubic. There exist
subcubic algorithms for the APSP problem if the edge weights are integers in
a bounded range. All these algorithms employ the fast (subcubic) algorithm for
matrix multiplication.

The underlying intuition for taking this approach is the fact that computing
all-pairs distances in a graph is related to computing (min, +) product (called
distance product) of matrices. Let ω be the exponent of matrix multiplication,
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i.e., the smallest constant for which matrix multiplication can be performed us-
ing O(nω) algebraic operations - additions, subtractions, and multiplications.
The fastest known algorithm for matrix multiplication due to Coppersmith and
Winograd [17] implies ω < 2.376. For undirected unweighted graphs, Seidel gave
a very simple and elegant algorithm to solve APSP in Õ(nω) 1 time. In fact he
showed that APSP in undirected unweighted graphs is harder than Boolean ma-
trix multiplication by at most a polylogarithmic factor. For APSP in undirected
graphs with edge weights from {0, 1, ..., M}, Shoshana and Vick [28] designed an
Õ(Mnω) algorithm. Note the dependence of the time complexity on the abso-
lute value of max edge weight - this is not acceptable in most of the situations.
So, even in the case of integer edge weights from arbitrary range, the goal of
achieving sub-cubic running time seems too far at present.

What do we actually mean by an algorithm which computes approximate
shortest-paths/distances ? The distance reported by the algorithm between any
given pair of vertices is not the exact distance, instead it may have some error.
This error can be additive (surplus) or multiplicative (stretch). Let δ(u, v) denote
the actual distance between vertices u and v in a given graph G = (V, E). An
algorithm is said to compute all-pairs t-approximate (stretch) distances for G if
for any pair of vertices u, v ∈ V , the distance reported by it is at least δ(u, v) and
at most tδ(u, v). In a similar manner, an algorithm is said to compute distance
with surplus a if the distance reported is at least δ(u, v) and at most δ(u, v)+ a.

In the last ten years, many novel algorithms [2,19,16,6] have been designed
for all-pairs approximate shortest paths (APASP) problem in undirected graphs
that achieve sub-cubic running time and/or sub-quadratic space. To achieve this
goal, the following ideas lie at the core of each of these algorithms.

1. Compute shortest paths from a large set of vertices in a sparse sub graph
2. Compute shortest paths from a small set of vertices in a dense sub-graph.

To implement the first idea, most of the algorithms employ a suitable and
sparse sub graph which preserves approximate distance pairwise. Such a sub
graph is called spanner. In the subsequent paragraphs, we will also trace the
developments in the area of graph spanners and related structures.

2 Use of Dominating Sets

Aingworth et al. [2] showed a simple and elegant Õ(n5/2) algorithm for find-
ing all distances in unweighted undirected graphs with an additive error of at
most 2. Their paper [2] has significantly inspired the research for designing sim-
ple and combinatorial algorithms (without matrix multiplication) for all-pairs
approximate shortest paths.

The main idea is based on the following observation (for undirected, un-
weighted graphs) about a dominating set. A dominating set of a graph G = (V, E)
is a subset W ⊂ V such that for every v ∈ V , there exists a vertex w ∈ N(v)

1 We shall use Õ(f(n)) to denote O(f(n) polylog n), where f(n) is poly(n).
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that belongs to W . Here N(v) is the set of neighboring vertices of v (including
v). It follows that if we can compute the all-pair distances between the vertices
of a dominating set, then we can approximate the distances between the original
vertices within surplus 2 (for unweighted graphs).

The savings in the running time will depend on the size of the dominating set
and for certain graphs, like a chain, the size of the smallest dominating set can
be half the number of vertices. Although the problem of computing a minimal
size dominating set is NP-hard, there is a simple algorithm to approximate a
dominating set of a graph with minimum degree d. Using a simple probabilistic
argument it can be shown that there exists a dominating set of size O(n/d log n).
A graph can be very dense and still have very small minimum degree. Therefore,
Aingworth et al. [2] used the idea of splitting the set of vertices V into two
categories - light and heavy. The set of vertices with degree less than

√
n is called

the set of light vertices, and is denoted by L(V ), and the complement of L(V )
is called the set of heavy vertices, and is denoted by H(V ). Let GL(V ) be the
subgraph induced by L(V ). It is easy to observe that GL(V ) will have O(n3/2)
edges and is sparse, whereas H(V ) will have a O(

√
n log n) size dominating set

which is small. The following algorithm of Aingworth et al. [2] exploits these two
facts together to compute a matrix d[ , ] which will store approximate distances.

1. Execute Dijkstra’s algorithm from each vertex v ∈ V in the subgraph GL(V ).
Total time for this step is O(n5/2)).

2. Execute Dijkstra’s algorithm from each v ∈ W in the given graph G, where
W is the dominating set for H(V ). Total time for this step is O(m

√
n log n)).

3. For each u, v

d[u, v] = min
x∈W

(d[u, v] + d[x, u] + d[x, v])

Total time for this step = O(n5/2 log n).

The claim for the path length is based on a relatively simple and elegant ar-
gument. Consider any two vertices u, v ∈ V . If the shortest path between u
and v passes through only light vertices, then d[u, v] = δ(u, v). Otherwise, let
y be a heavy vertex on this path, and let x ∈ W be a neighbor of y. Since
we have exact distance information from x to all vertices in the graph. So
d[u, v] ≤ δ(x, u) + δ(x, v). Since the graph is unweighted, δ(x, u) ≤ δ(u, y) + 1,
and δ(x, v) ≤ δ(y, v) + 1. Hence

d[u, v] ≤ δ(u, y) + δ(y, v) + 2 = δ(u, v) + 2

Hence the algorithm approximates all-pair distances with additive error of 2
only. Dor et al. [19] improved and extended the algorithms of Aingworth et al.
[2] - their algorithm requires O(kn2− 1

k m
1
k polylog n) time for finding distances

with surplus 2(k − 1) for all pair of vertices in unweighted undirected graphs.
Cohen and Zwick designed an Õ(n3/2m1/2) time algorithm for all-pairs 2-

approximate distances for weighted undirected graphs. They also designed an
Õ(n7/3) time algorithm for stretch 7/3. The space complexity of these algorithms
is Θ(n2) which is indeed optimal as seen from the above mentioned lower bound
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for stretch < 3. In the same paper, Cohen and Zwick also designed an O(n2 log n)
time algorithm for stretch 3, and the space required is Θ(n2). Their algorithms
were nontrivial extensions of the algorithms by Dor et al. [19].

3 Graph Spanners

A spanner is a sparse subgraph of a given undirected graph that preserves ap-
proximate distance between each pair of vertices. More precisely, a t-spanner of
a graph G = (V, E) is a subgraph (V, ES), ES ⊆ E such that, for any pair of
vertices, their distance in the subgraph is at most t times their distance in the
original graph. The parameter t is called the stretch factor associated with the
t-spanner. The concept of spanners was defined formally by Peleg and Schäffer
[26] though the associated notion was used implicitly by Awerbuch [4] in the
context of network synchronizers.

The reader may realise that constructing a spanner doesn’t directly yield the
pairwise distances; however, if we were to run any APSP algorithm we can obtain
the pairwise distances within stretch t. Evidently, the APSP algorithms will be
much faster if the number of edges in the t-spanner is significantly lower.

Computing a minimum size t-spanner for a given graph is a well motivated
combinatorial problem with many applications. Clearly, the smallest size of a
t-spanner depends on the input graph. For example, it is easy to observe that
a complete graph on n vertices has a 2-spanner (star) of size n − 1 whereas no
bipartite graph has a 2-spanner except the graph itself. In general, computing
t-spanner of smallest size for a graph is NP-hard. In fact, for t > 2, it is NP-hard
[21] even to approximate the smallest size of t-spanner of a graph with ratio
O(2(1−μ) ln n) for any μ > 0. Having realized this fact, researchers have pursued
another direction which is quite interesting and useful. Let St

G be the size of the
sparsest t-spanner of a graph G, and let St

n be the maximum value of St
G over

all possible graphs on n vertices. Does there exist a polynomial time algorithm
which computes, for any weighted graph on n vertices and parameter t, its t-
spanner with size O(St

n)? Such an algorithm would be the best one can hope
for given the hardness of the original t-spanner problem. Naturally the question
arises as to how large can St

n be ? A 43 years old girth lower bound conjecture
by Erdös [23] implies that there are graphs on n vertices whose 2k as well as
(2k − 1)-spanner will require Ω(n1+1/k) edges. This conjecture has been proved
for k = 1, 2, 3 and 5. Note that a (2k − 1)-spanner is also a 2k-spanner and the
lower bound on the size is the same for both 2k-spanner and (2k−1)-spanner. So
the objective is to design an algorithm that, for any weighted graph on n vertices
computes a (2k − 1)-spanner of O(n1+1/k) size. Needless to say, one would like
to design the fastest algorithm for this problem, and the most ambitious aim
would be to achieve the linear time complexity.

Althöfer et al. [3] were the first to design a polynomial time algorithm for
computing a (2k − 1)-spanner of O(n1+1/k) size for any weighted graph. They
are able to meet the worst case size bound, however, their algorithm requires
O(min(kn2+1/k, mn1+1/k)) time. Cohen [15], and later Thorup and Zwick [30]
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designed faster algorithms for computing spanners but the time complexities of
these algorithms are far from being linear.

An algorithm of [10] computes a spanner without any sort of local/global
distance computation, and runs in expected linear time. To achieve this goal,
the algorithm employs a novel clustering which is based on a very local approach.
The main result can be stated formally as follows :

Given a weighted graph G = (V, E), and integer k > 1, a spanner of
(2k−1)-stretch and O(kn1+1/k) size can be computed in expected O(km)
time.

The notion of a spanner has been generalized in the past by many researchers.
Additive spanners : A t-spanner as defined above approximates pairwise dis-
tances with multiplicative error, and can be called a multiplicative spanner. In
an analogous manner, one can define spanners that approximate pairwise dis-
tances with additive error. Such a spanner is called an additive spanner and the
corresponding error is called surplus. Aingworth et al. [2] presented the first ad-
ditive spanner of size O(n3/2 log n) with surplus 2. Baswana et al. [9] presented a
construction of O(n4/3) size additive spanner with surplus 6. It is a major open
problem if there exists any sparser additive spanner.
(α, β)-spanner : Elkin and Peleg [22] introduced the notion of (α, β)-spanner for
unweighted graphs, which can be viewed as a hybrid of multiplicative and addi-
tive spanners. An (α, β)-spanner is a subgraph such that the distance between
any pair of vertices u, v ∈ V in this subgraph is bounded by αδ(u, v) + β, where
δ(u, v) is the distance between u and v in the original graph. Elkin and Peleg
showed that an (1+ ε, β)-spanner of size O(βn1+δ), for arbitrarily small ε, δ > 0,
can be computed at the expense of sufficiently large surplus β. Recently Thorup
and Zwick [31] introduced a spanner where the additive error is sublinear in
terms of the distance being approximated.

Other interesting variants of spanner include distance preserver proposed by
Bollobás et al. [5] and Light-weight spanner proposed by Awerbuch et al. [1]. A
subgraph is said to be a d-preserver if it preserves exact distances for each pair of
vertices which are separated by distance at least d. A light-weight spanner tries
to minimize the number of edges as well as the total edge weight. A lightness
parameter is defined for a subgraph as the ratio of total weight of all its edges and
the weight of the minimum spanning tree of the graph. Awerbuch et al. [1] showed
that for any weighted graph and integer k > 1, there exists a polynomially
constructible O(k)-spanner with O(kρn1+1/k) edges and O(kρn1/k) lightness,
where ρ = log(Diameter).

4 Approximate Distance Oracles

The notion of Distance Oracles was formalised in the seminal paper of Thorup
and Zwick [30] which is a milestone in the area of all-pairs approximate shortest
paths. They showed that for any integer k ≥ 2, an undirected weighted graph can
be preprocessed in O(kmn1/k) time to build a data structure of size O(kn1+1/k).
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This data structure is capable of answering any distance query with a stretch
2k − 1 in just O(k) time. The fact that the data structure doesn’t store the
all-pairs approximate distances explicitly, and is yet capable of answering any
distance query in essentially constant time is indeed surprising. Due to this
feature, this data structure is named approximate distance oracle. In addition,
the space requirement of the oracle is essentially optimal, assuming a 1963 girth
lower bound conjecture of Erdös [23]. To highlight the beauty and simplicity of
the data structure, we provide a sketch of 3-approximate distance oracle.

The objective is to achieve sub-quadratic space and sub-cubic preprecessing
time simultaneously. The 3-approximate distance oracle of Thorup and Zwick
[30] meet this objective as follows. It selects a small set S of vertices. From each
vertex of the set S, distance to all the vertices in the graph is computed and
stored. From each v ∈ V \S, distance to a only a small neighborhood of vertices
is computed. More specifically, this neighborhood around v consists of all those
vertices in the graph whose distance from v is less than the distance between
v and the nearest vertex from S. This neighborhood may be viewed as a ball
around v, and by employing simple random sampling in selecting S, it can be
shown that expected size of ball turns out to be sublinear. The data structure
stores the exact distances from each vertex of S to every vertex in the graph,
stores one hash table for ball(v) for each v ∈ V \S. In addition, it computes the
nearest vertex from S for each v. The overall space requirement turns out to
be O(n3/2) when S is formed by selecting each vertex with probability 1/

√
n.

To answer any distance query between u and v, one can proceed as follows. If
either u or v belong to S, exact distance can be retrieved. Otherwise, if u lies
with in ball(v) (or vice versa), exact distance can still be reported in O(1) time
using the hash table storing ball(v). The only nontrivial case left is when u does
not lie in ball of v. In this case, the oracle reports the distance between v and
its nearest vertex, say x, from S plus the distance between x and u. By using
triangle inequality, it follows easily that this sum is at most 3 times the exact
distance between u and v.

The idea of 3-approximate distance oracle can be very nicely extended to
(2k − 1)-approximate distance oracle as shown by Thorup and Zwick [30]. To
construct a (2k−1)-approximate distance oracle a hierarchy of subsets of vertices
: V ⊇ S1 ⊇ · · · ⊇ Sk−1 ⊇ Sk = ∅ is built using random sampling. In order
to achieve a subquadratic space data structure, for each vertex u and level i,
the preprocessing algorithm computes distance to a small subset, balli(v) of
vertices from Si−1. In particular, balli(v) consists of consists of all those vertices
in Si−1 that are closer to u than its nearest vertex from Si. Computing these
balls efficiently turns out to require building truncated shortest path trees from
vertices of Si−1. Thorup and Zwick employed a modified Dijkstra’s algorithm in
a novel way for this task.

Baswana and Sen [12,11] showed that for unweighted graphs, a (2k − 1)-
approximate distance oracle of size O(kn1/k) that returns 2k−1 stretch distances
in O(k) time can be computed in expected O(min(n2, kmn1/k)) time. Roditty,



38 S. Sen

Thorup, and Zwick [27] showed that the results in [30] and [12] can be achieved
deterministically also.

Recently Baswana and Kavitha [8] improved the preprocessing time of ap-
proximate distance oracle to O(min(n2, kmn1/k)) for weighted graphs as well.

5 A Generic Scheme for APASP for Stretch ≤ 3

The reader may notice that there exist two algorithms for 3-APASP: 3-
approximate distance oracle of Thorup and Zwick [30] and 3-APASP algorithm
of Cohen and Zwick [16]. It can be observed that the Cohen-Zwick algorithm [16]
is preferred when time has to be optimized and the Thorup-Zwick algorithm [30]
is preferred when space has to be optimized. Ideally, one would like an algorithm
with the worst case preprocessing time of the former and the space requirement
of the latter. This was posed as an open problem by Thorup and Zwick [30]. It is
worth mentioning at this point that on studying the two algorithms [16,30] (for
stretch 3) the reader would realize that these algorithms and their underlying
ideas appear to be quite different.

Baswana and Kavitha [8] present a simple and generic scheme for APASP.
which answers the open question of Thorup and Zwick in affirmative. We present
an overview of this scheme as follows.

The generic scheme A(H) has an input parameter H which is a hierarchy of
k+1 subsets S0 ⊃ S1 ⊃ · · · Sk of vertices of the given graph. Construction of this
hierarchy employs random sampling. For each set Si, a subset of edges ESi ⊆ E
is defined in a very natural manner which ensures that larger the set Si, sparser
would be the set ESi , and vice versa. The scheme executes Dijkstra’s algorithm
from each vertex in Si in the graph (V, ESi+1). This hierarchical scheme is indeed
simple and efficient, and it proves to be very generic and powerful technique for
the APASP problem leading to improved algorithms for various values of stretch
in the interval [2,3]. The 3-approximate distance oracle of Thorup-Zwick and
Θ(n2 log n) algorithm of Cohen-Zwick for 3-APASP appear to be emerging from
the new generic scheme A as can be seen from the following short summary of
the scheme.

1. For a specific hierarchy H with V = S0 ⊇ S1 ⊇, Sk = ∅ and k = log n,
the scheme A(H) turns out to be similar to the Cohen-Zwick algorithm for
stretch 3. However, the new scheme with a more careful analysis leads to
stretch which is almost 2. In particular, the distance reported between any
pair of vertices u, v ∈ V is at most 2δ(u, v)+wmax, where wmax is the weight
of the heaviest edge on the shortest path between u and v.

2. In a very natural manner, this scheme also leads to an O(n3/2) space data
structure capable of answering any 3-approximate distance query efficiently.
The hierarchy H used here has the base set S0 of size O(

√
n) which is formed

by random sampling, and the set Sk is ∅. This data structure is parametrized
such that its preprocessing time is O(m

√
n + min(m

√
n, kn2+ 1

2k )) and query
time is O(k). For the special case when there are only two levels in the hierar-
chy H, this data structure degenerates to the 3-approximate distance oracle of
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Thorup and Zwick [30]. Further, a bottleneck in the construction of this data
structure is removed and this leads to an improved O(min(m

√
n, kn2+ 1

2k ))
preprocessing time for the data structure. For k = log n, this data structure
achieves O(min(m

√
n, n2 log n)) preprocessing time and O(log n) query time

and this almost answers the open question posed by Thorup and Zwick [30].
3. The scheme A(H) also forms the foundation of the faster algorithms for

different values of stretch in the interval [2, 3]. In particular, it provides
faster algorithms for stretch 2, 73 , 5

2 and (2 + ε). For each stretch, a hierarchy
H is constructed suitably such that A(H) directly or after slight augmen-
tation leads to a faster algorithm for APASP for that particular value of
stretch.

6 A Subquadratic Algorithm for Approximate Distance
Oracle

Having achieved optimal size-stretch trade offs, and essentially constant query
time, it is only the preprocessing time of these oracles which may be improved.
In fact, all the existing algorithms for approximate shortest paths achieve Ω(n2)
running time. Therefore, a natural question is whether it is possible to achieve
O(m + n2−ε) - a subquadratic upper bound - for approximate shortest paths,
and in particular for approximate distance oracles. At this point, it should be
noted that if the aim is to just achieve sub-quadratic preprocessing time for
these oracles, the task is not difficult at all if one employs spanners. By first
computing a sufficiently sparse spanner (using linear time algorithms by [10,9]),
and then building approximate distance oracle of this spanner by Thorup and
Zwick algorithm [30] would achieve sub-quadratic time. However, in doing so,
the size-stretch trade-off would be way off from being optimal. So the challenge
is to achieve sub-quadratic preprocessing time for approximate distance oracles
without violating the size-stretch trade off. This challenge becomes even more
significant due to the fact that the quadratic upper bound of the existing prepro-
cessing algorithms [30][12] for these oracles is indeed tight - there exist a family
of graphs on which these algorithms would execute in Θ(n2) time. This suggests
that, in order to achieve sub-quadratic upper bound on these oracles, either a
significant change in the data structure or a completely new approach would be
needed.

In [7], the authors design approximate distance oracles for undirected, un-
weighted graphs2 which, at the expense of constant additive error, are con-
structible in sub-quadratic time and preserve size stretch trade-off optimally.
More precisely, they show the following. For any k > 1, there is a data-structure
which occupies O(kn1+1/k) space and for any pair of vertices u, v ∈ V , takes
O(k) time to return δ̂(u, v) satisfying

δ(u, v) ≤ δ̂(u, v) ≤ (2k − 1)δ(u, v) + ck where ck ≤ max(10, 2k − 2)

2 A somewhat weaker result holds for weighted graphs.
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Table 1. Comparing the new algorithms with the existing algorithms for approximate
distance oracles

Stretch Space Preprocessing Time Reference

(2k − 1, 0) O(kn1+1/k) O(min(n2, kmn1/k)) [30], [8]
(3, 10) O(n3/2) O(min(m + n

23
12 , m

√
n)) [7]

(5, 10) O(n4/3) O(min(m + n
11
6 , m 3

√
n)) [7]

(2k − 1, 2k − 2), k > 3 O(kn1+1/k) O(min(m + n
3
2+ 4k−3

k(4k−6) , kmn
1
k )) [7]

The preprocessing time for these oracle is O(m+n2−αk), where α(k) takes value
in the interval [ 1

12 , 1
2 ] - takes value 1

12 for k = 3 and approaches 1
2 steadily as

k increases. The value of the exact preprocessing time of these oracles and the
additive error ck has been shown in the following Table 1. It should be noted that
the effect of the extra O(k) additive error would be quite insignificant compared
to the (2k − 1) stretch except for pairs of vertices separated by small distance.
However, this small additive error has allowed to break the quadratic barrier
of preprocessing of approximate distance oracles. Nevertheless, it would be very
important to explore the limits to which the preprocessing time can be further
improved.

6.1 An Overview of the Algorithm

The starting point is the 3-approximate distance oracle of Thorup and Zwick
[30]. In order to achieve sub-quadratic space, the underlying intuition of their
data structure is a novel combination of computing local distance information
from all the vertices and global distance information from a few selected vertices
only as follows. A subset S ⊆ V is formed by selecting each vertex independently
with probability q. From each vertex of S ⊂ V , distance to every other vertex in
the graph is computed and stored in the data structure. For every other vertex
v ∈ V \S, distance to all those vertices is computed which lie closer to v than
the vertex of S nearest to v. Let us call this set as ball(v, V, S). The collection
of these balls and the shortest path trees built on vertices of S together provide
an answer to a distance query with stretch 3 at most. The space requirement is
O(n/q + n2q). To achieve O(n3/2) space requirement, this forces q to take value
1/

√
n.

There are thus two computation tasks for 3-approximate oracles of Thorup
and Zwick [30]. The first task is building shortest path trees from each of the
sampled vertices in S that increases with |S|. The second task is construction of
balls, and Thorup and Zwick gave a novel algorithm to construct Balls. Recently
Baswana and Sen [12] showed that this algorithm for computing Ball(v, V, S) for
all v ∈ V \S has expected running time O(min(m/q, n/q2)). This upper bound
on these algorithms is tight. There exists a family of graphs on n vertices and
Θ(n/q) edges, for which the algorithm of Thorup and Zwick for building balls
will indeed run in Θ(n/q2) time. Thus the above theorem implies that if we
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want to reduce the time required for building balls, we should increase p beyond
1/

√
n. However increasing q beyond 1√

n
would violate the optimality of the size

of the oracle. Secondly, this would increase the time complexity of the first task
as well. However, we pursue this approach and overcome these hurdles using a
nontrivial combination of the following ideas/tools (for (2k − 1, ck)-approximate
distance oracle).

1. Partitioning graph into sparse and dense subgraphs : Using a random sample
of a set of vertices, we define a sparse subgraph with m = o(n2−1/k), and
execute Thorup and Zwick algorithm on this sub graph. This algorithm
will execute in o(n2) time and will take care of approximate shortest paths
between those pairs of vertices whose shortest path is fully preserved in the
sparse graph. For shortest paths which are not preserved in the subgraph,
the following tools (2,3) will be used. This idea has been used in the past in
the context of algorithms [2,19] for computing approximate distances with
purely additive error only.

2. Storing distances between pairs S × S : Instead of storing distance for all
pairs from S × V (which imposed the restriction of S = θ(

√
n) for getting

optimal size for 3-oracle), we store S ×S for suitably large size S. This takes
care of the space optimality. In doing so, the stretch needs to be preserved
at (2k − 1).

3. (t, t − 1)-spanner of [9] : An (α, β)-spanner is a subgraph such that the
distance between any two vertices u, v in the sub graph is at most αδ(u, v)+β.
We shall use (t, t−1)-spanner introduced by Baswana et al. [9] which occupy
O(n1+1/t) space and are constructible in O(tm) time. These spanner are
used for the first time in their full generality for improving running time of
approximate distance oracles.

7 Concluding Remarks and Open Problems

In this presentation we have focused on the static problem; there have been
similar developments in the context of the dynamic problem (under deletion
and addition of edges). Not surprisingly, the task of maintaining approximate
shortest paths has yielded faster and simpler algorithms than the exact shortest
paths.

We conclude with the following two major open problems in the area of all-
pairs approximate shortest paths, and the problem of graph spanners.

– Does there exist an algorithm which can compute approximate distance or-
acles in O(m polylog n) time ?

– Does there exist any purely additive spanner with size o(n4/3) ?

Acknowledgement. The author is grateful to Surender Baswana who carefully
went through the manuscript and edited some portions to enhance readability.
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A line transversal to a family of convex objects in R
d is a line intersecting each

member of the family. There is a rich theory of geometric transversals, see for
instance the surveys of Danzer et al. [6], Eckhoff [7], Goodman et al. [8] and
Wenger [11].

A classic result is Hadwiger’s transversal theorem: a family F of (pair-
wise) disjoint compact convex sets in the plane has a line transversal

if and only if there is an ordering of F such that
each triple has a line transversal consistent with
that ordering. The idea of Hadwiger’s original
proof is to uniformly shrink the sets until a triple
has a unique transversal �. The line � is then
necessarily an isolated transversal of the triple,
that is, any perturbation of � will miss a member
of the triple. We call an isolated transversal � to
a family F a pinned transversal, and the family

F a pinning of �. The proof is now completed by the fact that whenever a family
of compact convex sets in the plane pin a line �, then three of the sets already
pin �, and the three sets that pin � lie on alternating sides when considered in
the order in which � meets them (see the figure on the left).

Hadwiger’s theorem does not generalize to more than two dimensions: For
every n, there is a convex polytope K in R

3 and an ordered family F of n trans-
lates of K such that F has no line transversal, but any subfamily of size n − 1
has a line transversal consistent with the ordering on F [10].

There is one special case, though, in which Hadwiger’s theorem can be gener-
alized, namely when K is a (spherical) ball in R

d. This was first shown for unit
balls in R

3 by Holmsen et al. [9], generalized to higher dimensions by Cheong
et al. [4] and finally generalized to disjoint balls of arbitrary radius by Borcea
et al. [2]. More precisely, a family F of (pairwise) disjoint balls in R

d has a line
transversal if and only if there is an ordering of F such that each 2d-tuple has a
line transversal consistent with that ordering.

As in Hadwiger’s original theorem, the idea of the proof is to shrink the balls
uniformly until some 2d-tuple G has a unique transversal �. The line � is then
again necessarily an isolated transversal of the 2d-tuple, that is, G pins �. We
then show that a family G of disjoint balls pins a line � if and only if there is a
subfamily G′ ⊂ G of size at most 2d − 1 that already pins �. Finally, we use the
fact that the set of transversals that intersect a family of disjoint balls in a given
ordering is connected, and so � must necessarily meet all the elements of F .

S. Das and R. Uehara (Eds.): WALCOM 2009, LNCS 5431, pp. 44–46, 2009.
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The connectedness of the space of transversals is a very strong property of
spherical balls, and does not hold for more general objects, not even arbitrarily
fat objects of constant description complexity. This explains why Hadwiger’s
theorem doesn’t generalize.

The other ingredient of Hadwiger’s original proof and our argument for spheres,
however, does generalize. Let us say that a class of compact convex objects has
pinning number k if whenever a family F of disjoint objects of this class pins a
line �, then a subfamily G ⊂ F of size at most k already pins �. So convex objects in
the plane have pinning number three, and balls in R

d have pinning number 2d−1.
In recent work [3], we showed that the bound 2d−1 is the best possible bound

on the pinning number of balls in R
d, or in other words, there are minimal

families of 2d − 1 balls that pin a line. This immediately implies a lower bound
on the constant in the Hadwiger-type theorem for disjoint balls, answering the
question posed by Danzer in the 1950s whether this constant must be increasing
with the dimension [5].

Our proof of the lower bound is interesting in that we cannot directly exhibit
such minimal families. Instead, we show that no family F of at most 2d−2 balls
can be a stable pinning of a line �, that is, there is always a perturbation of F
such that the perturbed family no longer pins �. On the other hand, we show
that there exist families of stable pinnings of size 2d − 1, implying that some
perturbation of such a family must be minimal.

We prove the existence of stable pinnings by describing purely combinatorial
patterns of halfspaces whose boundary contains the origin in R

d−1. Whenever
a family of disjoint convex objects projects along a line � into such a pinning
pattern, then it is automatically a pinning of �; and since pinning patterns are
purely combinatorial, it is then automatically a stable pinning of �.

Incidentally, the argument also shows that in Rd, there are minimal pinning
configurations of a line by disjoint balls of size 3, 5, 7, . . . , 2d − 1.

In a second new result [1], we show that convex polytopes in R
3 have bounded

pinning number, at least under a mild assumption: if a family F of convex
polytopes pins a line � and � touches each polytope in the interior of an edge,
then there is a subfamily G ⊂ F of at most six polytopes that already pins �.
The bound six is tight, as there are minimal pinning families of four, five, and
six disjoint polytopes, and we can in fact completely characterize all pinning
configurations of a line by disjoint polytopes.

This implies that a bounded pinning number is a strictly weaker property than
a Hadwiger-type theorem for transversals: while the existence of a line transversal
is not necessarily determined by a bounded subfamily, locally this is the case. It
will be interesting to see how far the bounded pinning number generalizes. So
far we have no counter-example that would show that arbitrary convex objects
in, say, R

3 do not have a bounded pinning number, and I conjecture that in fact
their pinning number is bounded.
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Abstract. Let s be a point source of light inside a polygon P of n ver-
tices. A polygonal path from s to some point t inside P is called a diffuse
reflection path if the turning points of the path lie on polygonal edges of
P . We present three different algorithms for computing diffuse reflection
paths from s to t inside P . For constructing such a path, the first algo-
rithm uses a greedy method, the second algorithm uses a transformation
of a minimum link path, and the third algorithm uses the edge-edge
visibility graph of P . The first two algorithms are for polygons without
holes, and they run in O(n + k log n) time, where k denotes the number
of reflections in the path. The third algorithm is for both polygons with
or without holes, and it runs in O(n2) time. The number of reflections
in the path produced by this algorithm can be at most 3 times that
of an optimal diffuse reflection path. The problem of computing a dif-
fuse reflection path between two points inside a polygon has not been
considered in the past.
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1 Introduction

In the last four decades, the problems of direct visibility have been investigated
extensively [8]. Two points inside a polygon P are called visible (directly) if the
line segment joining them lie totally inside P . The region of P directly visible
from a point light source s inside P is called the visibility polygon of P from s
(see Figure 1). Several efficient algorithms exist for computing visibility polygons
under different conditions [8]. Here, we consider a problem of computing indirect
visibility in P of n vertices, that arises due to multiple reflections inside P .

Assume that all edges of P reflect light like mirrors. It can be seen that some
points of P , that are not directly visible or illuminated from s, may still become
visible due to one or more reflections on the edges of P (see Figure 1). As per the
standard law of reflection, reflection of a light ray at a point is called specular
if the angle of incidence is the same as the angle of reflection. There is another
type of reflection of light called diffuse reflection, where a light ray incident at
a point is reflected in all possible interior directions. We assume that the light
ray incident at a vertex is absorbed and not reflected.

Visibility with multiple reflections arises naturally in three dimensional sce-
narios where pixels of a screen are rendered to generate a realistic image. This is
achieved by tracing the path of light backwards from each pixel through multiple
reflections until a source of light is reached [6]. Clearly, light sources that can be
reached through a smaller number of reflections would contribute more intensely,
thereby making paths reachable by the minimum number of reflections is more
important in illumination modeling. It is therefore worthwhile computing paths
through which light arrives from a light source by the minimum number of re-
flections. Our concern in this paper is the computation of such a path between
two points s and t within a polygon P with the minimum number of diffuse
reflections. Whether this is an NP-hard problem remains an open question.

P

s

u

v

R

Fig. 1. The region R is directly visible from s. A ray from s reaches u after one specular
reflection. A ray from s reaches v after two diffuse reflections.
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Let us mention the previous results on visibility with multiple reflections.
In [2], Aronov et al. investigated the region visible from a point source in a
simple n-vertex polygon bounded by edges reflecting inwards, when at most one
specular (or diffuse) reflection is permitted. For both specular as well as dif-
fuse reflections, they established a tight Θ(n2) worst-case geometric complexity
bound and also designed an O(n2 log2 n) time algorithm for computing the re-
gion visible after at most one reflection. In [1], Aronov et al. addressed the more
general problem where at most k ≥ 2 specular reflections are permitted. They
derived an O(n2k) upper bound and an Ω((n/k)2k) worst-case lower bound on
the geometric complexity of the region visible after at most a constant num-
ber k of specular reflections. They also designed an algorithm with O(n2k log n)
running time, for k > 1.

In contrast to the result of [1], Prasad et al. showed in [17], that the upper
bound on the number of edges and vertices of the region visible due to at most k
reflections improves to O(n2�(k+1)/2�+1) when specular reflections are replaced by
diffuse reflections. They also designed an O(n2�(k+1)/2�+1 log n) time algorithm
for computing the visible region. They conjectured in [17] that the complexity of
the region visible by at most k diffuse reflections is Θ(n2). Note that this region
contains blind spots or holes as shown in [16]. Recently, Aronov et al. [3] showed
that the complexity of this region visible has an upper bound as low as O(n9).
Bridging the gap between the O(n9) upper bound of Aronov at el. [3], and the
Ω(n2) lower bound in [17] remains an outstanding open problem.

In this paper, we present three different algorithms for computing diffuse
reflection paths from s to t inside P . For constructing such a path, the first
algorithm uses a greedy method, the second algorithm uses a transformation
of a minimum link path, and the third algorithm uses the edge-edge visibility
graph of P . The first two algorithms are for polygons without holes, and they
run in O(n+k log n) time, where k denotes the number of reflections in the path.
The third algorithm is for both polygons with or without holes, and it runs in
O(n2) time. The number of turns in the path produced by this algorithm can
be at most 3 times that of an optimal path, where an optimal path is a diffuse
reflection path between s and t having the minimum number of turning points.
In the next three sections, we present these algorithms. In Section 5, we conclude
the paper with a few remarks.

2 Computing the Greedy Diffuse Reflection Path

In this section, we present an algorithm for computing a diffuse reflection path
from s to t (denoted as drp(s, t)) inside a simple polygon P using greedy method.
The algorithm runs in O(n + k log n) time, where k is the number of turning
points in drp(s, t).

Let SP (u, v) denote the Euclidean shortest path between two points u and v
inside P . Let SP (s, t) = (u0, u1, . . . , uj), where s = u0 and t = uj. Extend the
first edge u0u1 from u1 till it meets the boundary of P at some point w1 (see
Figure 2). If w1 is directly visible from t, then the diffuse reflection path from
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P

tw2 w4

w5

w1 w3

s

u1

z1 z2

z3
z4

Fig. 2. The greedy diffuse path from s
to t inside P

P

s
wi t

wi−1

vi

Fig. 3. The next vertex vi of wi−1 on
SP (wi−1, t) belongs to the triangle con-
taining wi−1 in the shortest path map

s to t consists of two links sw1 and w1t. Otherwise, treating w1 as s, compute
the next link w1w2 of drp(s, t) by extending the first edge of SP (w1, t) to the
boundary of P . Repeat this process till wk is computed such that wk is directly
visible from t. It can be seen that the greedy path (sw1, w1w2, . . . , wk−1wk, wkt)
is drp(s, t). The correctness of the algorithm follows from the following lemma.

Lemma 1. The greedy diffuse reflection path (sw1, w1w2, . . . , wk−1wk, wkt) is
a simple path.

Proof. Observe that (i) every link wi−1wi of the greedy path intersects SP (s, t)
at some point zi, (ii) wi−1wi passes through a distinct vertex vi of P , where wivi

is the first edge of SP (wi, t), and (iii) for every zi, the next intersection point
zi+1 lies on SP (zi, t) (see Figure 2). Hence, the greedy path is simple and the
number of links in the path can be at most n.

Let us analyze the time complexity of the algorithm. In order to compute wi−1wi,
the algorithm finds the next vertex vi of wi−1 in SP (wi−1, t) and then extends
wi−1vi from vi meeting the boundary of P at a point wi. The vertex vi can
be located by computing SP (wi−1, t), which can be done in O(n) time by the
algorithm of Lee and Preparata [13]. Then the point wi can also be located in
O(n) time by traversing through the triangles in the triangulation of P [4]. Since
each link wi−1wi can be computed in O(n) time and there can be at most n links,
the entire greedy path can be computed in O(n2) time.

Instead of computing shortest paths repeatedly for locating the next vertex,
the algorithm computes the shortest path tree rooted at t (denoted as SPT (t))
in O(n) time by the algorithm of Hershberger [11], and then constructs the
shortest path map by extending the edges of SPT (t). It can be seen that the
next vertex vi of wi−1 is a vertex of the triangle in the shortest path map which
contains wi−1 (see Figure 3). Once the triangle containing wi−1 is located, the
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w1

w2

w3

w4

P

s = u0

u1

u2
z t = u3

Fig. 4. Links sz and zt form an optimal
path, whereas the greedy diffuse reflec-
tion path turns on all edges of P except
three edges

s

P

link

SP (s, t)

path

w4

w5

w3

w2

w1

t

Fig. 5. The minimum link path (sw1,
w1w2, w2w3, w3w4, w4w5, w5t) is also a
diffuse reflection path as w1, w2, w3, w4

are boundary points

next vertex vi is also located. Hence, the next vertex vi can be located for each
wi−1 in O(log n) time. Then the point wi can be located by shooting a ray from
wi−1 along wi−1vi, which takes O(log n) time after O(n) time preprocessing [5].
Since the number of rays is bounded by the number of links in drp(s, t), the
greedy path can be computed in O(n + k log n) time.

Let us calculate the bound on the number of links of the greedy diffuse reflec-
tion path from s to t. Figure 4 shows that every link wiwi+1 of the greedy path
passes through a vertex of the polygonal edge containing wi for all i. Moreover,
except three edges, there is a turning point of the greedy path on every edge of
P . Therefore, the number of links in the greedy path can be at most n − 2. On
the other hand, the optimal path takes two links sz and zt to reach from s to t.
Hence, the number of links in the greedy path can be at most (n − 2)/2 times
that of an optimal path. We state the result in the following theorem.

Theorem 1. The greedy diffuse reflection path from s to t can be computed in
O(n + k log n) time, where k is the number of turning points in the path. The
number of links in the path can be at most (n − 2)/2 times that of an optimal
path.

3 Computing a Diffuse Reflection Path Using a Minimum
Link Path

In this section, we present an algorithm for transforming a minimum link path
from s to t inside a simple polygon P into a diffuse reflection path (sw1, w1
w2, . . . , wk−1wk, wkt) in O(n+k log n) time. A minimum link path between two
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s

P

SP (s, t)

zi−1
t

zi+1

mlp(s, t)

ai

ci

zi

Fig. 6. Two links zi−1zi and zizi+1 in
mlp(s, t) are replaced by three links
zi−1ci, ciai and aizi+1

ai
ci

zi+1

mlp(s, t)

zi

t

zi−1

s

P

SP (s, t)

Fig. 7. The points ai and ci are con-
nected by the greedy diffuse reflection
path

points s and t (denoted as mlp(s, t)) is a path inside P having the minimum
number of segments or links. We have the following observations.

Lemma 2. Between s and t, the number of reflections k in any diffuse reflection
path in P cannot be smaller than the number of turns m in any minimum link
path.

Lemma 3. By Lemma 2, any diffuse reflection path between s and t can be at
most k/m times the optimal diffuse reflection path.

The algorithm first constructs mlp(s, t) in O(n) time using the algorithm of
Ghosh [7]. If all turning points of mlp(s, t) lie on edges of P , then mlp(s, t)
is drp(s, t) (see Figure 5). Moreover, drp(s, t) is an optimal path as it has the
minimum number of turns or reflections. We have the following lemma.

Lemma 4. If all turning points of a minimum link path lie on edges of P , then
the path is an optimal diffuse reflection path.

Let (sz1, z1z2, . . . , zm−1zm, zmt) be a minimum link path, where z1, z2, . . . , zm

are turning points. Consider the case when at least one turning point (say, zi)
is not lying on any edge of P (see Figure 6). Extend zizi+1 from zi to the
boundary of P meeting it at a point ai. Similarly, extend zizi−1 from zi to
the boundary of P meeting it at a point ci. If the segment aici lies inside P ,
then (sz1, z1z2, . . . , zi−1ci, ciai, aizi+1, . . . , zm−1zm, zmt) is drp(s, t). Otherwise,
ai and ci are connected by a greedy link path as stated in the previous section
to construct a diffuse reflection path (see Figure 7). If the minimum link path
has turning points that are not lying on edges of P , then the above method is
used for each such turning point to transform a minimum link path into a diffuse
reflection path. Note that the greedy diffuse reflection paths are computed into
disjoint regions of P , and are bounded by the links of the minimum link path
[7], [8].
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s

ci
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mlp(s, t)

SP (s, t)
t

ai
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vj+1 vl
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Fig. 8. The optimal path takes three
links (or, two turns) to reach from s
to t

t

z1

P
z2 u1

u2 z3

s

u0

g1

g2

g3

Fig. 9. A sequence of links has been
constructed connecting pairs of weakly
visible edges of P

Let us calculate the bound on the number of links in drp(s, t). Figure 8 shows
that the greedy diffuse reflection path from ci to ai passes through vertices of
polygonal edges containing its turning points, and all turning points of the path
lie on the clockwise boundary of P from vi to vl. Observe that this portion of the
boundary from vi to vl can have at most n − 4 − m vertices because the counter-
clockwise boundary from vi to vl consists of at least four vertices of P around s and
t, and the vertices of SP (s, t) which is at least the number of links m of mlp(s, t).
In addition, no link of the greedy path can pass through vertices vi and vl as well
as vertices of the edge vjvj+1 containing ai. So, the total number of links in the
greedy path connecting ci and ai can have at most n − m − 8 links. Therefore,
drp(s, t) can have at most n − m − 8 + m = n − 8 links.

Let m′ be the number of turning points of mlp(s, t) not lying on the boundary
of P . Since the optimal drp(s, t) must take at least one additional link cibi to
cross mlp(ai, t) for every turning point of mlp(s, t) not on the boundary of P ,
the optimal path must have at least m + m′ links. So, the number of links in
drp(s, t) can be at most (n − 8)/(m + m′) times that of an optimal path. We
state the result in the following theorem.

Theorem 2. A minimum link path between s and t can be transformed into a
diffuse reflection path from s to t in O(n + k log n) time, and the number of
links in the path can be at most (n − 8)/(m + m′) times that of an optimal path,
where (i) k is the number of reflections in the diffuse reflection path, (ii) m is
the number of links in the minimum link path, and (iii) m′ is the number of
turning points of the minimum link path not lying on the boundary of P .

4 Computing a Diffuse Reflection Path Using the
Visibility Graph

In this section, we present an O(n2) time algorithm for computing a diffuse
reflection path from s to t inside a polygon P with or without holes using the
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edge-edge visibility graph of P . The number of reflections in the path produced
by the algorithm can be at most 3 times than that of an optimal drp(s, t). The
algorithm first finds a sequence of edges of P using BFS and then constructs a
diffuse reflection path which reflects on these edges.

Let Ve denote the set of all edges of P . Two edges of P are said to be weakly
visible if some internal point of one edge is visible from an internal point of the
other edge. The edge-edge visibility graph Ge of P is a graph with nodes Ve

and arcs between nodes that correspond to a weakly visible pair of edges in P
[8], [15]. The algorithm starts by constructing the edge-edge visibility graph Ge

of P . Then two nodes representing s and t are added in Ve. The node s (or, t)
is connected by arcs in Ge to those nodes in Ve whose corresponding edges in
P are partially or totally visible from s (respectively, t). We have the following
observation.

Lemma 5. Between s and t, the number of reflections in any diffuse reflection
path in P cannot be smaller than the number of edges of P in the shortest path
between s and t in Ge.

Compute the shortest path from s to t in Ge using BFS. Let g1, g2, . . . , gk−1 be
the sequence of edges of P corresponding to the nodes of Ve in the shortest path
from s to t in Ge. Since gi is weakly visible from gi+1, for all i (see Figure 9),
locate a pair of internal points zi ∈ gi and ui ∈ gi+1, for all i, such that the
segment ziui lies inside P . Let u0 be a point in g1 visible from s. Let zk−1 be a
point in gk−1 visible from t. So, a sequence of links su0, z1u1, . . . , zk−2uk2 , zk−1t
has been constructed. If zi = ui−1, for all i (see Figure 10), then we have a dif-
fuse reflection path sz1, z1z2, . . . , zk−1t with the minimum number of reflections.
Otherwise, for every zi �= ui−1, locate a point z′i on an edge ei of P such that all
points of gi are visible from z′i, and then add two links ui−1z

′
i and z′izi to connect

ui−1 with zi (see Figure 11). The point z′i can be located by extending the edge gi

to the nearest polygonal edge ei and then choosing a point arbitrary close to the

t

P
z3

s
z2

z1

Fig. 10. The links connecting pairs of
weakly visible edges of P has formed a
diffuse reflection path

t

z1

P
u1s

u0

z′2

u2 z3z′3

e3
z′1

e1

z2

e2

Fig. 11. Two additional links are con-
structed for every zi �= ui−1 to form a
diffuse reflection path
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intersection point. Hence, (su0, u0z
′
1, z

′
1z1, z1u1, . . . , uk−2z

′
k−1, z

′
k−1zk−1, zk−1t)

is drp(s, t).
Observe that since the path can have at most 3k links and any optimal dif-

fusion reflection path from s to t must have at least k links by Lemma 5, the
number of reflections in the path can be at most 3 times than that of an optimal
path.

Let us analyze the time complexity of the algorithm. The algorithm locates
all pairs of weakly visible edges in P as follows. Using the algorithm of Ghosh
and Mount [9], the algorithm first computes all visible pairs of vertices (say, E)
of P in O(n log n + E) time. During the process of computation, the algorithm
also constructs funnel sequences with edges as bases of the funnels. By traversing
these funnel sequences, all pairs of weakly visible edges of P can be located. In
addition, links connecting pairs of weakly visible edges of P can also be con-
structed using funnel sequences. The entire computation takes O(n2) time. By
traversing through the funnel sequences again, edges g1, g2, . . . , gk−1 can be
extended to the respective nearest edges in P to locate points z′1, z′2, . . . , z′k−1
respectively. These points can be located in O(n2) time. Hence, the entire dif-
fusion reflection path can be computed in O(n2) time. We summarize the result
in the following theorem.

Theorem 3. Using the edge-edge visibility graph of P , a diffuse reflection path
from s to t can be computed in O(n2) time, and the number of reflections in the
path can be at most three times than that of an optimal diffusion reflection path.

Let us discuss the problem of choosing an appropriate point zi ∈ gi on edges g1,
g2, . . . , gk−1 such that the segments sz1, z1z2, . . . , zk−1t lie inside P . Consider
the case when P is a polygon without holes. Let I1 be the set of all points of g1
that are visible from s (see Figure 12). Similarly, let I2 be the set of all points
of g2 that are visible from some point of I1 . If the interval I2 is not empty, then
the next interval I3 is again defined to be the set of all points of g3 that are

Fig. 12. The intervals I1, I2, I3 on edges
are not empty

Fig. 13. There are two sub-intervals in
I1 due to one hole, and six sub-intervals
in I2 due to two holes
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weakly visible from I2. If all intervals I1, I2, . . . , Ik−1 are non-empty, and there
exists a point zk−1 ∈ Ik−1 such that zk−1 is visible from t, then for all i, there
exists a point zi ∈ Ii that is visible from zi+1. Therefore, locate a point zi ∈ Ii

from zi+1, for all i, such that zizi+1 is a segment lying inside P . By Lemma 5,
the path (sz1, z1z2, . . . , zk−1t) is an optimal diffuse reflection path from s to t. It
can be seen that Ii+1 can be computed from Ii in O(n) time by computing the
hourglass between gi and gi+1 [8], [10]. Therefore, all intervals can be computed
in O(n2) time. Hence, (sz1, z1z2, . . . , zk−1t) can be computed in O(n2) time. We
have the following theorem.

Theorem 4. Given a sequence of k edges of a polygon P without holes such
that (i) the first and last edges are partially or totally visible from points s and t
respectively, and (ii) every pair of consecutive edges in the sequence are weakly
visible, a diffuse reflection path of k reflections using this sequence of edges from
s to t can be computed, if such a path exists, in O(n2) time.

Corollary 1. If k is the smallest such sequence of edges in P , then the diffuse
reflection path computed by the algorithm is optimal.

Let us consider the other case when P is a polygon containing holes. Let I1 be
the set of all points of g1 that are visible from s (see Figure 13). Since P contains
holes, I1 may consist of two or more disjoint sub-intervals. Again, let I2 be the
set of all points of g2 that are visible from some point of sub-intervals of I1.
Observe that the number of sub-intervals in I2 can be more than the number of
sub-intervals in I1 as P contains holes (see Figure 13). If I2 has at least one sub-
interval, compute sub-intervals of I3. This process is repeated till sub-intervals
of Ik−1 on gk−1 are computed. Let b1, b2, . . . , bk−1 be a sequence of sub-intervals
such that bi ∈ Ii, for all i, and every point of bi is visible from some point of
bi−1. So, a diffuse reflection path (sz1, z1z2, . . . , zk−1t), where zi ∈ bi, for all i,
can be computed as stated earlier. However, the total number of sub-intervals
on all edges in the sequence computed by the algorithm can be exponential.
Therefore, the method of computing sub-intervals explicitly on all edges of a
given sequence does not lead to any polynomial time algorithm for polygons
with holes. Even after the union of overlapping sub-intervals is taken for every
edge in the sequence, the total number of disjoint sub-intervals on all edges may
still become exponential.

5 Concluding Remarks

We have presented algorithms for computing diffuse reflection paths from a light
source s to a target point t inside P . As stated in the introduction, there are
two types of reflections of light: diffuse and specular. So, it is natural to ask for
a specular reflection path from s to t inside P . There is no known algorithm for
this problem. Note that unlike diffuse reflection, it has been shown that a path
of specular reflections may not always exist for all polygons and for all positions
of s inside a polygon [12], [18].
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Let g1, g2, . . . , gk−1 be a sequence of edges of P without holes such that gi

is weakly visible from gi+1, for all i, and g1 and gk−1 are visible from s and
t respectively. Given a sequence of such edges, it is possible to find a specular
reflection path (if it exists) from s to t passing through these edges in the given
order as follows. Compute the interval I1 ⊆ g1 visible from s. Let s1 be the
position of the virtual source of s with respect to g1. Let I2 be the set of all
points of g2 such that for any point z ∈ I2, (i) the line segment zs1 intersects I1,
and (ii) zs1 does not intersect the sides of the hourglass in P between g1 and g2.
If the interval I2 is empty, then there is no specular reflection path from s to t
passing through the given sequence of edges. So, we assume that I2 is not empty.
Analogously, compute the corresponding intervals I3 of g3, I4 of g4,..., Ik−1 of
gk−1. Then compute the interval I ′k−1 ⊆ Ik−1 visible from t. Now a specular
reflection path can be computed from s to t using these intervals in the reverse
order. The algorithm runs in O(n2) time as all hourglasses can be computed in
O(n2) time by the algorithm of Ghosh and Mount [9]. It can be seen that this
result on specular reflections is analogous to Theorem 4.

Let us consider the problem of computing a minimum link path between two
given points s and t inside a polygon P with holes [8], [14]. It can be seen from
the last section that if segments connecting zi with ui−1 are added, for all i,
then the path (su0, u0z1, z1u1, . . . , uk−2zk−1, zk−1t) becomes a link path. Note
that this sub-optimal algorithm is simpler than the optimal algorithm given by
Mitchell et al. [14] which involves computing arrangements of line segments.
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Abstract. A path from s to t on a polyhedral terrain is descending if the
height of a point p never increases while we move p along the path from
s to t. We introduce a generalization of the shortest descending path
problem, called the shortest gently descending path (SGDP) problem,
where a path descends, but not too steeply. The additional constraint to
disallow a very steep descent makes the paths more realistic in practice.
We give two approximation algorithms (more precisely, FPTASs) to solve
the SGDP problem on general terrains.

1 Introduction

A well-studied problem in computational geometry is to compute a shortest path
on a polyhedral terrain. One variant of the problem for which good approxima-
tion algorithms have recently been found [3,14] is the shortest descending path
(SDP) problem: given a polyhedral terrain, and points s and t on the surface,
find a shortest path on the surface from s to t such that, as a point travels along
the path, its elevation, or z-coordinate, never increases. In many applications of
SDPs, we want a path that descends, but not too steeply. For example, when we
ski down a mountain we avoid a too steep descent. In such cases, a very steep
segment of a descending path should be replaced by “switchbacks” that go back
and forth at a gentler slope, like the hairpin bends on a mountain road (Fig. 1).
The shortest gently descending path (SGDP) problem combines two previously-
studied problems: (i) to find SDPs; and (ii) to find shortest anisotropic paths,
where there are different costs associated with traveling in different directions in
a face. Our constraint that forbids a steep descent is an anisotropic constraint.
At first glance it would seem that the entire SGDP problem is a special case
of anisotropic paths, but results on anisotropic paths assume (e.g., Sun and
Reif [17]) that there is a feasible path between any two points in a common face,
a property that is violated when ascending paths are forbidden.

In this paper we combine techniques used for SDPs and for anisotropic paths
and present two fully polynomial time approximation schemes (FPTASs) to solve
the SGDP problem on a general terrain. We model the problem as a shortest
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Fig. 1. Descending gently towards a steep direction

path problem in a graph whose nodes are Steiner points added along the edges
of the terrain, with directed edges from higher to lower points in a common
face, and edge weights corresponding to gently descending distances. Both the
algorithms are simple, robust and easy to implement. We measure performance
in terms of the number n of vertices of the terrain, the largest degree d of a
vertex, the desired approximation factor ε, and a parameter X that depends on
the geometry of the terrain and the measure of steepness (see Sect. 3). In our
first algorithm, given a vertex s, we place Steiner points uniformly along terrain
edges during an O

(
n2X

ε log
(

nX
ε

))
-time preprocessing so that we can determine

a (1 + ε)-approximate SGDP from s to any point v in O(nd) time if v is either
a vertex of the terrain or a Steiner point, and in O

(
n

(
d + X

ε

))
time otherwise.

Our second algorithm places Steiner points in geometric progression along the
edges to make the algorithm less dependent (than the first algorithm) on the
slopes of the edges at the cost of slightly more dependency on n, see Theorem 2
for details. We can easily combine these two algorithms into a “hybrid” one: first
check the edge inclinations of the input terrain, and then run whichever of these
two algorithms ensures a better running time for that particular terrain.

The paper is organized as follows. In Sections 2 and 3 we mention related
results and define a few terms. Section 4 establishes a few properties of an
SGDP. Sections 5 and 6 give our approximation algorithms.

2 Related Work

The SDP problem was introduced by de Berg and van Kreveld [8], who gave
an O(n log n) time algorithm to decide existence of a descending path between
two points. Until recently the SDP problem has been studied in different re-
stricted settings [2,13]. Two recent papers [3,14] give approximation algorithms
for the problem on general terrains. Both papers use the Steiner point approach,
i.e., the approach of discretizing the continuous space by adding Steiner points
and approximating a shortest path through the space by a shortest path in the
graph of Steiner points. Details of these algorithms appear in Ahmed et al. [1].
Another recent work on SDP [4] gives a full characterization of the bend angles
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of an SDP, and points out the difficulty of finding an exact SDP on a general
terrain (although the problem is not proved to be NP-hard).

The Steiner point approach has been used for other variants of shortest paths
on terrains. One of them is the Weighted Region Problem [11]. See Aleksandrov
et al. [6] for a brief survey of Steiner point algorithms for the problem, and Sun
and Reif [18] for more recent work. One generalization of the Weighted Region
Problem is finding a shortest anisotropic path [12], where the weight assigned to
a region depends on the direction of travel. The weights in this problem capture,
for example, the effect of gravity and friction on a vehicle moving on a slope. All
the papers on this problem use the Steiner point approach [7,10,15,17]. As we
mentioned before, these algorithms for anisotropic paths assume that every face
f is totally traversable, i.e., there is a feasible path from any point to any other
point in f . To be precise, Cheng et al. [7] assume that the (anisotropic) weight
associated with a direction of travel is bounded by constants from both above
and below, thus any direction of travel is feasible. (Moreover, the algorithm of
Cheng et al. is for a subdivision of the plane, not for a terrain.) The rest of the
papers [10,15,17] use the anisotropic weight model of Rowe and Ross [12] which
allows switchback paths to “cover” any direction in f . The assumption that every
face is totally traversable allows placing Steiner points in a face independently
from all other faces. Sun and Reif [17, Sect. V] relax this assumption (i.e. the
assumption that every face is totally traversable) but only in isolated faces. Thus,
they can still rely on independent placement of Steiner points in a face. For both
the SDP and the SGDP problems, ascending directions are unreachable in every
face, which necessitates the use of a non-local strategy of placing Steiner points.

To obtain a better running time our algorithms use a variant of Dijkstra’s al-
gorithm, called the Bushwhack algorithm [16], to compute a shortest path in the
graph of Steiner points. In such a graph, the Bushwhack algorithm improves the
running time of Dijkstra’s algorithm from O(|V | log |V | + |E|) to O(|V | log |V |).

3 Terminology

A terrain is a 2D surface in 3D space with the property that every vertical line
intersects it in at most one point. For any point p in the terrain, h(p) denotes
the height of p, i.e., the z-coordinate of p. We consider a triangulated terrain,
and add s as a vertex. The terrain has n vertices, and hence at most 3n edges
and 2n faces by Euler’s formula [9]. Let L be the length of the longest edge, h
be the smallest distance of a vertex from a non-adjacent edge in the same face
(i.e. the smallest 2D height of a triangular face), d be the largest degree of a
vertex, and θ be the largest acute angle between a non-level edge and a vertical
line.

In this paper, “edge” and “vertex” denote respectively a line segment of the
terrain and an endpoint of an edge, “segment” and “node” denote respectively
a line segment of a path and an endpoint of a segment, and “node” and “link”
denote the corresponding entities in a graph. We assume that all paths are
directed. In our figures dotted lines denote level lines.
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A path P from s to t on the terrain is descending if the z-coordinate of a
point p never increases while we move p along the path from s to t. Given an
angle ψ ∈ [0, π

2 ), a line segment pq is steep if it makes an angle less than ψ with
a vertical line. A path P is gently descending if P is descending, and no segment
of P is steep. A downward direction in a face is called a critical direction if
the direction makes an angle equal to ψ with a vertical line. (Note that only
a downward direction can be a critical direction, although both upward and
downward directions can be steep.) A gently descending path is called a critical
path if each of its segments is in a critical direction. A critical path may travel
through more than one face; inside a face it will zig-zag back and forth. We would
like to replace steep descending segments by critical paths. This is sometimes
possible, e.g. for a steep segment starting and ending at points interior to a
face, but is not possible in general. The details are in Lemma 3, which uses the
following terms. A vertex v in face f is locally sharp in f if v is either the higher
endpoint of two steep edges or the lower endpoint of two steep edges of f . A
vertex v is sharp if it is locally sharp in all its incident faces. Note that a sharp
vertex is either the higher endpoint of all the edges incident to it, or the lower
endpoint of all such edges. A sharp vertex is like a pinnacle from which you
cannot descend gently.

4 Properties of an SGDP

Because our approximation algorithms use the Bushwhack algorithm which relies
on the optimality of subpaths of a shortest path, we need to establish a similar
property of an SGDP:

Lemma 1. Any subpath of an SGDP is an SGDP.

Another property that is crucial for our algorithm (and perhaps for any SGDP
algorithm) is that any critical path in the terrain is an SGDP:

Lemma 2. Any critical path from a point a to a point b in the terrain is an
SGDP of length (h(a) − h(b)) sec ψ.

Proof. Any critical path P is a gently descending path. Since each segment of
P makes an angle ψ with a vertical line, the length of P is (h(a) − h(b)) sec ψ.
Ignoring the terrain, any gently descending path from a to any point at height
h(b) has length at least (h(a) − h(b)) sec ψ. So, P is an SGDP. ��

We will now define the following notation to simplify our expressions involving
the length of an SGDP. For any two points p and q in a common f , let ‖pq‖ =
|(h(p)− h(q))| secψ when line pq is steep, and ‖pq‖ = |pq| otherwise. Thus ‖pq‖
is the length of an SGDP from p to q if one exists.

Observation 1. For any three points p, q and r in a face f : (i) ‖pq‖ = ‖qp‖,
(ii) ‖pr‖ ≤ ‖pq‖ + ‖qr‖, and (iii) |pq| ≤ ‖pq‖ ≤ |pq| secψ.
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Proof. The proof is obvious except for the second inequality of Case (iii), which
follows from the inequalities secψ ≥ 1 and |pq| ≥ |h(p) − h(q)|. ��

Like other Steiner point approaches, our graph of Steiner points has a directed
link (of appropriate cost) between two Steiner points a and b in a common face
f such that the link represents an SGDP from a to b. However, unlike other well-
studied shortest paths in terrains (e.g., SDPs and shortest paths in the Weighted
Region Problem) where the shortest path represented by the link lies completely
in f , the SGDP in our case may go through many other faces. For example, the
critical path in Fig. 1(a) is an SGDP by Lemma 2, and it goes through four
faces even though both s and t lie on a common face. It is not straightforward
to determine if such an SGDP exists at all—we need this information during the
construction of the graph. Moreover, in case an SGDP exists, we want to know
the number of faces used by the path because our algorithm has to return the
path in the terrain that corresponds to the shortest path in the graph. Lemma 3
below handles these issues:

Lemma 3. Let a and b be two points in a face f with h(a) ≥ h(b).

(i) If at least one of a and b is a sharp vertex, no gently descending path exists
from a to b.

(ii) If neither a nor b is a locally sharp vertex in f , there exists an SGDP from
a to b lying completely in f . Moreover, the SGDP is a critical path if ab is
steep.

(iii) Otherwise, there exists an SGDP from a to b that uses at most d+1 faces,
and is a critical path.

Proof. (i) If a [or b] is a sharp vertex, the segment ap [respectively pb] is steep
for any point p in any face incident to a [respectively b]. So, no gently
descending path exists from a to b.

(ii) If ab is not a steep segment, this is the SGDP. Otherwise, there are many
critical paths in f from a to b, as shown Fig. 2(a). To be precise, we will
trace one such path as follows. Since b is not a locally sharp vertex in f ,
there exists two points b1 and b2 on the boundary of f such that b1b and
b2b are critical directions (Fig. 2(a)). Note that at most one of b1 and b2
may degenerate to point b. Now, because a is not a locally sharp vertex in
f , we can follow a critical direction in f from a until we intersect either b1b
or b2b or an edge of f . Let a1 be the intersection point. Clearly, a1 is not a
locally sharp vertex in f , and therefore, if a1 is neither on b1b nor b2b, we
can again follow a critical direction from a1 until we intersect either b1b or
b2b or an edge of f . Let a2 be this intersection point. We repeat this step
until we reach a point ak on either b1b or b2b. Thus we get the critical path
(a, a1, a2, . . . , ak, b), which is an SGDP by Lemma 2.

(iii) In this case, at least one of a and b is a locally sharp vertex in f , and
therefore, ab is a steep line segment. If a is not a locally sharp vertex in f ,
let a′ = a. Otherwise, let a′ be an interior point of line segment ab such
that no vertex of the terrain lies strictly in between the planes z = h(a) and
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Fig. 2. (a) Two of the infinitely many critical paths from a to b when ab is a steep
segment and neither a nor b is a locally sharp vertex in f . (b) A critical path from
a vertex a that is locally sharp in f = f0, but not in fk. (c) An SGDP between two
locally sharp vertices a and b in f that goes through Θ(d) other faces.

z = h(a′). We similarly define a point b′, and make sure that h(a′) > h(b′).
Clearly h(a) > h(a′) > h(b′) > h(b), and a′b′ is a steep line segment. By
Case (ii) of the lemma there exists a critical path from a′ to b′ in f . We
claim that there exists a critical path from a to a′ through at most �d

2	+1
faces when a 
= a′, and that there exists a critical path from b′ to b through
at most �d

2	+1 faces when b 
= b′. Because face f is used by all these three
subpaths, the whole path uses at most d + 1 faces. The proof then follows
from Lemma 2. We will now prove the first claim. The proof for the second
claim is similar, and hence omitted.

Since a is not a sharp vertex, it must have some incident face in which
it is not locally sharp. Let (f = f0, f1, f2, . . . , fk) be (one of) the shortest
sequence of faces around vertex a such that a is not a locally sharp vertex
in fk (Fig. 2(b)). Clearly, k ≤ �d

2	 + 1. We will build as follows a critical
path backwards from a′. Let a0 = a′. For each i ∈ [0, k − 1] in this order,
since a is a locally sharp vertex in fi, there is a point ai+1 ∈ fi ∩ fi+1 such
that ai+1ai is a critical direction in fi. The final point ak lies on the edge
between fk and fk−1 which is a steep edge. Because a is not a locally sharp
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vertex in fk, and no other vertex of fk lies above the plane z = h(ak), there
exists an interior point ak+1 ∈ fk such that both aak+1 and ak+1ak are
critical directions. Clearly the path (a, ak+1, ak, . . . , a0 = a′) is a critical
path through at most �d

2	 + 1 faces. ��

It is easy to construct a terrain in which the number of faces in Case (iii) of the
above lemma is exactly d, see Fig. 2(c) for an example (note that face f is a
quadrilateral in the figure, and triangulating f by adding edge ab keeps both a
and b in a common face). In fact, we can prove that such a path through d + 1
faces is impossible. We omit the proof here.

We would like the property of an SGDP that the path would visit a face
at most once, because our method of approximating a path introduces some
error each time the path crosses an edge. But unlike SDPs and shortest paths
in the Weighted Region Problem, this property does not hold for an SGDP. For
example, the two SGDPs in Fig. 1 visit a face twice. We can even make the
SGDP in Fig. 1(b) visit a face infinitely many times, e.g., by making angle ψ
arbitrarily close to π

2 so that the path spirals around the pyramid. We call an
SGDP ideal if it crosses the interior of each face at most once. The good news
is that we can “convert” any non-ideal SGDP into an ideal one—we will prove
this claim in the following lemma:

Lemma 4. If there is a gently descending path from s to t, there exists an ideal
SGDP from s to t.

Proof. Let P be an SGDP from s to t. Such a path exists because one gently
descending path from s to t must be the shortest one. It suffices to show that if P
visits the interior of a face f more than once, we can replace the portion between
the first and the last visit by a shortcut that is gently descending, remains in
face f , and has length no greater than the original. Let Pa [Pb] be the first
[respectively last] path in P ∩ f that crosses the interior of face f . Let a [b] be
the first [respectively last] point of Pa [respectively Pb]. Note that a and b are
not locally sharp vertices in f . By Lemma 3(ii) there is an SGDP from a to b
lying inside f . ��

5 Approximation Using Uniform Steiner Points

5.1 Algorithm

In our first approximation algorithm, we preprocess the terrain by adding uni-
formly spaced Steiner points as follows. We take a set of level planes such that
the distance between any two consecutive planes is at most δ = εh

4n cos θ cosψ.
We make sure that there is a level plane through every vertex. We then put
Steiner points at all the intersection points of these planes with the non-level
edges of the terrain. On the level edges, we add enough Steiner points so that
consecutive points are at most δ sec θ units apart. We then construct a weighted
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directed graph G(V, E) in which each node in V represents either a Steiner point
or a vertex, and there is a directed link pq ∈ E if and only if all of the following
are true:

(i) p and q lie in a common face,
(ii) h(p) ≥ h(q), and
(iii) neither p nor q is a sharp vertex.

By Lemma 3, there is an SGDP from p to q. The weight of link pq is the length
of such an SGDP, i.e., ‖pq‖. In the final step of our preprocessing we make a
shortest path tree T rooted at s using the Bushwhack algorithm. The Bushwhack
algorithm works for any distance metric that satisfies the following property: if
e and e′ are two edges of one face, and a and b are two points on edge e, then
edge e′ can be divided into two sub-intervals A and B, where points in A have
a shorter path from a than from b and points in B have a shorter path from
b than from a. This property holds for our distance metric, even though an
SGDP connecting two points in face f may leave f . The proof follows from Sun
and Reif [17], Lemmas 3 and 4, where they prove that the property holds for
anisotropic paths.

Note that we are mentioning set E only to make the discussion easy. In prac-
tice, we do not construct E explicitly because the neighbors of a node x ∈ V in
the graph is determined during the execution of the Bushwhack algorithm.

To answer a query, we simply return the path from s to query point v in T if
v ∈ V and v is not a sharp vertex. If v is a sharp vertex, we return nothing since
there is no SGDP from s to v. Otherwise, v 
∈ V . In this case, we find the node
u among those in V lying in the face(s) containing v such that h(u) ≥ h(v), and
the sum of ‖uv‖ and the length of the path from s to u in T is minimum. Finally
we return the corresponding path from s to v as an approximate SGDP.

There is an important issue regarding the path returned by our algorithm. It
is a path in the graph augmented by vertex v. To obtain an actual path on the
terrain we must replace each link ab in the path by an SGDP of the same length,
which is possible by the definition of the links of the graph. Such an SGDP is
not unique if ab is steep (Fig. 2(a)), but it is easy to compute one such path. In
the case where neither a nor b is locally sharp in their common face f , we can
even compute an SGDP with a minimum number of bends. Note, however, that
the problem of minimizing the total number of bends in an SGDP is NP-hard
because the hardness proof in Ahmed and Lubiw [5] applies directly to SGDPs.

5.2 Correctness and Analysis

For the proof of correctness, we show that an ideal SGDP P from s to any point
v in the terrain is approximated by a path P ′ from s to v in the augmented graph
Gv(Vv, Ev) constructed as follows. We first add v to graph G, and then add to
this graph a link uv with weight ‖uv‖ for every u ∈ V such that u and v lie in
a common face, and h(u) ≥ h(v). As discussed above, graph path P ′ provides
an SGDP of the same length from s to v on the terrain, which will complete the
proof (further details below).
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Let σP = (s = p0, p1, p2, . . . , pk, v = pk+1) be an ordered subsequence of the
nodes in P such that (a) for each i ∈ [0, k], the segments in-between pi and pi+1
lie in a common face fi, and (b) for each i ∈ [0, k − 1], the segment exiting from
pi+1 does not lie in fi. Note that pi and pi+1 are two different boundary points
of face fi for all i ∈ [0, k − 1], and pk and pk+1 are two different points of face
fk (pk+1 can be an interior point of fk). For all i ∈ [0, k], the part of P between
pi and pi+1 remains in fi. Let ei be an edge of the terrain through pi for all
i ∈ [1, k] (ei can be any edge through pi if pi is a vertex).

We construct a node sequence P ′ = (s = p′0, p
′
1, p

′
2, . . . , p

′
k, v = p′k+1) as

follows: for each i ∈ [1, k], let p′i = pi if pi is a vertex of the terrain; otherwise,
let p′i be the nearest point from pi in V ∩ ei such that h(p′i) ≥ h(pi). We will
first prove that this node sequence defines a path in Gv.

Lemma 5. For all i ∈ [0, k], h(p′i) ≥ h(p′i+1).

Proof. We first claim that h(p′i) ≥ h(pi+1). This claim follows from the facts that
h(p′i) ≥ h(pi) by the definition of p′i, and h(pi) ≥ h(pi+1) as P is descending.
Now consider the following two cases:

Case 1: p′i+1 = pi+1 or ei+1 is a level edge. In this case, h(p′i+1) = h(pi+1). It
follows from the inequality h(p′i) ≥ h(pi+1) that h(p′i) ≥ h(p′i+1).

Case 2: p′i+1 
= pi+1 and ei+1 is a non-level edge. In this case, there is either one
or no point in ei+1 at any particular height. Let p′′i+1 be the point in ei+1 such
that h(p′′i+1) = h(p′i), or if no such point exists, let p′′i+1 be the upper vertex
of ei+1. In the latter case, we can infer from the inequality h(p′i) ≥ h(pi+1)
that h(p′i) > h(p′′i+1). Therefore we have h(p′i) ≥ h(p′′i+1) in both cases. Since
p′′i+1 ∈ V ∩ ei+1, the definition of p′i+1 implies that h(p′′i+1) ≥ h(p′i+1). So,
h(p′i) ≥ h(p′i+1).

Therefore, h(p′i) ≥ h(p′i+1) for all i ∈ [0, k]. ��

Lemma 6. For all i ∈ [0, k + 1], p′i is not a sharp vertex.

Proof. None of p′0 = s and p′k+1 = v are sharp vertices because both the segments
sp1 and pkv are gently descending. For each i ∈ [1, k], if p′i is a sharp vertex,
then p′i is either the unique topmost vertex or the unique bottommost vertex
in all incident faces. Therefore, either h(p′i−1) < h(p′i) > h(p′i+1), or h(p′i−1) >
h(p′i) < h(p′i+1). Both of these are impossible by Lemma 5. So p′i is a not sharp
vertex. ��

Lemma 7. Node sequence P ′ defines a path in Gv.

Proof. It is sufficient to show that p′ip
′
i+1 ∈ Ev for all i ∈ [0, k]. For i ∈ [0, k −1],

since p′i and p′i+1 are boundary points of face fi by definition, h(p′i) ≥ h(p′i+1)
by Lemma 5, and neither p′i nor p′i+1 is a sharp vertex by Lemma 6, it follows
from the construction that p′ip

′
i+1 ∈ E ⊆ Ev. The case i = k is similar except

that p′k and v = p′k+1 are points (i.e., not boundary points) in face fk, and that
p′kv ∈ Ev. ��
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Lemma 8. Our algorithm returns a (1 + ε)-SGDP.

Proof. Let P and P ′ be respectively an ideal SGDP and a node sequence in
Gv as described above. Our algorithm finds a shortest path P ′′ in Gv, which
provides an SGDP of the same length. Since P ′ is a path in Gv (Lemma 7), the
length of P ′′ is at most the length of P ′, and therefore it is sufficient to prove
that the length of P ′ is at most (1 + ε) times the length of P .

We first show that
∑k

i=1 ‖pip
′
i‖ < εh

2 . If pi 
= p′i, and ei is a non-level edge, we

have: |h(pi)−h(p′i)| ≤ δ by construction, and |h(pi)−h(p′
i)|

|pip′
i| ≥ cos θ, which implies

that |pip
′
i| ≤ δ sec θ. If pi = p′i, or ei is a level edge, |pip

′
i| ≤ δ sec θ in a trivial

manner. Therefore,
∑k

i=1 |pip
′
i| ≤ kδ sec θ. Since P is an ideal SGDP, k < 2n (the

number of faces), and hence,
∑k

i=1 |pip
′
i| < 2nδ sec θ = εh cos ψ

2 . Observation 1(iii)
implies

∑k
i=1 ‖pip

′
i‖ ≤

∑k
i=1 (|pip

′
i| sec ψ) < εh cos ψ sec ψ

2 = εh
2 .

The length of P ′ is equal to:
k∑

i=0

‖p′ip
′
i+1‖ ≤

k∑

i=0

(
‖p′ipi‖ + ‖pipi+1‖ + ‖pi+1p

′
i+1‖

)
(Observation 1(ii))

=
k∑

i=0

‖pipi+1‖ + 2
k∑

i=1

‖pip
′
i‖ (Observation 1(i))

<

k∑

i=0

‖pipi+1‖ + εh .

Assuming that P crosses at least one edge of the terrain (otherwise, both P ′

and P will have length ‖sv‖), h ≤
∑k

i=0 |pipi+1| ≤
∑k

i=0 ‖pipi+1‖ (Observa-
tion 1(iii)), and therefore,

∑k
i=0 ‖p′ip

′
i+1‖ < (1+ ε)

∑k
i=0 ‖pipi+1‖. So, the length

of P ′ is at most (1 + ε) times the length of P . ��

Lemma 9. Let X = L
h sec θ secψ. Graph G has O

(
n2X

ε

)
nodes in total, and

O
(

nX
ε

)
nodes along any edge of the terrain.

Proof. (Idea) The proof is the same as that of Lemma 7 in Ahmed et al. [1],
except that we use δ and X defined here. ��

Theorem 1. Let X = L
h sec θ sec ψ. Given a vertex s, we can preprocess the

terrain in O
(

n2X
ε log

(
nX
ε

))
time after which we can determine a (1 + ε)-

approximate SGDP from s to any query point v in: (i) O(nd) time if v is a
vertex or a Steiner point, and (ii) O

(
n

(
d + X

ε

))
time otherwise.

Proof. The approximation factor follows from Lemma 8.
The preprocessing time of our algorithm is the same as the running time of the

Bushwhack algorithm, which is O(|V | log |V |) = O
(

n2X
ε log

(
nX
ε

))
by Lemma 9.

During the query phase, if v is a vertex or a Steiner point, the approximate
path is in the tree T . Because the tree has height O(n), it takes O(n) time to
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trace the path in the tree. Tracing the corresponding path in the terrain takes
O(nd) time by Lemma 3. The total query time is thus O(nd) in this case. If v is
neither a vertex nor a Steiner point, v is an interior point of a face or an edge
of the terrain. The last intermediate node u on the path to v is a vertex or a
Steiner point that lies on the boundary of a face containing v. If v is interior to a
face [an edge], there are 3 [respectively 4] edges of the terrain on which u can lie.
Thus there are O

(
nX
ε

)
choices for u by Lemma 9, and we try all of them to find

the shortest approximate distance from s to v. Finally tracing the corresponding
path in the terrain takes O(nd) time by Lemma 3. The total query time in this
case is O

(
nX
ε

)
+ O(nd) = O

(
n

(
d + X

ε

))
. ��

Corollary 1. If the answer to a query is the length of an SGDP (rather than
the SGDP itself), the query times for Cases (i) and (ii) of Theorem 1 become
O(1) and O

(
nX
ε

)
respectively.

6 Approximation Using Non-uniform Steiner Points

Our second approximation algorithm differs from the first one only in the way
Steiner points are placed. We now place Steiner points in two phases. First, on
every edge e = v1v2 we place Steiner points at points p ∈ e such that |pq| =
δ1(1 + δ2)i for q ∈ {v1, v2} and i ∈ {0, 1, 2, . . .}, where δ1 = εh

6n cosψ and
δ2 = εh

6L cosψ. In the second phase we slice the terrain with a level plane through
every Phase 1 Steiner point and every vertex, and add Steiner points at the points
where these planes intersect the terrain.

Theorem 2. Let X ′ = L
h secψ. Given a vertex s, we can preprocess the terrain

in O
(

n2X′

ε log2(nX′

ε )
)

time after which we can determine a (1+ ε)-approximate
SGDP from s to any point v in: (i) O(nd) time if v is a vertex or a Steiner
point, and (ii) O

(
nd + nX′

ε log(nX′

ε )
)

time otherwise.

Proof. (Idea) The proof is similar to that of Theorem 1, but we use slightly
different versions of Lemmas 8 and 9, as is done in the proof of Theorem 2 in
Ahmed et al. [1]. ��

Corollary 2. If the answer to a query is the length of an SGDP, the query times for
Cases (i) and (ii) of Theorem 2 become O(1) and O

(
nX′

ε log(nX′

ε )
)

respectively.
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Abstract. We consider the problem of computing all farthest neighbors
(and the diameter) of a given set of n points in the presence of high-
ways and obstacles in the plane. When traveling on the plane, travelers
may use highways for faster movement and must avoid all obstacles. We
present an efficient solution to this problem based on knowledge from
earlier research on shortest path computation. Our algorithms run in
O(nm(log m + log2 n)) time using O(m + n) space, where the m is the
combinatorial complexity of the environment consisting of highways and
obstacles.

1 Introduction

Given a set S of n points in a space with a metric d, the farthest neighbor f(s)
of s ∈ S is defined by arg maxp∈S d(s, p). The value maxs∈S d(s, f(s)) is called
the diameter of S. The problem of computing the farthest point for every point
of S is called the all farthest neighbors problem (AFNP).

The AFNP and diameter computation are classical problems in computa-
tional geometry, and it is clear that the diameter problem can be solved once
we solve the AFNP. If we can evaluate the distance between given two points in
O(1) time, we can compute all farthest neighbors in O(n2) time in a näıve way.
Also, if the distance is defined by the shortest path distance of a graph with
n vertices, the all farthest neighbors problem can be solved by first solving the
all-pairs-shortest-path problem and spending O(n2) additional time.

However, we can do better in several cases: If the space is the Euclidean plane,
the diameter and also AFNP are computed in O(n log n) time by constructing
the farthest Voronoi diagram.The diameter problem in the 3-dimensional space
has also been well-studied, and can be solved in O(n log n) time [9].

In this paper, we consider the AFNP in metric spaces modeling urban trans-
portation systems. The underlying space of our environment is the plane with
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the L1 metric, also known as the Manhattan metric. In addition, we are given a
set O of obstacles and a set H of vertical and horizontal highways in the plane.
We assume that a traveler can use the highways to move faster and that (s)he
should avoid the obstacles during traveling. In this situation, we want to com-
pute paths of shortest travel time. This setting well reflects a city scene with a
transportation system: consider a road system in a city. Areas that cars cannot
trespass are considered as obstacles. We drive on avenues and streets, which
are vertical and horizontal, respectively. We formally define this environment,
shortest travel time paths, and a metric d induced by shortest paths, called the
generalized city metric.

The generalized city metric space is a natural extension of two known realistic
models; the plane with either polygonal obstacles or with highways. Shortest
path computation under either of the models has been extensively studied: in
the presence of polygonal obstacles, the optimal algorithm was introduced by
Mitchell [10,11] applying the continuous Dijkstra method, and is extended to
compute the Voronoi diagram with respect to the shortest path distance. Tha
case in which only highways exist (named the city metric) was considered by
Aichholzer et al. [3]. Also, the shortest path and the Voronoi diagram in this
case can be computed in optimal time [5].

However, in the literature, only few results about farthest neighbors in the
presence of highways or obstacles can be found. A brute-force way to solve
the AFNP examines all the pairs of given points, spending quadratic time in
the number of given points. As in the Euclidean case, the farthest Voronoi dia-
gram can be used to solve the AFNP efficiently: once the diagram is computed,
the farthest neighbor f(s) of each s ∈ S can be found in logarithmic time. When
the obstacles are all axis-parallel rectangles on the L1 plane, an implicit structure
of the farthest Voronoi diagram can be constructed in O(mn log(m + n)) time,
where m is the total complexity of the given obstacles [6]. In the presence of m
highways and no obstacle, an O(nm log3(n + m)) time algorithm for computing
the farthest Voronoi diagram has been recently introduced [4]. Memory space
for any algorithm that uses the FVD is Ω(nm) since it is known that the dia-
gram can have Ω(nm) complexity [4]. To the best of our knowledge, there is no
known algorithm to solve the AFNP in the presence of highways and obstacles,
simultaneously.

In this paper, we adopt a different approach using the shortest path map
and segment dragging queries, and solve the AFNP without building the far-
thest Voronoi diagram. Our algorithm runs in O(nm(log m + log2 n)) time and
uses linear space (i.e.: O(n + m)), which improves the previously best known
O(nm log3(n + m)) running time for the city metric, reduces the total required
memory and works in a more general environment.

We mention an application of our AFNP algorithm: the diameter is an impor-
tant criterion to measure efficiency of a transportation system, and can be used
for extending any such system. Ahn et al. [2] and Cardinal et al. [7] considered
the problem of finding the optimal location of a highway in order to minimize
the diameter of a given set of points in an empty transportation system (i.e.:
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an environment with no highways or obstacles). Our AFNP algorithm combined
with some optimization techniques allow us to generalize such results to locate a
highway in a in a city with existing highways and obstacles (full details of such
method are explained in a companion paper).

The precise definition of the generalized city metric and some preliminaries
are given in Section 2. We first present an algorithm to solve the AFNP for
the city metric in Section 3, and then consider the generalized city metric in
Section 4. Finally, Section 5 concludes this paper with some remarks and open
issues.

2 Preliminaries

In this section we introduce the formal definition of the generalized city metric
and the Shortest Path Maps and Segment Dragging Queries, key elements of our
AFNP algorithm.

2.1 City Metric and Generalized City Metric

A highway is a facility supporting faster movement. We represent a highway by
a line segment on the plane. Each highway h is associated with a speed ν(h) > 1.
A traveler moves at speed ν(h) when moving along h, while the speed when
not using any highway is 1. We deal with two kinds of highways; one is called
a freeway allowing access through any point on it, and the other a turnpike
accessible only through its two endpoints. An obstacle is a region that a traveler
is not allowed to cross, and represented by a simple polygon.

Let H be a set of highways and O a set of disjoint obstacles in the L1 plane. A
feasible path is a rectilinear path avoiding all obstacles in O. We let F := R

2\
⋃

O
be the free space. For any feasible path π between two points in F , we can
measure the travel time of π since we know the speed of movement at any point
on π and the length of any piece of π. We call a feasible path π connecting
s, t ∈ F a shortest (travel time) path if π minimizes the travel time between s
and t among all feasible s-t paths. We let d(s, t) be the travel time of a shortest
path between s and t. Then, d is a metric on F since d is based on shortest
paths on F . We call d the generalized city metric induced by H and O. Through
this paper, let m be the combinatorial complexity of the set of highways and
obstacles.

One can find earlier research related to the generalized city metric: If H = ∅,
we have polygonal obstacles in the L1 plane [10]. The case O = ∅ and all highways
are freeways was considered by Aichholzer et al. [3] and Bae et al. [5] (this
metric is called the city metric). The case where we are given only turnpikes
was considered by Ostrovsky-Berman [12]. Thus, by the generalized city metric,
we deal with all the three kinds of objects in one environment. For simplicity in
the explanation, we deal with only axis-parallel highways of equal speed ν but
allow obstacle edges to have any orientation. Note that one can allow a constant
number of speeds for the highways without much modification of our algorithms.
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(a) (b)

Fig. 1. (a) The wavefront propagation in the presence of freeways of speed 2. The
wavefront W (δ) is divided into wavelets dragged by track rays (gray arrows). (b) The
(partial) resulting shortest path map.

2.2 The Continuous Dijkstra Method and Shortest Path Maps

The continuous Dijkstra method is a conceptual algorithmic method to compute
shortest paths from a given source s ∈ R

2 to every other point. The output of
the continuous Dijkstra method is called the shortest path map of a given source
point s ∈ R

2. For a fixed point s, a shortest path map for s is a subdivision
of the plane into cells each of which is a set of points from which shortest
paths to s are combinatorially equivalent. An implementation of the continuous
Dijkstra method simulates the wavefront propagation from s: the wavefront W (δ)
is defined as the set {p ∈ R

2 | d(p, s) = δ} for any positive δ. In particular, under
the L1 metric, the wavefront W (δ) is expressed by a set of line segments, called
wavelets.

In this environment, the wavelets have eight possible inclinations: π/4, 3π/4,
β, π − β, π/2 + β and π/2 − β, where β = tan−1 1/ν [5]. Each wavelet is
propagated in a certain direction along two track rays as δ increases. Each track
ray of a wavelet is the locus of the endpoints of the wavelet and traces an edge of
the resulting shortest path map. Figure 1 illustrates the wavefront propagation
and how related the wavelets are to the resulting shortest path map. For more
details, we refer to several technical papers implementing the continuous Dijkstra
method [5,10,11,12].

2.3 Segment Dragging Queries

The segment dragging query problem is formulated as follows: Determine the
next point “hit” by a query segment qq′ when it is “dragged” along two rays.
More formally, given three orientations θ, φl, and φr , we want to preprocess a
set S of points for determining the first point hit by a query segment qlqr of
orientation θ when ql slides in direction φl and qr in direction φr in such a way
that the segment being dragged remains parallel to θ. We call the locus of the
endpoints of the dragged segment the track rays.
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ql

qr
φr

φl

θ

(a) (b) (c)

Fig. 2. Three types of segment dragging: parallel, out of a corner and into a corner

x = a

v = (vx, vy)

(a) (b) (c)

Fig. 3. (a) Queries out(a,C) and into(a, C) (b)(c) Oracle construction: after perform-
ing an out of the corner query we know in which side our solution lies. Depending on
whether or not the reported point is inside the query range, we can discard either the
right or the left halfplane, respectively.

This problem was first considered by Chazelle [8] in the particular case in
which track rays were parallel. The generalization to three different types (par-
allel, dragging out of a corner and dragging into a corner, see Figure 2) was
considered in [10]. For simplicity, we call each kind of query type (a), (b) or (c).

The first two cases can be handled in optimal time and space:

Lemma 1 (Chazelle [8] and Mitchell [10]). One can preprocess a set S of
n points into a data structure of O(n) size in O(n log n) time that answers type
(a) and (b) segment dragging queries in O(log n) time.

To the authors’ knowledge, no optimal way to handle type (c) queries is known.
Simple techniques for each particular problem have been used in the literature
to avoid those queries [10,5]. Here, we introduce a simple way to handle them
with an additional logarithmic factor in the query time:

Lemma 2. One can preprocess a set S of n points into a data structure of size
O(n) in O(n log n) time which answers into a corner segment dragging queries
in O(log2 n) time.

Proof. Let θ, φl, and φr be three line orientations. Let C be the wedge with
apex v = (vx, vy) and bounding rays of orientations φl and φr. Let out(a, C)
and into(a, C) be the dragging out of and into dragging queries with respect
to the vertical query segment C ∩ {x ≥ a} and C ∩ {x ≤ a}, respectively, (see
Figure 3(a)). Without loss of generality, we can assume that the query segment
is vertical (i.e.: θ = π/2) and vx < a.
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We will give an oracle that, given x0 ∈ R, computes whether or not the point
to report (if it exists) lies in the halfplane {x ≤ x0} in O(log n) time. Combining
the oracle with a binary search (in the x-coordinates of the points in S) allow us
to answer type-(c) queries in O(log2 n) time. Note that the only preprocessing
needed is the sorted list of points and the structure to allow type-(b) range
queries.

The oracle performs a single type (b) dragging query out(x0, C). If a point
whose x coordinate is less than a is found (i.e.: the reported point is inside the
wedge C ∪ {x ≥ x0}), then the solution of into(a, C) has an x-coordinate higher
than x0. Otherwise, the solution of into(a, C) has an x-value smaller than x0.
(See Figure 3(b) and (c).)

3 AFNP in the Presence of Freeways

In this section, we first consider the AFNP under the city metric induced by a set
of freeways. Let S ⊂ R

2 be a set of n points and H be the set of m axis aligned
freeways of speed ν > 1. Bae et al. [5] obtained the first optimal algorithm for
computing the shortest path map of a fixed point s by applying the continuous
Dijkstra method:

Lemma 3 (Bae et al. [5]). Given m freeways, the shortest path map SPMs

for a given source s ∈ R
2 under the city metric can be computed in O(m log m)

time with O(m) space.

They also showed several properties of the shortest path map SPMs obtained
by their algorithm. We can rephrase them as follows:

Lemma 4 (Bae et al. [5]). Let Θ be the set of all possible inclinations for
wavelets and Φ be the set of all possible orientations of track rays of wavelets
under a city metric. Then, we have |Θ| = 6, |Φ| ≤ 24. Moreover, the orienta-
tion of any edge of SPMs is in Φ and each cell of SPMs is x-monotone or
y-monotone.

These properties of SPMs allow us to find the farthest neighbor f(s) of s ∈ S
efficiently:

Theorem 1. Given m axis parallel freeways of equal speed and n points, all
farthest neighbors and the diameter among n points under the city metric can
be computed in O(nm(log m + log2 n)) time using O(n) space.

Proof. The pseudo-code of our algorithm can be seen in Figure 4: after pre-
processing P to allow segment dragging queries for θ ∈ Θ and φl, φr ∈ Φ, we
compute f(s) for each s ∈ S independently as follows: we construct the shortest
path map SPMs using the algorithm of Bae et al. [5]. Also, we divide each
cell C of SPMs into trapezoids: if C is x-monotone (resp. y-monotone) we cut
C by vertical (resp. horizontal) lines through each vertex on the boundary of
C. Consider the resulting subdivision: each cell is a trapezoid whose edges have
inclinations in Φ by Lemma 4 and our construction of the trapezoids.
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Preprocess S for segment dragging queries
for each s ∈ S do

compute SPMs and decompose it into trapezoids
for each trapezoid τ do

Find fτ (s) = arg maxp∈S∩τ d(s, p) by segment dragging queries
end for

end for

Fig. 4. AFNP pseudo-code

Let τ be any such trapezoid; without loss of generality we can assume that
τ comes from an x-monotone cell C of SPMs. Now, we describe how to find
the point fτ (s) ∈ S ∩ τ that maximizes the distance maxp∈S∩τ d(s, p): consider
the set Wτ (δ) := {q ∈ τ | d(s, q) = δ} (that is, the intersection of the wavefront
W (δ) and τ): since τ is completely included in a cell C of SPMs, the shortest
path topology to s is the same for any point q ∈ τ . Thus Wτ (δ) is either a line
segment or an empty set for any δ > 0. Moreover, if Wτ (δ) is a segment, its slope
must be in Θ, since it is a portion of a wavelet by Lemma 4.

Now, consider sweeping τ by Wτ (δ) as δ decreases. Let pτ ∈ S ∩ τ be the first
point hit by Wτ (δ), if S ∩ τ 	= ∅. Any other point q ∈ S ∩ τ will have smaller
distance to s and therefore can be ignored, and thus fτ (s) = pτ . We sweep τ by
three consecutive segment dragging queries: first find the v of τ that is farthest
away from s. We then perform a type (b) dragging query that originates from
that vertex v. The point reported by the query either is pτ or lies out of τ . If
the point reported is outsie τ , we perform a type (a) segment dragging query
along the vertical sides of τ . Similarly, we perform a type (c) dragging query if no
point has been found in the second query. Figure 5 shows these three consecutive
segment dragging queries. We repeat this procedure for all trapezoids τ and then
use that f(s) = maxτ fτ (s).

Preprocessing takes O(n log n) time and needs O(n) space since Θ and Φ are of
constant size by Lemma 4. Building SPMs (and its further decomposition into
trapezoids) can be done O(m log m) time and O(m) space using the algorithm of
Bae et al. [5]. At most three segment dragging queries are needed to report fτ (s),

C
τ

v

Fig. 5. A cell C of SPMp is divided into trapezoids and each trapezoid τ is swept by
three consecutive queries
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and iterating for all the trapezoids of the SPMs takes O(m log2 n) time in total.
Since we do this procedure for all s ∈ S, the total time is O(nm(log m+log2 n)).

4 Algorithm for the Generalized City Metric

In this section we will generalize the previous algorithm to work in a generalized
city metric. First we will consider the case in which only obstacles exist and then
focus in the general case.

4.1 All Farthest Neighbors in the Presence of Obstacles

For simplicity in the explanation, we assume the set O are mutually disjoint
simple polygons with total complexity m Throughout this section, we let V be
the set of vertices of obstacles in O. Mitchell [10] gave an optimal algorithm to
construct SPMs in the presence of obstacles on the L1 plane:

Lemma 5 (Mitchell [10]). Given a set O of polygonal obstacles, the SPMs

of a source s ∈ F under d induced by O on the L1 plane can be computed
in O(m log m) time and O(m) space. Moreover, SPMs fulfills the following
properties:

– Any obstacle vertex v ∈ V is a vertex of the map SPMs.
– Each edge e of SPMs is a portion of an edge of an obstacle in O or has

slope φ ∈ Φ, where Φ is defined in Lemma 4.
– Each cell of SPMs is x-monotone or y-monotone.
– Let v be a vertex on the boundary of a cell C of SPMs minimizing d(v, s)

among points in C. Then, one of two incident edges to v is vertical or
horizontal.

This algorithm is also based on the continuous Dijkstra paradigm. In the presence
of obstacles, the inclinations of wavelets are π/4 or 3π/4. However, in this case
we do not have a constant bound on the number of directions for the track rays
of wavelets due to the fact that obstacles have m edges with free orientations.
Mitchell adapted the segment dragging query method in order to cope with the
growth of directions; as before, track directions are fixed but if the dragged
segment encounters an obstacle edge, it changes the colliding track ray to slide
along that edge (see Figure 6).

Lemma 6 (Mitchell [10]). Given a set O of obstacles with m vertices V and
a set S of n points in the free space, one can preprocess O and S into a data
structure of O(m + n) size in O((m + n) log(m + n)) time that answers the
segment dragging query of type (a) or (b) in O(log(m + n)) time to report the
point in V ∪ S hit first by the dragged segment, if any.

Using this modified segment dragging query, we can solve the AFNP using the
same approach as before:
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(a)

ql

qr

(b)

ql

qr

Fig. 6. Segment dragging queries in the presence of obstacles. The small circles depict
candidate points to be reported (the dark points are the ones to report by the query
segment qlqr). The reported point is either (a) a point in S or (b) an obstacle vertex
in V .

Theorem 2. Given obstacles O with m vertices V and a set S of n points in the
free space F , all farthest neighbors and the diameter among S can be computed
in O(nm(log m + log2 n)) time with O(n + m) space.

Proof. First, we preprocess O and S for segment dragging queries of type (a)
and (b) by Lemma 6, and preprocess S for type (c) queries by Lemma 2. For
s ∈ S, we compute the shortest path map SPMs in O(m log m) time and divide
each cell C of SPMs into trapezoids by the third and the fourth properties in
Lemma 5: let v be the nearest vertex to s among all vertices on the boundary of
C. If there is a vertical (or horizontal) edge incident to v, we cut C by horizontal
(resp. vertical) lines through each vertex on the boundary of C. As done in
Section 3, we find the farthest point fτ (s) ∈ S ∩ τ to s among the obstacles O
for each such trapezoid τ .

Consider a trapezoid τ . Without loss of generality, we assume that τ comes
from a cell of SPMs cut by vertical lines. As in the freeway case we perform
three consecutive queries of type (b), (a) and (c) in order as in Figure 5. However,
each segment dragging query may end with an obstacle vertex v ∈ V before
encountering a point p ∈ S or a vertex of τ since we have preprocessed S plus V
for segment dragging queries in the presence of obstacles. In that case, we ignore
v and do another segment dragging after v. Since the first two queries (of type
(a) and (b)) sweep the interior of τ , vertices v ∈ V encountered during these two
queries always lie on the boundary of τ by the first property in Lemma 5. Thus,
these two queries in τ are performed in time O(k log(m + n)), where k is the
number of obstacle vertices on the boundary of τ . Observe that the trapezoidal
decomposition of SPMs is indeed a complete subdivision of F . This implies that
summing k for all trapezoids τ is at most twice the number of obstacle vertices.
Therefore, the cost of the first two queries is bounded by O(m log(m + n)).

The query of type (c) is performed at last. By the fourth property of Lemma 5
and our construction of trapezoids, one track ray is horizontal and the other is
in Φ. Since we have processed only S for segment dragging queries of type (c),
during this query we do not encounter any obstacle vertex.
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4.2 Combining Freeways, Turnpikes and Obstacles

We are now ready for combining all three kinds of transportation objects. The
combination of freeways and obstacles was considered by Bae et al. [5] in the
SPM computation: the shortest path map can be computed in O(m log m)
time where freeways and obstacles with complexity m are given. Thus, Lemma 3
extends to the combined environment by freeways and obstacles. Moreover, the
algorithm can in general compute the Voronoi diagram of k weighted points in
O((m+k) log(m+k)) time and O(m+k) space [5]. (The distance of any q ∈ R

2 to
a weighted point p is measured as d(q, p)+ w(p), where w(p) denotes the weight
of p). Furthermore, the resulting diagram has information about shortest paths
to the nearest point in such a way that each region is subdivided into cells,
where all the points in each cell have the combinatorially equivalent shortest
paths; That is, the resulting diagram is a multi-source shortest path map.

Lemma 7. The SPMs for any s ∈ F under the generalized city metric induced
by a set H of highways and a set O of obstacles can be computed in O(m log m)
time using O(m) space.

Proof. Let Hfree ⊆ H be the set of freeways in H, and d′ be the generalized city
metric induced by the freeways Hfree and the obstacles O. We fix a source s ∈ F .
Let P be the set of all endpoints of the turnpikes in Hfree, and w(p) := d(p, s)
be the weight of each p ∈ P . Also, let Ps := P ∪{s} and w(s) = 0. Now, consider
the Voronoi diagram Vd′(Ps) of weighted points Ps under d′.

We show that Vd′(Ps) coincides with a shortest path map SPMs for s under d.
Take any shortest path π from a ∈ F to s. If π uses no turnpike, we simply have
d(a, s) = d′(a, s). Otherwise, let p ∈ P be the first entrance of a turnpike used by
π. Then, we have d(a, s) = d(a, p) + d(p, s) = d′(a, p) + d(p, s) = d′(a, p) + w(p).
Hence, in general, d(a, s) = d′(a, p) + w(p) for some p ∈ Ps. For any point a in
the Voronoi region of p ∈ Ps and any other q ∈ Ps, we have d′(a, p) + w(p) ≤
d′(a, q) + w(q) and thus d(a, s) = d′(a, p) + w(p).

Therefore, we are done by computing Vd′(Ps). However, we do not know
the value w(p) = d(p, s) at the beginning. Here, we introduce a trick to re-
solve this problem by lazy evaluation. The algorithm computing Vd′(Ps) also ap-
plies the continuous Dijkstra method, and simulates the wavefront propagation,
where the wavefront W (δ) is defined as W (δ) := {a ∈ F | minp∈Ps{d′(a, p) +
w(p)} = δ}. We let Ps(δ) := {p ∈ Ps | d(p, s) ≤ δ} and W ′(δ) := {a ∈
F | minp∈Ps(δ){d′(a, p) + d(p, s)} = δ}. Observe that W (δ) = W ′(δ) and
d(a, p) = minp∈Ps(δ){d′(a, p) + d(p, s)} for any a ∈ F by the above argument.

When δ < d(p, s), no wavelets from p is propagated out. We do the fol-
lowing when the wavefront W ′(δ) hits an endpoint p of a turnpike h whose
other endpoint is p′: if p has not been assigned its weight, we assign the weight
w(p) = δ. Similarly, if p′ has not been assigned its weight, we assign the weight
w(p′) = δ + l

ν(h) , where l and ν(h) are the length and the speed of h, respec-
tively. Note that the value of w(p′) might not be the same as d(p′, s) but we have
w(p′) ≥ d(p′, s). If w(p′) < d(p′, s), the wavelet W ′(δ′) will hit p′ at δ′ = d(p′, s)
before w(p′) thus the wrong weight assignement will be detected. Note that this
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corresponds to the case in which highway h can be ignored (i.e.: the Voronoi
regions of p and p′ are empty, therefore, we can ignore p′. Hence, by our lazy
evaluation of the weight, whether it is correct or not, the wavefront W (δ) is
maintained correctly and the algorithm builds Vd′(Ps) properly.

As shown in the proof of Lemma 7, the shortest path map SPMs under d co-
incides with a Voronoi diagram in the presence of freeways and obstacles only.
Hence, SPMs inherits the properties of shortest path maps shown in the pre-
vious sections:

Lemma 8. The SPMs computed by the algorithm in the proof of Lemma 7
fulfills the following properties:

– Any obstacle vertex v ∈ V is a vertex of SPMs.
– Each edge e of SPMs is a portion of an edge of an obstacle in O or has

slope φ ∈ Φ, where Φ is defined in Lemma 4.
– Each cell C of SPMs is x-monotone or y-monotone.
– Let C be a cell of SPMs and v be a vertex on the boundary of C minimizing

d(v, s) among points in C. Then, one of two incident edges to v is vertical
(or horizontal) and C is y-monotone (resp. x-monotone).

Finally, we can prove the general case:

Theorem 3. All farthest neighbors and the diameter among n points in the
free space F under the generalized city metric induced by a set of highways and
obstacles can be computed in O(nm(log m + log2 n)) time using O(n + m) space.

Proof. The algorithm is almost the same as those introduced in Theorems 1
and 2. Let S be the given set of n points. We preprocess S and the obstacle
vertices V for segment dragging queries as in Lemmas 6 and 2. Then, we compute
the shortest path map SPMs for s ∈ S using Lemma 7 and subdivide each cell
of SPMs into trapezoids as done in Theorems 1 and 2.For each trapezoid τ , we
perform consecutive segment dragging queries to find fτ (s), the farthest point
from s in S ∩ τ . As in Theorem 2, the number of segment dragging queries is
bounded by O(m) in total, thus the theorem is shown.

5 Concluding Remarks

We considered the problem of finding the farthest neighbor of each point in a
set S of n points under metrics defined by shortest paths in the plane. Under
conventional metrics like the Euclidean or the L1 plane, this problem is easy
as discussed in the beginning: In the L1 plane, the problem can be solved even
in linear time.The problem we considered poses the additional difficulty that
evaluating the distance between two points constant time computable and is no
known nice geometry like the convex hull. Thus, finding a lower bound of such
problem is be an interesting open issue. As a progress on this question, Cardinal
et al. [7] proved an Ω(n log n) lower bound in computing a diametral pair on the
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L1 plane with one turnpike. We conjecture that Ω(nm log(n + m)) is the right
bound for the generalized city metric, since it is known that the farthest Voronoi
diagram can have Ω(nm) combinatorial complexity [4,6].

Constructing an optimal structure for the type (c) segment dragging queries
is another challenge. In our algorithms, the segment dragging query is the most
frequently called subroutine. Thus, improving its would automatically improve
our algorithms. The basic idea of our approach can be extended to any met-
ric where the wavefront is a set of line segments (such as the L∞ metric or the
fixed orientation metric [10]). This methodology can be generalized to other met-
rics, provided that there is a way to perform dragging queries of the wavefront
shape.For example, under the Euclidean metric, the segments transform into ars
of circles and thus we need “circular-arc” dragging queries. Those queries can
be performed in O(n1/2+ε) time using O(n) space, after O(n log n) preprocess-
ing [1]. Thus, given a set of obstacles and turnpikes, we can solve the AFNP in
the Euclidean plane O(nm(n1/2+ε + log m)) time using the Ostrovsky-Berman
algorithm [12] for computing SPM.
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Abstract. Given a set P of n points on a 2D plane, the 1-corner empty
corridor is a region inside the convex hull of P which is bounded by
a pair of links; each link is an unbounded trapezium bounded by two
parallel half-lines, and it does not contain any point of P . We present an
improved algorithm for computing the widest empty 1-corner corridor
that runs in O(n3 log2 n) time and O(n2) space. This improves the time
complexity of the best known algorithm for the same problem by a factor
of n

log n
[4].

1 Introduction

Let P = {p1, p2, . . . , pn} be a set of n points on the Euclidean plane. A corridor
C = (�′, �′′) is an open region in the plane bounded by a pair of parallel straight
lines �′ and �′′ that intersects the boundary of the convex hull of P . The width
of the corridor is the perpendicular distance between the bounding lines �′ and
�′′. The widest empty corridor problem was first proposed in the context of
robot path planning [6] where the objective was to find the widest straight
route avoiding obstacles. An algorithm was given in the same paper that runs in
O(n2) time using O(n) space. If the insertion and deletion of points are allowed,
then the dynamic maintenance of the widest empty corridor can be done using
O(n2) space data structure, where the worst case time complexity of handling
each insertion/deletion of point is O(n log n) [7]. Studies have been made for
computing the widest empty k-dense corridor problem, where the robot can
tolerate collision with at most k obstacles [2,7,9,10].

Sometimes it is observed that the widest empty corridor may not be enough
to transport some object of bigger width. This motivates to allow angle turns.
Cheng [1] studied this generalization considering L-shaped corridor, which is the
concatenation of two perpendicular links. A link L = (�′, �′′) is an unbounded
trapezoid containing no point of P ; its two parallel sides are the two half-lines �′

and �′′ originating from two points p and p′ respectively, and one of its other two
sides is defined by the line segment s(L) = [p, p′]; the fourth side is unbounded.
The half-lines �′ and �′′ are said to be the legs of link L, and s(L) is called
the base of L. The width of link L is the perpendicular distance of �′ and �′′.
Diaz-Banez and Hurtado [3] proposed an O(n2) time algorithm for locating an
obnoxious 1-corner polygonal chain anchored at two given points.
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Recently, Diaz-Banez et al. [4] introduced the widest empty 1-corner corridor
problem, as stated below.

Definition 1. The 1-corner corridor C = (L1, L2) is the union of two links
L1 = (�′1, �

′′
1) and L2 = (�′2, �

′′
2) with disjoint interior, and sharing a common

base, i.e., s(L1) = s(L2).

The legs �′1 and �′2 (resp. �′′1 and �′′2) define the outer (resp. inner) boundary of
the corridor C. Thus, C is a region bounded by an outer boundary containing
a convex corner, and an inner boundary that contains a concave corner with
respect to the interior of the corridor. The width of a 1-corner corridor C, denoted
by w(C), is the smaller of the widths of two links. The angle α(C), 0 < α(C) ≤ π,
of the 1-corner corridor C = (L1, L2) is the angle determined by the half-lines �′1
and �′2 (or equivalently �′′1 and �′′2). A 1-corner corridor C is empty if it does not
properly contain any point in P , and it partitions the plane into two unbounded
regions, each containing at least one of the points in P . Diaz-Banez et al. [4]
proposed two algorithms for computing the widest empty 1-corner corridor. The
time and space complexities of the deterministic one are O(n4 log n) and O(n)
respectively. For a given ε (> 0), the other algorithm produces a solution having
width greater than (1 − ε)w∗ in O(n log n√

ε
+ n2

ε ) time, where w∗ is the width of
the widest empty 1-corner corridor. If α = π

2 , then the corresponding corridor is
an L-shaped corridor. The available algorithm for computing the widest empty
L-shaped corridor runs in O(n3) time and O(n3) space [1].

In this paper, we present an efficient algorithm for computing the widest
empty 1-corner corridor. The time and space complexities of our proposed algo-
rithm are O(n3 log2 n) and O(n2) respectively. This improves the existing result
on the time complexity of the problem by a factor of n

log n [4].

2 Preliminaries

Let P = {p1, p2, . . . , pn} be the set of n points in 2-dimensional plane, and
CH(P ) be the convex hull of P . An empty corridor is a pair of parallel lines
passing through CH(P ) and containing no member of P . A corridor is locally
widest if each boundary contains at least one point of P and it is not possible to
increase its width by performing rotations of the legs around that point. Theorem
1 states a key property of widest empty corridors.

Theorem 1. [7] Let C be a widest empty corridor through CH(P ), with bound-
ing lines �′ and �′′. Then one of the following conditions must hold:

(i) there are points pi, pk ∈ P such that �′ passes through pi, �′′ passes through
pk, and �′ and �′′ are perpendicular to the line passing through pi and pk, or

(ii) One of the lines, say �′, passes through two points pi, pj ∈ P and �′′ passes
through a different member pk ∈ P .

From now onwards, we shall restrict our search among the locally widest cor-
ridors that satisfy conditions (i) or (ii) stated in Theorem 1. We will use the
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Fig. 1. Demonstration of (a) 1-ended corridor, and (b) its combinatorial complexity

term corridor to refer a locally widest corridor. We will call a widest corridor C
satisfying condition (i) (resp. condition (ii)) a type-1 (resp. type-2) corridor. It
can be shown that given a set P of n points, the worst case numbers of type-1
and type-2 corridors are O(n) and O(n2) respectively [7]. We now define the
1-ended corridor, which will be very useful in designing our algorithm.

Definition 2. An 1-ended corridor is a link L = (�′, �′′) whose legs �′ and �′′

contain at least one point of P , and it is locally widest in the sense that, if p′

and p′′ lie on �′ and �′′ respectively, then L is widest among all the links defined
by p′ and p′′. This 1-ended corridor is said to be bounded above (resp. below) if
the interior of L is to the right (resp. left) side of the ray −→pq, where [p, q] defines
the base of L (see Figure 1(a)).

The 1-ended corridors can be classified into two types, namely type-1 or type-2
depending on whether (i) both �′ and �′′ contain one point of P , or (ii) one of
the half-lines �′ and �′′ contains two points and the other one contains one point
of P .

Lemma 1. [4] If pi, pj, pk ∈ P are the three points on a link (�′1, �
′′
1) of the

1-ended locally widest type-2 corridor such that pi, pj ∈ �′1 and pk ∈ �′′1 , then
Δpipkpj is an acute angle triangle. In other words, each angle of the triangle
Δpipkpj is less than π

2 .

Thus, while searching for the widest empty type-2 corridor, we consider those
triples of points (pi, pj, pk) which form a locally widest corridor and Δpipjpk is
an acute angle triangle.

Given a pair of parallel half-lines �′ and �′′, there may exist an infinite number
of 1-ended corridors depending on the choice of the base. But, these are consid-
ered to be topologically the same in the sense that the parallel sides of both of
them are bounded by �′ and �′′. Thus, for a pair of half-lines �′ and �′′, there
may exist at most two topologically different 1-ended corridors, one of them is
bounded above and other one is bounded below. Thus, if a given pair of points
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pi, pj ∈ P can define a set of topologically same type-1 1-ended corridors, these
are considered to be the same type-1 1-ended corridor defined by (pi, pj). Sim-
ilarly, if a triple of points (pi, pj, pk) defines a set of topologically same type-2
1-ended corridors, these are considered to be the same type-2 1-ended corridor
defined by (pi, pj, pk).

Figure 1(b) demonstrates that the combinatorial bound stated for the type-2
corridors are not valid for the type-2 1-ended corridors, since for a pair of points
(pi, pj) on �′, there may exist several members in P that can define �′′ to form
a topologically different type-2 1-ended corridor. A trivial upper bound on the
number of such type-2 1-ended corridors is O(n3). Similarly, a trivial upper bound
on the number of topologically different type-1 1-ended corridors is O(n2).

A 1-corner corridor is the union of two 1-ended corridors (see Figure 2(c)).
A 1-corner corridor is said to be locally widest if each of its four legs contain
at least one point of P , and its width is maximum among all such 1-corner
corridors defined by those four points of P . From now onwards, we will use the
term 1-corner corridor to refer to the locally widest 1-corner corridor.

3 Computation of 1-Ended Corridors

As a preprocessing step, we shall compute each pairs of points (pi, pk) that can
define a type-1 1-ended corridor, and each triple of points (pi, pj, pk) that can
define a type-2 1-ended corridor. For each pi ∈ P , we sort the points in P \ {pi}
in an array Di of size n−1 in anti-clockwise order around the point pi. The time
needed for computing the array Di, for all i = 1, 2, . . . , n, is O(n2) [8].

Note that, each pair of points pi, pk ∈ P can give birth to at most two type-1
1-ended corridors as follows. Join s = [pi, pk], and define a half-strip R using
two parallel half-lines �′ and �′′ that pass through pi and pk respectively, and are
perpendicular to s. Two such half-strips are possible. Each of these two half-strips
can define type-1 1-ended corridors if the region inside it does not contain any
point in P (see Figure 2(a)). Using an O(n2) space data structure for triangular
range counting query [5], this can be tested in O(log n) time. Though the number
of such type-1 1-ended corridors is infinite, the parallel half-lines of all of them
is defined by �′ and �′′. Thus, we can consider them to belong in the same class.
We create an array Ltype 1 to store each pair of points that can define a class
of type-1 1-ended corridor defined by that pair of points. This needs O(n2 log n)
time.

We now consider the computation of type-2 1-ended corridors. Again observe
that for a given triple (pi, pj, pk), we can get an infinite number of type-2 1-ended
corridors by varying the third (non-parallel) side. But this set of corridors will
be treated as a single class C2

(ij)k (say). We consider each pair of points (pi, pj),
and describe the procedure for computing each point pk ∈ P that can define the
class C2

(ij)k of type-2 1-ended corridors with one leg, say �′, containing (pi, pj),
and the other leg �′′ containing pk. First we rotate the coordinate axes such that
�′ becomes vertical. Without loss of generality, assume that pi is above pj on
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Fig. 2. Examples of (a) type-1 1-ended corridor, (b) type-2 1-ended corridor, and (c)
1-corner corridor

this vertical line. Assuming the new coordinate axes, we can classify the type-2
1-ended corridors with (pi, pj) on �′ into the following four types.

Cij
LA: The subset of P , each of whose members pk defines a type-2 1-ended

corridor with left boundary defined by the line �′ containing (pi, pj), right
boundary �′′ containing the point pk, and the corridors are bounded above.

Cij
LB: The subset of P , each of whose members pk defines a type-2 1-ended

corridor with left boundary defined by the line �′ containing (pi, pj), right
boundary �′′ containing the point pk, and the corridors are bounded below.

Cij
RA: The subset of P , each of whose members pk defines a type-2 1-ended

corridor with right boundary defined by the line �′ containing (pi, pj),
left boundary �′′ containing the point pk, and the corridors are bounded
above.

Cij
RB : The subset of P , each of whose members pk defines a type-2 1-ended

corridor with right boundary defined by the line �′ containing (pi, pj),
left boundary �′′ containing the point pk, and the corridors are bounded
below.

We now enumerate the set of points in Cij
LA. The sets Cij

LB, Cij
RA, and Cij

RB can
be found in a similar manner. Let �ir and �jr be the half-lines perpendicular to �′

drawn at pi and pj respectively, and to the right side of �′. If the right boundary
�′′ of a type-2 1-ended corridor is defined by a point pk, then (i) pk lies in the
half-strip Rij bounded by �ir and �jr (since Δpipjpk is an acute angle triangle
by Lemma 1) and (ii) the region bounded by �′, �′′, and the line passing through
pi and pk within CH(P ) is empty (see Figure 2(b)).

We sort the set of points in P lying in the half-strip Rij with respect to their
distances from �′, and store them in a list S. Consider a new list Ŝ with the
maximum number of points in S such that the members in Ŝ have the same
order as that in S, and for each two consecutive points pk, pk′ ∈ Ŝ, if pk is closer
to �′ than pk′ then pk is closer to �ir than pk′ . In other words, the points in Ŝ
forms a stair inside the half-strip Rij (see Figure 1(b)). We consider each point
pk ∈ Ŝ, and test whether the triple (pi, pj , pk) can form a type-2 1-ended corridor
as follows:
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We draw a line �′′ parallel to �′ and passing through pk. If the region inside
the link formed by �′, �′′ and the line segment [pi, pk] is empty, then triple
(pi, pj, pk) is a member of the set Cij

LA, and the equivalence class of type-2
1-ended corridors defined by pi, pj , pk is denoted by C2

(ij)k.

As mentioned earlier, the emptiness of this half-strip can be tested using the tri-
angular range counting query algorithm [5] in O(log n) time. Thus, for each pair
of points (pi, pj) the computation of all the members in Cij

LA needs O(n log n)
time in the worst case. Therefore, the worst case time complexity of this pre-
processing phase for computing all the type-2 1-ended corridors is O(n3 log n).
Thus, we have the following result:

Lemma 2. The worst case time complexity of the preprocessing phase is
O(n3 log n).

4 Algorithm for the Widest 1-Corner Corridor

In this section, we describe in detail the method of computing the 1-corner
corridors with the available type-2 1-ended corridors. Next, we show that a similar
method works for finding the widest 1-corner corridor with the available type-1
1-ended corridors.

Without loss of generality, we assume that no two points in P lie on the same
vertical line. We consider each point pi ∈ P separately, and consider a vertical
line �i through pi. We rotate �i anti-clockwise until it hits a point pj ∈ P . Thus,
�′ = (pi, pj) is defined. This also defines the stair of points Ŝ as mentioned in the
earlier section. Now we choose a point pk ∈ Ŝ to define �′′ of a type-2 1-ended
corridor C2

(ij)k. Let PL and PR be the subset of P to the left and right of �′ = �i

respectively. We first consider PR to compute the members in Cij
LA with �′ as

one of its legs. Let A be the arrangement of the dual lines corresponding to the
points in PR. Each vertex of A corresponds to an empty corridor among the
points in PR. We can compute the width of all the corridors corresponding to
the vertices in A in O(n2 log n) time [7].

But, not all the empty corridors among the points in PR can be joined with
the 1-ended corridor C2

(ij)k to get an 1-corner corridor. In order to pick up the
valid ones, consider the convex hull Hijk of all the points above the line segment
[pi, pk] in the strip defined by �′ and �′′. If an empty corridor among the points
in PR lies below the convex hull Hijk, then it can be joined to get an 1-corner
corridor, and hence will be referred to as a valid corridor (see Figure 3(a)).

In order to get these valid corridors, we need to consider the dual of the
lower hull of the convex polygon Hijk. It is a monotone polychain HL

ijk =
{h1, h2, . . . , hm}, where hi, i = 1, 2, . . . , m are the edges of the polychain. The
empty corridor corresponding to a vertex of A that lies below HL

ijk is not a valid
corridor for joining with C2

(ij)k. Thus, we need to consider only the vertices of
A that lie above HL

ijk (see Figure 3(b)) and identify one for which the corre-
sponding corridor is of maximum width. These vertices of A are called the valid
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Fig. 3. Computation of type-2 1-corner corridor

vertices. The data structure for maintaining the arrangement A for the dual lines
of PR is as follows:

We consider the dual line λ corresponding to each member in PR, and attach
a height-balanced tree with it. Its leaf nodes correspond to the corridors corre-
sponding to the vertices of A that appear on λ. Its each internal node contains
the maximum width among the corridors rooted at that node. This computation
needs O(n) time for each members in PR. The valid vertices of each dual line λ
are obtained as follows:

We test the intersection of λ with the polychain HL
ijk. This may give rise to

one of the following cases: (i) λ does not intersect HL
ijk ; here none of the vertices

on λ is a valid vertex, (ii) λ intersects HL
ijk at exactly one point; here all the

vertices on λ which are above HL
ijk are the valid vertices, and (iii) λ intersects

HL
ijk at exactly two points; here all the vertices that lie inside the intersected

segment of λ are valid vertices. In order to compute the intersection point(s) of
λ with HL

ijk, we apply a binary search on the vertices of HL
ijk as follows:

Choose the middle-most vertex v of HL
ijk , and consider the edges adjacent to

it. Shoot two rays ρ1 and ρ2 towards left and right respectively from v along
these two edges.
If none of them intersect λ, then Case (i) takes place.
If only one of these rays intersects λ, then Case (ii) appears. Let ρ1 intersects

λ. This implies that the intersection(s) of λ with HL
ijk (if any) are in the

left side of v. We apply the same procedure of choosing the middle-most
one having the vertices of the HL

ijk at the left side of v. Again, any one
of these three cases may appear.

If both ρ1 and ρ2 intersect λ, then Case (iii) must appear. We can apply
binary search in both the left and right part of HL

ijk with respect to v to
identify these two intersection points. Note that, this case appears only
once throughout the binary search.

After getting the intersection points (if exists), the vertex on λ having maximum
width can be obtained by applying an upward traversal from two appropriate
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leaves up to their least common ancestor in the tree attached to λ. Thus, the
widest among the valid corridors on λ can be obtained in O(log n) time. This
implies that the maximum width valid corridor can be computed in O(n log n)
time for a given triple of points (pi, pj , pk).

Next, we need to join this widest empty valid corridor with one of the 1-ended
corridors whose one boundary passes through the points pi, pj ∈ P . Without loss
of generality, assume that the leg is vertical. The points defining the other leg
are stored in Ŝ in order. The highest point in Ŝ defines the narrowest 1-ended
corridor, and as we go down, the width of the 1-ended corridor increases.

We choose the middle-most element pk ∈ Ŝ that defines the 1-ended corri-
dor C2

(ij)k. We compute HL
ijk of the convex hull Hijk, and then we compute the

widest valid corridor C among the points in PR with respect to HL
ijk. If the

width of C matches with C2
(ij)k , it is recorded; otherwise we apply binary search

in Ŝ to choose a point above or below pk depending on whether the width of C
is less/greater than that of C2

(ij)k. This search procedure stops when two con-

secutive members in Ŝ are considered. Finally, the widest 1-corner corridor with
one boundary passing through (pi, pj) is reported. Thus, we have the following
result.

Lemma 3. The widest empty 1-corner corridor with (pi, pj) in one of its legs
can be obtained in O(n log2 n) time.

After processing pj , we rotate �i in the anti-clockwise direction until it hits
another point pj′ in PL ∪ PR. In either case, pj goes to PL. In addition, if
pj′ ∈ PL (resp. PR) then pj′ leaves PL (resp. PR). We can use Di to get the
point pj′ in O(1) time. Again we compute the array Ŝ of points that defines type-2
1-ended corridors. As PR gets changed, the arrangement A will also be changed.
The deletion of pj and the arrival of pj′ cause deletion of some old vertices
of A and insertion of some new vertices in the updated A. Using the method
of dynamically maintaining the corridors [9], the incremental time needed for
updating A is O(n log n). The updates of the data structures attached to the dual
lines in the revised set PR can also be done in the same amount of time. Finally,
the reporting of the widest 1-corner corridor in the changed environment needs
another O(n log2 n) time (see Lemma 3). Thus, processing of all the members
in Di needs a total of O(n2 log2 n) time in the worst case. Thus, we have the
following result:

Lemma 4. The worst case time and space complexities of computing the widest
1-corner corridor of Cij

LA with the available type-2 1-ended corridors are
O(n3 log2 n) and O(n2) respectively.

Proof. The pivotal point pi can be any one of the members in P , and the
above argument says that the processing of each such pi as pivotal point needs
O(n2 log2 n) time. The space complexity follows from the fact that maintaining
the arrangement A needs O(n2) space. ��
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Using the same method we can compute the widest 1-corner corridor of type
Cij

LB, Cij
RA, and Cij

RB respectively.
Next, we show that the same technique can be applied for computing the

widest 1-corner corridor with the available type-1 1-ended corridors.
For a given point pi, let us consider a vertical line � passing through pi. Draw

a half-line �′ perpendicular to � at pi, and to the right-side of �. We compute
the arrangement A of the dual lines of the points in PR that are to the right of
�. We use the same data structure to store the arrangement A. We rotate the
lines � and �′ in same speed around pi in anti-clockwise order until a point pk is
reached by either � or �′. Here two cases may arise.

If � hits pk, then we update the arrangement A by inserting or deleting the dual
line corresponding to pk as described above. This needs O(n log n) time.

On the other hand, if pk is reached by �′ and [pi, pk] defines a valid type-1
1-ended corridor C1

ik, then we compute the convex hull Hik with the points
above the line segment [pi, pk] inside the strip L1 = (�′, �′′), where �′ and �′′

are the two parallel legs of the type-1 1-ended corridor C1
ik. Next, we compute

the widest among the valid corridors with respect to the lower chain of the
convex hull HL

ik. As described earlier, this needs O(n log n) time in the worst
case.

Thus, processing pi needs O(n2 log n) time in the worst case. Now, we have the
following result.

Lemma 5. The worst case time complexity of computing the widest 1-corner
corridor with the available type-1 1-ended corridors is O(n3 log n).

Proof. The pivotal point pi can be any one of the members in P . The above argu-
ments say that the processing of each such pi as pivotal point needs O(n2 log n)
time. Thus the lemma follows. ��

Lemmata 3, 4 and 5 lead to the final theorem of this work as stated below:

Theorem 2. The worst case time and space complexities of computing the
widest 1-corner corridor are O(n3 log2 n) and O(n2) respectively.
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Abstract. Recently several researchers have studied the competitive facility lo-
cation problem in the form of Voronoi games, where each of the two players
places n points with the target of maximizing total Voronoi area of its sites in
the Voronoi diagram of 2n points. In this paper we address this problem by in-
troducing Voronoi games by neighbours where the basic objective of an optimal
playing strategy is to acquire more neighbors than the opponent. We consider
several variations of this game, and for each variation we either give a winning
strategy, if it exists, or show how the game ends in a tie.
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1 Introduction

Consider a city having multiple shops of same type. It is common to assume that cus-
tomers prefer to go to the shop which is geographically closest to them (provided that
the service is similar in quality). Thus, Voronoi diagram of the shops perfectly model
the customers affiliation with a shop, where the customers within a Voronoi region are
affiliated with the corresponding shop.

Now imagine that you are the owner of a shopping chain and you are planning to set
up shops in a city where at the moment you do not have any shops but one of your com-
petitors shopping chain has already set up numerous shops. So, your objective would
be to put the new shop in a location such that its Voronoi region is as large as possible.
The problem of finding such a location falls, in general, under the competitive facility
location problem [1,2,5,6,8,9]. If you have more than one shop, or more competitively,
the same number of shops that your competitor has, then your objective would be to put
your shops such that the total Voronoi area of your shops is at least as large as compared
to your opponent’s shops. This variation of the competitive facility location problem is
known as Voronoi games.
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(a) (b)

Fig. 1. A new site becoming neighbour to different number of existing sites

Now consider the above competitiveness in a different way. Suppose, you know that
your products are at least as good as the opponent’s products and you also know that
if you set up a shop, many customers would be tempted to come to your shop rather
than going to your opponent’s ones. Your objective is to entice customers away from as
many shops of your opponent as possible. For example, Figure 1(a) shows a new shop
(represented as a rectangle) which takes customers away from three existing shops and
Figure 1(b) shows another placement where the new shop takes customers away from
five existing shops. Therefore, to cause the maximum interference to the business of
your opponent you should choose to place your shops such that each of your shops gets
as many shops of the opponent as neighbors as possible. In this paper, we introduce this
competitive facility location problem in several variations and refer to them in general
as Voronoi games by neighbors.

1.1 Related Works

It started with the problem of finding the locations to place shops of two shopping
chains along a highway such that the total area (according to Voronoi diagram in 1D) of
the newly placed shops of each shopping chain is maximized [1,2]. The authors in [1,2]
formulated the problem in terms of an n-round Voronoi game where the two players
take n turns to place their sites. At each turn, firstly, the first player places a site and
then the second player follows suit. The wining criteria of a player in this game is to
get a total Voronoi region that is more than that of the opponent. In [1,2], the problem
was considered along a line and a circle and it was proved that the second player always
wins but the first player can keep the wining margin as small as possible.

For a two dimensional playing area, the problem is still open, but several variations
have been studied. Dehne, Klein and Seidel [8] first addressed the problem in 2D. They
studied how a single new point can be placed in an existing n-site Voronoi diagram so
that the Voronoi area of the new site is maximized. They formulated the area of the new
site as a function of its location. They proved that if the (wouldbe) neighbors of the new
sites are in convex positions then there can be exactly one maxima of the function and
that is where the new site should be placed. However, they could not solve the problem
where the neighbors are in general positions.
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Cheong, Efrat and Har-Peled [5] presented some approximate solutions to the prob-
lem. They gave an agorithm which approximates the Voronoi region of the new site to
(1 − δ) times the optimal, for any δ > 0, and runs in O(n/δ2 + n logn) time.

Cheong et. al. [6] addressed the problem in terms of one round Voronoi game, where
the first player places all of its sites at once and then the second player places its sites.
According to their formulation, two players place their sites inside a unit square region
and try to maximize the total Voronoi region of their sites. They proved that, for suf-
ficiently large n, the second player can always place his sites in such a way that the
sum of the area of their Voronoi regions is at least 1/2 + α times the total playing area,
for any α > 0, and thus found a winning strategy for the second player. Fekete and
Meijer [9] extended the results of [6] to find winning strategies even when the playing
area is not a unit square. They showed that the second player wins only if n ≥ 3 and
ρ >

√
2/n or if n = 2 and ρ >

√
3/2, where ρ represents the aspect ratio of the playing

area. They also proved that if the playing area is a polygon with holes, then finding a
winning strategy for the second player is NP-hard. To the best of our knowledge, com-
petitive facility location problems have not been studied in terms of optimal number of
Voronoi neighbours.

One thing to be noted here is that Voronoi games in terms of area (as discussed
above) significantly depend upon the bounding area in which the games are to be
played. However, as we will see, for Voronoi games by neighbours no such restriction is
required.

1.2 Our Results

In this paper we introduce the competitive facility location problem in terms of Voronoi
games by neighbours. The game is between two players: Player1 and Player2. We con-
sider the game in one round. At first, Player1 places his n sites. Then, Player2 places
his n sites. The result is measured in the Voronoi diagram of 2n sites. Each Player
has the target of optimizing the number of Voronoi neighbours. We study several varia-
tions of the game which are based on different criteria for optimality, different types of
neighborship, and different motivation (Figure 2). For each variation, we give a wining
strategy, if it exists, or show how the game ends in a tie.

Criterion
1 To get all of the opponent’s sites as neighbours
2 To get more opponent’s sites as neighbours than what the opponent gets from our sites
3 To achieve Criterion 2 considering non-distinctnessa of the neighbourship
4 To achieve Criterion 2 avoiding self-neighbourshipb

5 To Achieve Criterion 4 considering non-distinctnessa of the neighbourship

a If a site is neighbour to k sites, then its neighbourship is counted as k (as opposed to one).
b Self-neighbours are neighbours from the same player.

Fig. 2. The different variations of Voronoi Games in this paper
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1.3 Outline

We will mostly work on the Delaunay triangulation and Delaunay circles of the sites.
Since we consider one round games, we will follow an incremental process: after
Player1 places all his n sites, Player2 will place his sites one by one as necessary. It
will require an incremental update of the Delaunay triangulation to see how the addi-
tion of a new site changes the neighbourship relation among the sites.

In order to get Player1’s sites as neighbours “efficiently” by the sites of Player2,
we will select edges from the Delaunay triangulation of Player1’s sites and then in-
sert Player2’s sites inside the adjacent triangles of those selected edges. However, for
Player2 to win, those edges should be selected carefully so that the optimal neighbour-
ship criterion holds. For that we will use the edges of a maximum matching in the
Delaunay triangulation.

We will first study, in Section 2, the basics of Voronoi diagram, Delaunay triangula-
tion, their incremental update, including the update of the neighbourship relation among
the sites, and matching in a graph. Then, in Section 3, we will precisely formulate the
variations considered in this paper. In Section 4, we will give our main results. Finally,
we conclude in Section 5 with some directions of future work.

2 Preliminaries

Given a set of n points P in the plane, a Voronoi diagram [3,7] V of P is the subdivision
of the plane into n regions, one for each point in P , such that any point x in the plane
lies in the region corresponding to a point y in P iff the distance of x from y is smaller
than its distance from any other site in P . The points of P are called the Voronoi sites,
or simply sites, and their regions are called the Voronoi regions of V . Voronoi regions
of V meet at edges and vertices called Voronoi edges and Voronoi vertices, respectively,
of V . Two Voronoi regions are called neighbours of each other if they share a Voronoi
edge. The Voronoi diagram V is a connected plane graph where the number of Voronoi
edges, Voronoi vertices and Voronoi regions are O(n) each.

Throughout this paper, we assume that the points of P are in general position; so no
three sites are collinear and no four sites cocircular. In general position, the maximum
degree of a Voronoi vertex of V is three.

The Delaunay triangulation [3,7] D of P is defined in terms of the components of
V . It is the straight line dual graph of V , where the vertices are the sites of P and two
vertices are connected by a Delaunay edge iff their corresponding Voronoi regions are
neighbours in V . Two sites defining a Delaunay edge are also called neighbours of each
other.

Similar to V , D is also a plane graph with linear number of Delaunay edges and
linear number of faces. Note that the boundary of D is the convex hull H of the points
of P . Since the points of P are in general position, faces of D, possibly except the outer
face, are triangles and are called Delaunay triangles. The circumcircle of a Delaunay
triangle is called its Delaunay circle. One important characterization of a Delaunay
triangulation is that three sites u, v, w forms a Delaunay triangle iff their circumcircle
does not contain any other site. Observe that even if the outer face of D is a triangle, it
is not a Delaunay triangle by the above characterization.
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Fig. 3. Illustration of inserting a new site

2.1 Inserting a New Site

The phenomenon of placing a new site in the existing Delaunay triangulation and the
resulting change in neighbourship of the sites is well studied in incremental construction
of Delaunay triangulation [3,7]. Let �(u, v, w) be a Delaunay triangle consisting of the
sites u, v and w. We denote by C(u, v, w) the corresponding Delaunay circle passing
through u, v and w. We now present the following lemmas and the corollary which will
play central role in the rest of the paper. Also see Fig. 3.

Lemma 1. If a new site p is placed inside a Delaunay triangle �(u, v, w), then in the
resulting triangulation, u, v and w become neighbours of q.

A proof of this lemma can for example be found in [3] [7, Page194].

Lemma 2. If a new site p is placed outside the Delaunay circle C(u, v, w), then in the
resulting Delaunay triangulation, �(u, v, w) remains a Delaunay triangle.

Proof. After inserting p, the circle C(u, v, w) still remains empty of other sites. So,
�(u, v, w) remains a Delaunay triangle. ��

Corollary 1. Let q1 be a site of D but not a point of H. Adding a new site q2 outside
all Delaunay circles of D can not make q2 a neighbour of q1.

Proof. Clearly, q2 is placed outside the convex hull H. If it becomes neighbour of q1,
then one edge in H is no more a Delaunay edge. But since q2 is placed outside H, by
Lemma 2, all existing Delaunay triangles in D exist in the resulting Delaunay triangu-
lation, which contradicts that an edge of H is no more a Delaunay edge. ��

2.2 Maximum Matching

A matching M in a graph G is a subset of the edges of G such that any vertex of G
has at most one incident edge in M [11]. A matching is maximum if it has maximum
possible cardinality among all matching. A matching M is perfect if every vertex has
an incident edge in M. So the size of a perfect matching is n/2, where n is the number
of vertices in the graph. There exist efficient polynomial time algorithms to compute a
maximum matching in a graph. While n/2 is the upper bound of a maximum matching
for general graphs, not all classes of graphs have a perfect matching. One such graph
class is the triangulated planar graphs [4], where each face, including the outer face, is
a triangle. However, Biedl et.al. [4] presented the following lemma that gives a lower
bound on the size of a matching in a triangulated planar graph.



98 Md.M. Rasheed, M. Hasan, and M.S. Rahman

Lemma 3. [4] Any triangulated planar graph with n ≥ 10 vertices has a matching of
size at least n+4

3 .

In what follows we denote the ith site placed by Player1 as pi and the ith site placed
by Player2 as qi. In the figures, the sites placed by Player1 will be represented by solid
circles and the sites placed by Player2 will be represented by rectangles.

3 The Games

We consider the following five games.

Variation 1: Maximizing opponent neighbors. This variation is the simplest one and is
more like an optimization problem. In this case, at first, Player1 places all his n sites.
Now, the wining criteria for Player2 is to get all n sites of Player1 as neighbours by
placing minimum number of its sites. For this game we show that, to win, Player2
needs to place only at most 2n+2

3 of his sites. In Figure 4, we present an example of
Variation 1, where Player2 can win by using only one site.

Variation 2: Distinct opponent neighbors. In this variation, like Variation 1, each player
wants to get all sites of the opponent as neighbours; but at the same time, he also wants
as many of its own sites not to be neighbours of the opponent as possible. The moti-
vation lies in more competitiveness in the competitive facility location problem: here,
beside the primary motivation of interfering opponents business as much as possible,
the secondary motivation is to ensure that self business is interfered as less as possible
by the opponent. More formally, suppose that after both players place n sites, the sites
of Player1 get in total N1 sites of Player2 as their neighbors and the sites of Player2 get
in total N2 sites of Player1 as neighbours. Then Player1 wins if N1 > N2, player two
wins if N2 > N1, and the game ends in a tie if N1 = N2. For this game we show that
Player2 always wins. See Figure 4, where N1 = 3 and N2 = 5, so Player2 wins.

Variation 3: Non-distinct opponent neighbors. Next we consider the above gaming
criteria combined with the non-distinctness of N . That means, we take into account
the number of times a particular site becomes neighbours to opponent’s sites. Again,
the motivation of counting non-distinctness of N follows from the competitive facility
location problem where a competitor may want to interfere opponent’s sites as many

Fig. 4. A (common) example for all five variations. As Variation 1, 2, 4 and 5, Player2 wins here.
As a Variation 3, it is a tie.
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times as possible (irrespective of how many sites are interfered) by its own sites. If
a site xi of playerX gets N(xi) opponent sites as its neighbor, then the total number
of non-distinct opponent sites as neighbors of PlayerX is Nx =

∑n
i=1 |N(xi)|. So,

Player1 wins if N1 > N2, Player2 wins if N2 > N1, and it is a tie if N1 = N2. We
show that this game always ends in a tie. See Figure 4, where N1 = 8 and N2 = 8; so
the game is a tie.

Variation 4: Distinct opponent and self neighbors. In this variation, the winning cri-
terion involves the new concept of self-neighbourship. When a site gets another site
belonging to the same player as its neighbor, they become self neighbors. We consider
this variation, because in real life situation, a competitor may also want not to entice
customer away from its own shops. The winning criterion is defined as follows. Suppose
that N1 (N2) is the number of distinct sites of Player2 (Player1) which are neighbors of
Player1 (Player2). Also suppose that M1 (M2) is the number of distinct sites of Player1
(Player2) which are self-neighbors. Then the score of Player1 is S1 = N1 - M1 and the
score of Player2 is S2 = N2 - M2. So, if S1 > S2, Player1 wins; if S1 < S2, Player2
wins, and otherwise, the game ends in a tie. We show that Player2 wins here. See
Figure 4, where N1 = 3, M1 = 5, N1 = 5 and M1 = 4, so, Player2 wins.

Variation 5: Non-distinct opponent and self neighbors. Our last winning criterion is
to add the non-distinctness with the criteria of Variation 4. More specifically, if the
neighbourship meaning of N1, N2, M1 and M2 are the same as above but the count is
non-distinct and if S1 = N1 − M1 and S2 = N2 − M2, then Player1 wins if S1 > S2,
Player2 wins if S1 < S2, and otherwise it is a tie. For example, See Figure 4 where
N1 = N2 = 8 and M1 = M2 = 10, so the game is a tie. For this variation too, we
show that Player2 can always win.

4 Playing the Games

Since we are considering only one round games, Player1 has to place his points without
any knowledge whatsoever about how Player2 is going to place his sites. On the other
hand, Player2 has complete knowledge of the positions of the sites placed by Player1.
This gives Player2 an advantage which enables him to effectively implement winning
strategies for almost all the variations.

4.1 Variation 1: Maximizing Opponent Neighbors

Since Player1 can never know in advance where Player2 will place his sites, it is not
possible to formulate a strategy for Player1. On the contrary, several strategies can be
found for Player2. We first present a very simple lemma which implicitly presents us
with an easy strategy for Player2.

Lemma 4. It is possible for Player2 to get all n sites of Player1 as neighbors.

Proof. Consider a site pi of Player1. Let �(pi, x, y) be an adjacent Delaunay triangle of
pi (x and y can be of any player). Player2 will place qi inside �(pi, x, y). By Lemma 1,
pi will become a neighbour of qi. ��
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In the rest of this section, we investigate whether Player2 can achieve all n sites of
Player1 as neighbors using less than n sites of its own. In particular, we will establish
an upper bound on the number of sites required by Player2 to achieve the above goal.
The main result we achieve is the following theorem.

Theorem 1. It is possible for Player2 to get all n sites of Player1 as neighbors by using
at most 2n+2

3 sites.

Proof. Assume that Player1 has placed all of his n sites. Now imagine that 3 other sites
x, y, z, not belonging either to Player1 or Player2, placed far enough and outside all ex-
isting Delaunay circles such that in the resulting Delaunay triangulation D of n′ = n+3
sites, the convex hull is the triangle containing x, y, z. By Lemma 1, the neighbourships
among the n sites of Player2 do not change in the resulting triangulation. Moreover,
we place these three sites in such a way that they do not become part of circle through
four points. So the resulting triangulation is a triangulated planar graph and we find a
maximum matching M of this triangulation. By Lemma 3, for n′ ≥ 10 (i.e., n ≥ 7),
M has at least n′+4

3 edges. For each edge e = (u, v) of M, Player2 adds one new
site inside an adjacent triangle of e. By Lemma 1, both u and v become neighbours of
q. In this way by placing n′+4

3 sites, Player2 gets 2 × n′+4
3 sites of Player1 as neigh-

bours. For each of the remaining n′ −2× n′+4
3 = n′−8

3 sites of Player1, Player2 places
one site as mentioned in Lemma 4 to get it as a neighbour. So in total Player2 needs
n′+4

3 + n′−8
3 = 2n′−4

3 = 2n+2
3 sites to get all n points of Player1 as neighbours.

For 1 ≤ n ≤ 4, Player2 can place one site and for n = 5, 6, Player2 can place two
sites that get all n sites of Player2 as neighbour. These can be verified by a case by case
drawing of D, which we omit due to space constraint. ��

4.2 Variation 2: Distinct Opponent Neighbors

From Theorem 1, we already know that it is possible for Player2 to get all sites of
Player1 as neighbors. So, to win this variation, Player2 only need to ensure that at least
one of his sites does not become neighbour to any of the sites of Player1. In what
follows, this will be referred to as hiding a site from the opponent.

Lemma 5. To hide a site from all the existing sites in D, two extra new self sites are
always sufficient.

Proof. Let the site to be hidden be c and the two sites that will hide this site be a and
b. With only one existing site d, a, b and c can be placed trivially: place them such
that all of a, b, c and d are in the resulting convex hull and (c, d) is not a Delaunay
edge. So, assume that there are two or more existing sites. Also assume that D and H
mean for the existing sites. With only two exisiting sites, D and H are simply the line
segment between them. Let q and r be two sites on H. Let x be a point outside H such
that D ∪ �(q, x, r) is also convex (see Figure 5(a)). Now place a and b on qx and rx,
respectively, at an ε distance away from x. Put c inside the triangle �(a, b, x) and close
to x. For sufficiently small ε, in the resulting Delaunay triangulation, any circle through
c and a site other than a, b will contain a or b inside of it. That means, c can not form a
Delaunay triangle avoiding a and b, further implying that c have only two neighbours,
a and b. ��
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Fig. 5. Hiding a site

Corollary 2. Suppose that Player2 needs m sites to get all sites of Player1 as neigh-
bors. Then it needs m + 3 sites to hide at least one of its own site from Player1.

Theorem 2. Player2 can always get more distinct opponent sites as neighbors than
Player1 if n ≥ 11.

Proof. By Theorem 1 and Corollary 2, total number of sites required for Player2 is
2n+2

3 + 3. Clearly we must have:
n ≥ 2n+2

3 + 3
⇒ n ≥ 11
And hence the result follows. ��

For n < 3, Player2 does not have sufficient sites to hide one site and the game ends in a
tie. For 4 ≤ n ≤ 6, by Theorem 1 Player2 has three extra sites, and one of them can be
hidden by Lemma 5. So Player2 wins for these cases. For n = 3 and for 7 ≤ n ≤ 10, a
case by case analysis can give a winning strategy for Player2. We leave that exploration
for the full version of this paper.

4.3 Variation 3: Non-distinct Opponent Neighbors

In this variation, we show that the game always ends in a tie.

Theorem 3. The game in Variation 3 always ends in a tie.

Proof. Note that if a site pi of Player1 gets m neighbors, then those m sites of Player2
will get pi as their neighbors for a total of m times. Applying the same logic for every
site placed by Player2, we can see that the total number of non-distinct neighbors from
the opponent sites is the same for both players. ��

4.4 Variation 4: Distinct Opponent and Self Neighbors

Recall that, in this variation, the two players need not only to maximize opponent sites
as neighbors but also to minimize self-neighbourships. In what follows, we will mod-
ify the strategy applied for Variation 1 to get a winning strategy for Player2 for this
variation.
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Fig. 6. Winning the Variation 4. (a) Wining when n = 2. (b) Isolating Player2 sites when n ≥ 3.

Theorem 4. If n ≥ 2, then Player2 can always win in Variation 4. For n = 1, the game
ends in a tie.

Proof. For n = 1, we get N1 = N2 = 1 and M1 = M2 = 0, so the game is a tie. If
n = 2, Player2 wins by placing its sites as shown in Figure 6(a).

Now assume that n ≥ 3. So, D has at least one triangle. Our strategy is to ensure
that some sites of Player2 remain completely surrounded by sites of Player1 and thus
avoid self-neighbourship among themselves and at the same time each Player1 site
becomes neighbour of at least another Player1 site and thus Player1 suffers plenty of
self-neghbourship. (See Figure 6(b)). We do that as follows.

We will use a modified version of the idea in the proof of Theorem 1. This time we
do not add three sites of Player2 as the bounding triangle. Then we place the Player2
sites one by one as follows. For the very first time, let e = (u, v) be an edge of D.
We add one new site q1 inside an adjacent triangle of e. By Lemma 1, both u and v
become neighbours of q1. However, there may be other sites of Player1 that also become
neighbours of q1. We mark all those sites of Player1 that become neighbours of q1.

Now at each step, until all sites of Player1 are marked we do the following. Let p
be an unmarked site of Player1. The fact that p is not a neighbour of any Player2 site
implies that if we place new site qi at p, then qi will not be neighbour of any Player2
site. In fact, a small neighbourhood of p can be treated as a safe region for qi, where
by “safe” means not becoming neighbour of any site of Player2. We add qi within any
triangle adjacent to p and within that small and safe neighbourhood of p. We mark p
and any other sites of Player1 that become neighbour of qi.

Assume that k sites of Player2 have been placed by the above procedure. Note that
none of these k sites is in the resulting convex hull. The remaining n−k sites of Player2
are placed all together far enough and outside any existing Delaunay circles so that by
Corollary 1 they do not become neighbours of the k sites of Player2.

At this moment we claim that every site of Player1 is a neighbour of at least one
other site of Player1. For if a site p of Player1 did not have another site of Player1 as
neighbour, then p would be a point of at least one triangle whose other two sites are of
Player2 and are thus self-neighbours. But that is a contradiction, because our placement
ensures that Player2 sites can not be neighbours of each other.

Now we come to the analysis. We have ensured three things: (i) Player2 gets all
sites of Player1 as neighbours, so N2 = n; (ii) all n sites of Player1 suffer self-
neighbourship, so M1 = n; and (iii) since the size of M is at least one, k ≥ 1, which
implies that at least one site of Player2 is not neighbour of other sites of player2, so
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M2 ≤ n−1. Moreover, for n−k ≥ 3, among the n−k sites of Player2 that are placed
far apart, we can hide at least one site by using two or more self sites (by Lemma 5). So
N1 ≤ n. Therefore, Player2 wins. ��

4.5 Variation 5: Non-distinct Opponent and Self Neighbors

Recall from Section 4.3 that no winning strategy exist for variation 3 where the criterion
was to get more non-distinct opponent sites as neighbors. So, in this variation too, for
both Player1 and Player2 the number of non-distinct opponent sites as neighbor is equal,
i.e. N1 = N2. But, the “number of non-distinct self sites as neighbor” can be different,
i.e., M1 and M2 can be different, and that difference will decide who wins this variation
of the game.

We will use the idea of Variation 4 with slight modification. We will first get all n
sites of Player1 as neighbours by the sites of Player2 as described in Theorem 4. After
that, we will, however, not simply place the remaining sites of Player2 far apart, because
that may cause a large number of self-neighbourship among those sites (e.g., they may
become uniformly close to each other and form a dense cluster with higher number of
self-neighbourship.) We will place those sites uniformly around and in the outside of
all existing Delaunay circles in such a way that they are the only sites in the resulting
convex hull and each site in that convex hull has only two self-neighbours, which are
the two adjacent sites in the convex hull.

Theorem 5. Player2 always wins for variation 5.

Proof. By Theorem 4 and by counting non-distinctness, M1 ≥ 2n. By Corollary 1,
self-neighbourship of Player2 are only among the n − k sites that form the final convex
hull. So, M2 ≤ 2(n − k). Since k ≥ 1, M2 ≤ 2(n − 1). Therefore, Player2 wins. ��

5 Conclusion

In this paper we have addressed the problem of competitive facility location by intro-
ducing Voronoi games by neighbours where the basic objective of an optimal playing
strategy is to acquire more neighbors than the opponent. We have considered several
variations of this game in one round, and for each variation we either have given a
winning strategy, if it exists, or have shown how the game ends in a tie. There remain
several issues that may be addressed for future research as follows.

1. For Variation 1 of the game, we have proved an upper bound for the number of sites
of Player2 required to get all sites of Player1 as neighbours. We believe this upper
bound is not tight. In particular we have the following conjecture.

Conjecture 1. It is possible for Player2 to get all n sites of Player1 as neighbors by
using at most 
n

3 � sites.

To prove Conjecture 1, essentially, the idea is as follows. Suppose, pj , pk and pl

are three existing sites. Our strategy is to place a new site qi inside a cell of the
arrangement and thereby making all of pj , pk and pl its neighbours. Before placing
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the next site qi+1, we remove pj , pk, pl and their corresponding Delaunay edges
from the triangulation and choose the another three sites for qi+1. We continue to
do the above until all sites have become neighbors. Clearly, the main task is to
prove that such a site can always be found, which we have been able to prove for
almost all the cases. There exists, however, some pathological cases [10] for which
we can not get such sites readily and hence further investigation through a case by
case analysis is required.

2. We have assumed that the service provided by each facility provider were equiva-
lent and the receivers always affiliated with the provider which was geometrically
closest. But there can be situations when some service providers can be for pre-
ferred by the receivers even if they are geometrically further. In such cases, we can
model them using weighted Voronoi diagrams. Therefore, it will be interesting to
investigate the games for the weighted Voronoi diagram.

The first author in this thesis [10] have studied these games in n-round, where for
most cases the game ends in a tie. It would be interesting to see variations for n-round
games where players have wining strategies.
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Abstract. We study the Euclidean bottleneck Steiner tree problem:
given a set P of n points in the Euclidean plane, called terminals, find
a Steiner tree with at most k Steiner points such that the length of
the longest edge in the tree is minimized. This problem is known to be
NP-hard even to approximate within ratio

√
2. We focus on finding ex-

act solutions to the problem for a small constant k. Based on geometric
properties of optimal location of Steiner points, we present an O(n log n)
time exact algorithm for k = 1 and an O(n2) time algorithm for k = 2.
Also, we present an O(n log n) time exact algorithm to the problem for
a special case where there is no edge between Steiner points.

1 Introduction

A bottleneck Steiner tree (BST) (also known as a min-max Steiner tree) is a
Steiner tree with the length of the longest edge minimized. We consider the
Euclidean bottleneck Steiner tree problem with unknown k Steiner points in R

2,
described as follows:

Problem 1 (EuclidBST). Given n points, called terminals, in the Euclidean
plane and a positive integer k, find a Steiner tree spanning all terminals and at
most k Steiner points that minimizes the length of the longest edge.

Unlike the classical Steiner tree problem where the total length of the Steiner
tree is minimized, this problem asks a Steiner tree where the maximum of the
edge lengths is minimized and the Steiner points in the resulting tree can be
chosen in the whole plane R

2. These problems, and their variations, have some
known applications in VLSI layout [3], multifacility location, and wireless com-
munication network design [11].

The EuclidBST problem is known to be NP-hard to approximate within ratio√
2 [11]. The best known upper bound on approximation ratio is 1.866 by Wang

and Li [12]. For the special case of this problem where there should be no edge
connecting any two Steiner points in the optimal solution, Li et al. [7] present a
(
√

2 + ε)-factor approximation algorithm with inapproximability within
√

2.
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There has been some effort on devising an exact algorithm for finding the
locations of k Steiner points. Of course, it is impossible to get a polynomial time
algorithm unless P=NP since the problem is NP-hard. Thus, many researchers
considered the following problem [5, 10].

Problem 2 (EuclidBST-FT). Given n terminals in the Euclidean plane and a
topology tree T of n terminals and k Steiner points, find a bottleneck Steiner
tree with topology T spanning all terminals.

Once we have an exact algorithm to this problem, we can find an exact so-
lution to EuclidBST by enumerating all valid topology trees; this number is
roughly bounded by (n + k)! [5]. To the best of our knowledge, there is no
known exact algorithm to EuclidBST even for a single Steiner point k = 1, or
even to the EuclidBST-FT problem. The first algorithms for EuclidBST-FT

can be found in Elzinga et al. [4] and Love et al. [8], which are based on non-
linear optimization but do not give an exact solution. The decision version of
EuclidBST-FT asks whether there exists a Steiner tree with a given topology
T such that its maximum edge length does not exceed a given parameter λ > 0.
Sarrafzadeh and Wong [10] presented an O((n + k) log(n + k)) time algorithm
for this decision problem. Indeed, one can get a simple (1 + ε)-approximation to
EuclidBST-FT using the decision algorithm in a binary-search fashion [5].

In the rectilinear case where each edge of Steiner trees should be rectilinear, a
quadratic-time exact algorithm for finding a bottleneck Steiner tree with a given
topology is known by Ganley and Salowe [5]; they also described the difficulty
of the Euclidean case.

In this paper, we present an O(n log n) time algorithm to the EuclidBST prob-
lem when k = 1 and an O(n2) time algorithm when k = 2. Our approach is rather
from a geometric point of view: we reveal several useful properties of Euclidean
bottleneck Steiner trees and optimal locations for Steiner points using geometric
knowledge. Among them is an interesting connection between the optimal location
of Steiner points and the smallest color spanning disk, a smallest disk containing
at least one point of each color when we are given a set of colored points [1]. Also,
we present an O(n log n) time algorithm for any constant k to a special case of Eu-

clidBST where there is no edge between Steiner points; the hidden constant is
essentially exponential in k. We remark that the running times of our algorithms
are all polynomial in n; any exact solution to EuclidBST-FT seems hardly to
yield an exact algorithm running in time polynomial in n due to the number of
possible topologies [5]. Moreover, our observations can be naturally extended to
any metric on R

2; for example, the rectilinear case.
The paper is organized as follows: Section 2 presents an exact algorithm for a

single Steiner point. Next, we show several helpful properties of optimal solutions
for any k, and make use of them to devise the algorithms for the case without
edges between Steiner points and for the case of k = 2 in Section 3. Finally,
Section 4 concludes the paper.
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2 Exact Algorithm for a Single Steiner Point

Let P ⊂ R
2 be a set of n points; we call each point in P a terminal. A (Euclidean)

bottleneck spanning tree of P is a spanning tree of P such that the length of a
longest edge is minimized. We call the length of a longest edge in a bottleneck
spanning tree of P the bottleneck of the set P , denoted by b(P ). Note that b(P ) is
dependent only on the set P , not on how to connect the points in P . Our problem
is to find the optimal location q ∈ R

2 of a Steiner point such that the bottleneck
b(P ∪{q}) of any bottleneck spanning tree of P ∪{q} is minimized. We start with
a (Euclidean) minimum spanning tree MST (P ) of given points P . Obviously,
MST (P ) is a bottleneck spanning tree of P . Since computing a minimum or
bottleneck spanning tree of a given set can be done easily, our problem can be
viewed as finding an optimal location of q to minimize the bottleneck of P ∪{q}.

e2 e1

q

(a) (b)

Fig. 1. (a) MST (P ) and (b) MST (P ∪ {q}). By a single Steiner point q, the longest
edge e1 and the second longest edge e2 are removed from MST (P ).

Let e1, . . . , en−1 be the edges of MST (P ) in the order that their lengths are
not increasing. Obviously, |e1| = b(P ) ≥ b(P ∪{q}), where |e| denotes the length
of an edge (or a segment) e. In order to have the strict inequality b(P ) > b(P ∪
{q}), we must be able to remove the longest edge e1 of MST (P ) after adding q.
Then, q would connect two points in P as a substitution of e1. Sometimes, q with
new edges incident to it can replace the second longest edge e2 simultaneously
with e1. But it is obvious that effort for removing e3 without removing e2, or in
general removing ei without removing ei−1 is useless in reducing the bottleneck
since the length of the longest edge is lower bounded by |ei−1| ≥ |ei|. Thus,
in MST (P ∪ {q}), we lose all of e1, . . . , ec from MST (P ), where some positive
integer c < n. Also, note that MST (P ) might have many longest edges, and
thus all of them must be removed to have the strictly better bottleneck. The
number does not exceed n − 1 but we could really have that many number of
longest edges in MST (P ). Fortunately, the following observations allow us to
focus on a constant number of edges to be removed.

Lemma 1. There exists a bottleneck Steiner tree of P with a single Steiner point
such that each edge belongs to MST (P ) or is incident to the Steiner point q.

Proof. Suppose that a bottleneck Steiner tree MST (P ∪ {q}) has an edge con-
necting two terminals p1, p2 ∈ P which does not belong to MST (P ). Then, there
exists a path π from p1 to p2 in MST (P ) which is not a single edge connect-
ing p1 and p2. By optimality of MST (P ), the length of each edge on π is at
most |p1p2|. This implies that we can replace the edge between p1 and p2 in
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MST (P ∪{q}) by the original path π connecting p1 and p2 in MST (P ) without
increasing the length of the longest edge contained in the resulting Steiner tree.

Due to Lemma 1, we assume that every newly added edge in our optimal solution
MST (P ∪ {q}) from MST (P ) is incident to q.

Lemma 2. For any q ∈ R
2, b(P∪{q}) ≥ |e5|. Therefore, there exists a bottleneck

Steiner tree of P with a single Steiner point such that it contains the edges
e5, e6, . . . , en−1 and thus the degree of the Steiner point is at most 5.

Proof. Assume to the contrary that b(P∪{q}) < |e5|. This means that MST (P∪
{q}) does not contain e1, . . . , e5 any more. This also implies that q has at least
6 incident edges in MST (P ∪ {q}) by Lemma 1.

Now, we construct another tree T on P ∪{q}: We add ej again to MST (P ∪{q})
for j ≥ 6, if it has been removed from MST (P ), and delete the same number of
edges incident to q to make the resulting graph a tree. Then, q has exactly 6 inci-
dent edges in T . Let N = {p1, . . . , p6} be the set of the 6 points in P , which are
adjacent to q in T , in clockwise order at q. Observe that there exists an integer a
with 1 ≤ a ≤ 6 such that the angle ∠paqpa+1 is at most 60◦. By simple trigonom-
etry, |papa+1| is at most |qpa| or |qpa+1|, that is, |papa+1| ≤ max{|qpa|, |qpa+1|}.
Also, note that we have |pipi+1| ≥ |e5| for any i, since each pi belongs to a different
subtree after removing the five longest edges e1, . . . , e5 from MST (P ), and that
|qpi| ≤ b(P ∪ {q}) < |e5| by the assumption. Hence, we have

|e5| ≤ |papa+1| ≤ max{|qpa|, |qpa+1|} ≤ b(P ∪ {q}) < |e5|,

a contradiction.
Furthermore, the equality holds only when the six points N form a regular

hexagon centered at q. Hence, if q has six or more incident edges, we can just
remove some while keeping the longest length in the resulting tree. Thus, the
lemma is shown.

By the above lemma, we remove at most four longest edges from MST (P ), and
also newly added edges are all incident to q. Thus, we have only four possibilities:
e1, . . . , ec are removed from MST (P ), where c = 1, . . . , 4. Our algorithm is
summarized as follows: (1) Remove e1, . . . , ec from MST (P ). Then, we have a
forest containing c+1 subtrees T1, . . . , Tc+1. (2) Find a smallest disk containing
at least one point from each subtree Ti. (This also minimizes the maximum
length of edges incident to q.)

In the second step, we indeed ask a solution to the smallest color spanning
disk : letting C := {1, 2, . . . c + 1} be a color set, we color each point of Ti by
color i ∈ C. This problem can be solved in O(cn log n) time by computing
the farthest color Voronoi diagram [1, 6]: given a collection C = {P1, . . . , Pc}
of c sets of colored points, define the distance to a color i ∈ C as d(x, i) :=
minp∈Pi |xp|. Then, the farthest color Voronoi diagram FCV D(C) is the farthest
Voronoi diagram of the colors under the distance to colors. Like the standard
(Euclidean) farthest Voronoi diagram, FCV D(C) has an application to finding
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e1

e2

(a) (b) (c)

Fig. 2. Illustration of the algorithm for c = 2. (a) For a given set P of points. compute
MST (P ) and remove e1 and e2. (b) Color Ti using different colors, and compute the
FCVD (gray thick segments) to find the smallest color spanning disk (gray dashed
circle). (c) Finally, locate the Steiner point at the center of the disk and add necessary
edges to complete the resulting tree.

1: procedure 1-EuclidBST(P ) � P : a set of points in R
2

2: Compute MST (P ) � minimum spanning tree
3: Sort the edges of MST (P ) by their lengths
4: Let e1, . . . , en−1 be the edges in the order
5: for 1 ≤ c ≤ 4 do
6: Remove e1, . . . , ec from MST (P ) to get c + 1 subtrees T1, . . . , Tc+1

7: Compute FCV D(C) where C := {T1, . . . , Tc+1}
8: Traverse FCV D(C) to find the center of a smallest color-spanning disk D
9: if If the radius of D is smaller than |ec| then

10: q ← the center of D
11: else
12: return q
13: end if
14: end for
15: return q
16: end procedure

Fig. 3. Exact algorithm to EuclidBST for k = 1

a center minimizing the maximum distance to all colors, which is exactly the
center of a smallest color spanning disk. Also, such a center is located on a vertex
or an edge of FCV D(C). The combinatorial complexity of FCV D(C) is known
to be O(cn), where n is the total number of points contained in C.

More precisely, we regard each Ti as a set of points with color i: let C := {Ti |
1 ≤ i ≤ c + 1}, and build FCV D(C) to compute the center of a smallest color
spanning disk, which is the candidate of an optimal location of the Steiner point.
Repeating this procedure for c = 1, . . . , 4 gives us four candidates of an optimal
location of the Steiner point.

Theorem 1. Given a set P of n points in the plane, a Euclidean bottleneck Steiner
tree with a single Steiner point can be computed in O(n log n) time with O(n) space,
and this time bound is worst-case tight in the algebraic decision tree model.

Proof. The time and space complexity of the algorithm is easily checked. To
prove the lower bound of the problem, consider the maximum gap problem:
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Problem 3 (MaxGap). Given n real numbers in R, find the maximum difference
between two consecutive numbers when they are sorted.

This problem has an Ω(n log n) lower bound in the algebraic decision tree model
by Ben-Or [2]; a proof can be found in the book by Preparata and Shamos [9].
For any instance of the maximum gap problem, we transform the given numbers
into the points in R

2 along the x-axis. Any algorithm to the Euclidean bottle-
neck Steiner tree problem locates a Steiner point between two points with the
maximum gap. Thus, two points adjacent to the Steiner point are from the two
consecutive numbers defining the maximum gap. Hence, finding the optimal lo-
cation of a single Steiner point needs at least Ω(n log n) steps in the algebraic
decision tree model.

3 Towards Optimal Location of Multiple Steiner Points

In this section, we extend the above discussion for a single Steiner point to
multiple k > 1 Steiner points. First, Lemma 2 extends to the following.

Lemma 3. Let k be the number of allowed Steiner points in an instance of the
Euclidean bottleneck Steiner tree problem. Then, b(P ∪ {q1, . . . , qk}) ≥ |e4k+1|
for any k points q1, . . . , qk ∈ R

2 and there exists a Euclidean bottleneck Steiner
tree in which each Steiner point has degree at most 5.

Proof. Our proof is by induction on k. The case when k = 1 is proven by
Lemma 2. Suppose that there exists a smallest positive integer k′ > 1 such that
b(P ∪ Q) < |e4k+1| where Q = {q1, . . . , qk′} is a set of optimal locations of k′

Steiner points. Let T be the resulting Steiner tree of vertices P ∪ Q. By the
assumption, T does not contain e1, . . . , e4k′+1 of MST (P ). Also, we can assume
that each qi is of degree at most 5 in T by Lemma 2: consider the problem
instance where we are given P ∪ Q \ {qi} as terminals and want to locate one
Steiner point. On the other hand, consider the problem instance where we are
given P ∪ {qi} as terminals and we want to locate k′ − 1 Steiner points. By the
assumption, an optimal location of k′ −1 Steiner points removes at most 4k′ −4
edges of {e1, . . . , e4k′+1}. This means that qi removes at least 5 edges among
them and T − qi is a forest consisting of at least 6 subtrees, implying that the
degree of qi in T should be at least 6, a contradiction. Hence, there does not
exist such k′ and the lemma is true.

In this section, we introduce the following problem, namely the Euclidean bot-
tleneck Steiner tree with fixed topology on subtrees.

Problem 4 (EuclidBST-FT-ST). Given a set P of n points (terminals) in the
plane, positive integers k and c with c ≤ 4k + 1, and a topology tree T on the
subtrees Ti and k Steiner points, find an optimal location of k Steiner points to
obtain a Euclidean bottleneck Steiner tree with the given topology T .

Let V := {v1, . . . , vc+1, s1, . . . , sk} be the vertex set of T , where vi represents Ti

and sj represents a Steiner point. Each Steiner point does not have degree 1 but
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can have degree 2 in the bottleneck Steiner tree [10]. Together with Lemma 3,
we can restrict T so that each sj has degree between 2 and 5.

3.1 A Special Case Without Edges between Two Steiner Points

The idea of the single Steiner point location can be used to solve a special case of
the EuclidBST, where the resulting Steiner tree should have no edge between
two Steiner points; for fixed c with k ≤ c ≤ 4k, we remove e1, . . . , ec from
MST (P ) to get c + 1 subtrees T1, . . . , Tc+1. Then, for a fixed topology T on all
Ti and k Steiner points as vertices, each Steiner point sj is located at the center
of the smallest color spanning disk of {Ti | Ti adjacent to sj in T }. Hence, for
a given c and a topology tree T as input of EuclidBST-FT-ST, we can find
an optimal location of k Steiner points Q in O(cn log n), when we do not allow
edges between Steiner points in T .

For each k ≤ c ≤ 4k, enumerating all such topologies gives us an exact
solution to EuclidBST. We now count the number of possible topologies T
without edges between two Steiner points.

Lemma 4. There are at most O((4k)!k!/6k) possible topology trees as input of
EuclidBST-FT-ST, where there is no edge between two Steiner points, for any
positive integers k and c with k ≤ c ≤ 4k.

Proof. Since each Steiner point has degree at most 5 and c ≤ 4k by Lemma 3, we
can roughly count the number of possible topologies by choosing 5 subtrees for
each Steiner point. For the first Steiner point s1, it has at most

(4k+1
5

)
number of

possibilities to choose five subtrees to connect. For the second one s2, one of the
five subtrees chosen by s1 should be connected to s2 without loss of generality;
thus the number of its possibilities is at most 5 ·

(4k−4
4

)
. In this way, si has

(4i − 3) ·
(4(k−i)+4

4

)
possibilities to choose five subtrees. Then, we have at most

(
4k + 1

5

)

·5
(

4k − 4
4

)

· · · (4i−3)
(

4(k − i) + 4
4

)

· · · (4k−3)
(

4
4

)

= O((4k)!k!/6k)

possible topology trees for any k and c ≤ 4k, where there is no edge between
Steiner points.

Note that there was no known exact algorithm even for this special case of the
Euclidean bottleneck Steiner tree problem. Thus, it is worth noting the following
theorem.

Theorem 2. There is an O((4k)!k!k2/6k · n log n) time algorithm to compute
an optimal Euclidean bottleneck Steiner tree with no edge between Steiner points
when we are given n terminals in the plane and allow k Steiner points.

Proof. As discussed above, EuclidBST-FT-ST can be solved in O(cn log n)
time. And for fixed c, we have O((4k)!k!/6k) possible topology trees by Lemma 4
and it is easy to see that each enumeration can be done in O(1) time. A rough
calculation results in

∑4k
c=k O((4k)!k!/6k ·cn log n) = O((4k)!k!k2/6k ·n log n).



112 S.W. Bae, C. Lee, and S. Choi

The running time appeared in Theorem 2 is exponential in k but polynomial
in n. Thus, our algorithm runs in O(n log n) time for any constant k. This is
remarkable since there was no known exact algorithm polynomial in n for the
bottleneck Steiner tree problem for any k even for the rectilinear case.

In order to allow edges between Steiner points, we need more geometric obser-
vations. In the following subsection, we show some properties of optimal locations
of Steiner points.

3.2 Properties of the Optimal Solutions

Consider an optimal location of k Steiner points and its resulting Euclidean
Steiner tree; the optimal location of si ∈ V is denoted by qi ∈ R

2 and the
resulting Steiner tree is denoted by T ∗, where Q := {q1, . . . , qk}. Let Ni be the
set of points in P ∪Q that are adjacent to qi in T ∗, ri be the length of the longest
edge incident to qi in T ∗, and Di be the disk centered at qi with radius ri. By
local optimization, we can force each Di to have two or three points in Ni on its
boundary. Note that a disk is said to be determined by three points or by two
diametral points if the three points lie on the boundary of the disk or if the two
points define the diameter of the disk, respectively.

Lemma 5. There exists an optimal location of k Steiner points, q1, . . . , qk such
that (1) Di is determined by two diametral points or by three points in Ni, each
of which belongs to different components Tj and that (2) if there is a terminal
p ∈ Tj ∩ Ni on the boundary of Di, then there is no other terminal p′ ∈ Tj

contained in the interior of Di.

Proof. We first prove that there exists an optimal solution satisfying (1). See
Figure 4. Suppose that q1, . . . , qk are an optimal location of k Steiner points and
that there is Di which does not satisfy (1). Then, we have two possibilities: there
are no three nor two points in Ni determining Di, or two in P ∩ Ni determining
Di belong to the same Tj for some j. We can simply discard the latter case since
it makes a cycle in the resulting Steiner tree; thus, this is the former case. If there
is only one point p ∈ Ni on the boundary of Di, we can continuously move qi in
direction towards p while maintaining Ni to lie inside of the corresponding disk
Di, until Di hits another point p′ ∈ Ni. Observe that the radius of Di decreases
during this process, and two points p and p′ lie on the boundary of Di in the end.

Now, we can assume that we have at least two points p, p′ on the boundary
of Di. If p and p′ define the diameter of Di, we are done. Hence, we are left with
the case when the smaller angle ∠pqip

′ at qi is strictly less than 180◦. We move
qi along the bisecting line1 between p and p′ in the direction that the smaller
angle at qi increases. Then, the smaller angle ∠pqip

′ increases continuously and
the radius of Di decreases continuously, locally. We stop moving qi when the
boundary of Di touches a third point p′′ ∈ Ni or when the angle ∠pqip

′ reaches
exactly 180◦. Also, observe that the radius of Di decreases during this second
movement of qi.
1 The bisecting line between two points p and p′ is the set of equidistant points in R

2

from the two points, that is, the line {x ∈ R
2 | |xp| = |xp′|}.
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qi

p

Di

p

p′

p

p′

p′′

(a) (b) (c)

Fig. 4. Illustration for the proof of Lemma 5. Black dots are those in Ni around qi.
(a) When there is only one point p ∈ Ni on the boundary of Di, (b) we can move qi in
direction towards p so that the boundary of Di touches another point p′ and further
(c) in direction along the bisecting line between p and p′ so that three points p, p′, and
p′′ determines Di. During this process, the radius of Di is subsequently decreasing.

From now, suppose that q1, . . . , qk is an optimal solution satisfying (1) but
not (2), so that there is Di such that p, p′ ∈ Di ∩ Tj and p lies on the boundary
of Di. Then, we can discard the farther one p from qi and we connect qi to p′,
instead, and perform the above process to make Di satisfy (1). Therefore, the
lemma is shown.

Thus, we can assume that our optimal location Q of Steiner points satisfies the
above properties. We call the two or the three points in Ni determining Di the
determinators of Di. If the determinators of Di are all terminals, the position
of qi is rather fixed by Lemma 5; we call such qi solid. Otherwise, if at least
one of the determinators of Di is a Steiner point, then qi is called flexible. The
following is an immediate observation.

Lemma 6. Suppose that there is an edge in T ∗ between two Steiner points
qi, qj ∈ Q. If qi is flexible and qj is a determinator of Di, then rj ≥ ri = |qiqj |.

3.3 Exact Algorithm for k = 2

Based on the properties observed above, we present an exact algorithm for com-
puting the Euclidean bottleneck Steiner tree with two Steiner points.

Lemma 7. An optimal location {q1, q2} of two Steiner points fall into one of
the following cases:
(1) There is no edge between q1 and q2, that is, q1 /∈ N2 and q2 /∈ N1.
(2) q1 ∈ N2, and both q1 and q2 are solid.
(3) q1 ∈ N2, and one of q1 and q2 is solid and the other is flexible.
(4) q1 ∈ N2, and both q1 and q2 are flexible.

Given c ≤ 8 and a topology tree T as above, if T has no edge between s1 and
s2, then we can find an optimal solution as in Theorem 2. Thus, here we focus
on Cases (2)–(4) of Lemma 7.

In the case when T has the edge between s1 and s2, other edges incident to s1
or s2 cover all the vi in T . Let C := {1, 2, . . . , c + 1} and Cj ⊂ C be defined as
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(1) (2)

q1
q2

q1
q2

(3)

q2q1

(4)

q2q1

Fig. 5. Illustration to four cases in Lemma 7. Small black circles and black dots rep-
resent Steiner points and terminals, respectively. D1 and D2 are depicted as dotted
circles centered at q1 and q2.

Cj := {i ∈ C | vi adjacent to sj}, for j = 1, 2. Obviously, C1 and C2 are disjoint
and C1 ∪ C2 = C. Let Cj := {Ti | i ∈ Cj} be the two sets of colored points
induced from the subtrees Ti.

Consider an optimal location Q = {q1, q2}. If q1 is solid, then D1 is a color
spanning disk of {Ti | i ∈ C1} and is determined by two or three points from
different Ti by Lemma 5; that is, q1 lies on a vertex or an edge of the farthest color
Voronoi diagram FCV D(C1) of C1. (This process is almost the same as done for
the case of k = 1.) Hence, the number of possible positions of q1, provided that
q1 is solid, is O(|C1|n).

Note that finding the location q1 of a solid Steiner point is independent from
finding q2 even if q2 is flexible. Thus, even if q1 is solid and q2 is flexible, then
we can just compute the exact location of q1 as above, and next compute q2 by
adding one more colored point {q1} into C2 and performing the above procedure
as if q2 were solid. Hence, solutions in Cases (2) and (3) can be checked in
O(cn log n) time.

What remains is the case when both q1 and q2 are flexible. In this case, we have
r1 = r2 by Lemma 6 since q1 is a determinator of D2 and vice versa. The other
determinators of D1 except q2 are of course terminals in P . There are two cases;
D1 has three determinators or two. In case of two terminals p1 and p2, q1 lies on
an edge of FCV D(C1) determined by p1 and p2 since |p1q1| = |p2q1| = r1. In the
latter case where one terminal p lies on the boundary of D1, q1 is the midpoint
on segment p1q2.

Thus, we can find an optimal location in Case (4) in O(c2n2) time as follows:

1. Choose p1 ∈ Ti ∈ C1 and p2 ∈ Tj ∈ C2. Let x1 and x2 be two points on
segment p1p2 such that |p1x1| = |x1x2| = |x2p2| = 1

3 |p1p2|. Test whether x1
lies in the cell of Ti in FCV D(C1) and x2 lies in the cell of Tj in FCV D(C2).
If this test is passed, {x1, x2} is a candidate of an optimal location {q1, q2}
of two Steiner points where both D1 and D2 have only one terminal on each
of their boundaries.
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2. Choose p1 ∈ Ti ∈ C1 and an edge e from FCV D(C2). Note that e is a portion
of the bisecting line of two points p ∈ Tj and p′ ∈ Tj′ for some j, j′ ∈ C2.
Then, we find a point x2 ∈ e such that 2|x2p| = |x2p1|, if any, and let
x1 be the midpoint on segment x2p1. Test whether x1 lies in the cell of Ti

in FCV D(C1). If the test is passed, {x1, x2} is a candidate of an optimal
location {q1, q2} of two Steiner points where D1 has one terminal and D2
has two on its boundary, respectively. The case where two terminals lie on
the boundary of D1 and one lies on the boundary of D2 can be handled in
a symmetric way.

3. Choose an edge e1 from FCV D(C1) and e2 from FCV D(C2). Let p1 ∈ Ti and
p′1 ∈ Ti′ for i, i′ ∈ C1 be the terminals such that e1 is from the bisecting line
between p1 and p′1. And let p2 ∈ Tj and p′2 ∈ Tj′ for j, j′ ∈ C2 be the terminals
such that e2 is from the bisecting line between p2 and p′2. Then, find two points
x1 ∈ e1 and x2 ∈ e2 such that |p1x1| = |x1x2| = |x2p2|, if any. Then, {x1, x2}
is a candidate of an optimal location {q1, q2} of two Steiner points where two
terminals lie on the boundary of each of D1 and D2.

Consequently, we can find an optimal location q1, q2 by examining all pairs of
terminals and edges of FCV D(C1) and FCV D(C2). Since the complexity of
these diagrams is bounded by O(cn), O(c2n2) time is sufficient to compute an
optimal location of two Steiner points in Case (4) of Lemma 7. To find an
optimal bottleneck Steiner tree with two Steiner points, we enumerate all possible
topologies with two Steiner points and repeat the above process for each 1 ≤
c ≤ 8. Finally, we conclude the following theorem.

Theorem 3. Given a set P of n points in the plane, a Euclidean bottleneck
Steiner tree with two Steiner points can be exactly computed in O(n2) time with
O(n) space.

4 Concluding Remarks

We presented exact algorithms for the Euclidean bottleneck Steiner tree problem
when the number of allowed Steiner points is one or two. In doing so, we revealed
an interesting relation between the optimal location of Steiner points and the
farthest color Voronoi diagram. Surprisingly, any exact algorithm to EuclidBST

or EuclidBST-FT is still unknown for three or more Steiner points, even that
with time super-polynomial in n or k. However, it seems not so simple to compute
an optimal location of Steiner points when there are many flexible Steiner points.
It might need more geometric or combinatorial observations on situations, which
have not been discovered yet.

One remarkable fact is that our approach can be naturally extended to other
metric spaces, such as the rectilinear case (the L1 metric); our proofs are not
very dependent on the Euclidean geometry. For example, in the rectilinear case,
observe that there exists a rectilinear bottleneck Steiner tree where each Steiner
point is of degree at most 7 and the farthest color Voronoi diagram with respect
to the L1 metric, which has been also well understood [6], could be used to build
an algorithmic block as we did for the Euclidean case.
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Abstract. Motivated by the definition of linear coloring on simplicial
complexes, recently introduced in the context of algebraic topology, and
the framework through which it was studied, we introduce the colinear
coloring on graphs. We provide an upper bound for the chromatic num-
ber χ(G), for any graph G, and show that G can be colinearly colored
in polynomial time by proposing a simple algorithm. The colinear col-
oring of a graph G is a vertex coloring such that two vertices can be
assigned the same color, if their corresponding clique sets are associated
by the set inclusion relation (a clique set of a vertex u is the set of all
maximal cliques containing u); the colinear chromatic number λ(G) of
G is the least integer k for which G admits a colinear coloring with k
colors. Based on the colinear coloring, we define the χ-colinear and α-
colinear properties and characterize known graph classes in terms of these
properties.

Keywords: Colinear coloring, chromatic number, chordal graphs,
threshold graphs, quasi-threshold graphs, algorithms, complexity.

1 Introduction

A colinear coloring of a graph G is a coloring of its vertices such that two vertices
are assigned different colors, if their corresponding clique sets are not associated
by the set inclusion relation; a clique set of a vertex u is the set of all maximal
cliques in G containing u. The colinear chromatic number λ(G) of G is the least
integer k for which G admits a colinear coloring with k colors.

Motivated by the definition of linear coloring on simplicial complexes associ-
ated to graphs, first introduced by Civan and Yalçin [5] in the context of algebraic
topology, we studied linear colorings on simplicial complexes which can be rep-
resented by a graph. In particular, we studied the linear coloring problem on
a simplicial complex, namely independence complex I(G) of a graph G. The
independence complex I(G) of a graph G can always be represented by a graph
and, more specifically, is identical to the complement graph G of the graph G;
indeed, the facets of I(G) are exactly the maximal cliques of G. The outcome of
this study was the definition of the colinear coloring of a graph G; the colinear
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coloring of a graph G is a coloring of G such that for any set of vertices taking
the same color, the collection of their clique sets can be linearly ordered by in-
clusion. Note that, the two definitions cannot always be considered as identical
since not in all cases a simplicial complex can be represented by a graph; such
an example is the neighborhood complex N (G) of a graph G. Recently, Civan
and Yalçin [5] studied the linear coloring of the neighborhood complex N (G) of
a graph G and proved that the linear chromatic number of N (G) gives an upper
bound for the chromatic number χ(G) of the graph G. This approach lies in a
general framework met in algebraic topology.

In the context of algebraic topology, one can find much work done on provid-
ing boundaries for the chromatic number of an arbitrary graph G, by examining
the topology of the graph through different simplicial complexes associated to
the graph. This domain was motivated by Kneser’s conjecture, which was posed
in 1955, claiming that “if we split the n-subsets of a (2n + k)-element set into
k + 1 classes, one of the classes will contain two disjoint n-subsets” [9]. Kneser’s
conjecture was first proved by Lovász in 1978, with a proof based on graph
theory, by rephrasing the conjecture into “the chromatic number of Kneser’s
graph KGn,k is k + 2” [10]. Many more topological and combinatorial proofs
followed the interest of which extends beyond the original conjecture [13]. Al-
though Kneser’s conjecture is concerned with the chromatic numbers of certain
graphs (Kneser graphs), the proof methods that are known provide lower bounds
for the chromatic number of any graph [11]. Thus, this initiated the application
of topological tools in studying graph theory problems and more particularly in
graph coloring problems [6].

The interest to provide boundaries for the chromatic number χ(G) of an
arbitrary graph G through the study of different simplicial complexes associated
to G, which is found in algebraic topology bibliography, drove the motivation for
defining the colinear coloring on the graph G and studying the relation between
the chromatic number χ(G) and the colinear chromatic number λ(G). We show
that for any graph G, λ(G) is an upper bound for χ(G). The interest of this
result lies on the fact that we present a colinear coloring algorithm that can be
applied to any graph G and provides an upper bound λ(G) for the chromatic
number of the graph G, i.e. χ(G) ≤ λ(G); in particular, it provides a proper
vertex coloring of G using λ(G) colors. Additionally, recall that a known lower
bound for the chromatic number of any graph G is the clique number ω(G) of
G, i.e. χ(G) ≥ ω(G). Motivated by the definition of perfect graphs, for which
χ(GA) = ω(GA) holds ∀A ⊆ V (G), it was interesting to study those graphs for
which the equality χ(G) = λ(G) holds, and even more those graphs for which
this equality holds for every induced subgraph.

In this paper, we first introduce the colinear coloring of a graph G and study
the relation between the colinear coloring of G and the proper vertex coloring
of G. We prove that, for any graph G, a colinear coloring of G is a proper vertex
coloring of G and, thus, λ(G) is an upper bound for χ(G), i.e. χ(G) ≤ λ(G).
We present a colinear coloring algorithm that can be applied to any graph G.
Motivated by these results and the Perfect Graph Theorem [7], we study those



Colinear Coloring on Graphs 119

graphs for which the equality χ(G) = λ(G) holds for every induce subgraph and
characterize known graph classes in terms of the χ-colinear and the α-colinear
properties. A graph G has the χ-colinear property if its chromatic number χ(G)
equals to the colinear chromatic number λ(G) of its complement graph G, and the
equality holds for every induced subgraph of G, i.e. χ(GA) = λ(GA), ∀A ⊆ V (G);
a graph G has the α-colinear property if its stability number α(G) equals to
its colinear chromatic number λ(G), and the equality holds for every induced
subgraph of G, i.e. α(GA) = λ(GA), ∀A ⊆ V (G). Note that the stability number
α(G) of a graph G is the greatest integer r for which G contains an independent
set of size r. We show that the class of threshold graphs is characterized by the
χ-colinear property and the class of quasi-threshold graphs is characterized by
the α-colinear property.

2 Preliminaries

Let G be a finite undirected graph with no loops or multiple edges. We denote
by V (G) and E(G) the vertex set and edge set of G. The subgraph of a graph
G induced by a subset S of vertices of G is denoted by G[S].

An edge is a pair of distinct vertices x, y ∈ V (G), and is denoted by xy if G
is an undirected graph and by −→xy if G is a directed graph. For a set A ⊆ V (G)
of vertices of the graph G, the subgraph of G induced by A is denoted by GA.
Additionally, the cardinality of a set A is denoted by |A|. The set N(v) = {u ∈
V (G) : uv ∈ E(G)} is called the open neighborhood of the vertex v ∈ V (G) in G,
sometimes denoted by NG(v) for clarity reasons. The set N [v] = N(v) ∪ {v} is
called the closed neighborhood of the vertex v ∈ V (G) in G.

The greatest integer r for which a graph G contains an independent set of
size r is called the independence number or otherwise the stability number of G
and is denoted by α(G). The cardinality of the vertex set of the maximum clique
in G is called the clique number of G and is denoted by ω(G). A proper vertex
coloring of a graph G is a coloring of its vertices such that no two adjacent
vertices are assigned the same color. The chromatic number χ(G) of G is the
least integer k for which G admits a proper vertex coloring with k colors. For
the numbers ω(G) and χ(G) of an arbitrary graph G the inequality ω(G) ≤ χ(G)
holds. In particularly, G is a perfect graph if the equality ω(GA) = χ(GA) holds
∀A ⊆ V (G).

Next, definitions of some graph classes mentioned throughout the paper follow.
A graph is called a chordal graph if it does not contain an induced subgraph
isomorphic to a chordless cycle of four or more vertices. A graph is called a co-
chordal graph if it is the complement of a chordal graph [7]. A hole is a chordless
cycle Cn if n ≥ 5; the complement of a hole is an antihole. A graph G is a split
graph if there is a partition of the vertex set V (G) = K + I, where K induces
a clique in G and I induces an independent set. Split graphs are characterized
as (2K2, C4, C5)-free. Threshold graphs are defined as those graphs where stable
subsets of their vertex sets can be distinguished by using a single linear inequality.
Threshold graphs were introduced by Chvátal and Hammer [4] and characterized
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as (2K2, P4, C4)-free. Quasi-threshold graphs are characterized as the (P4, C4)-
free graphs and are also known in the literature as trivially perfect graphs [7],
[12]. For more details on basic definitions in graph theory refer to [2], [7].

3 Colinear Coloring on Graphs

In this section we define the colinear coloring of a graph G, and we prove some
properties of the colinear coloring of G. It is worth noting that these properties
have been also proved for the linear coloring of the neighborhood complex N (G)
in [5].

Definition 1. Let G be a graph and let v ∈ V (G). The clique set of a vertex v
is the set of all maximal cliques of G containing v and is denoted by CG(v).

Definition 2. Let G be a graph and let k be an integer. A surjective map κ :
V (G) → {1, 2, . . . , k} is called a k-colinear coloring of G if the collection {CG(v) :
κ(v) = i} is linearly ordered by inclusion for all i ∈ {1, 2, . . . , k}, where CG(v) is
the clique set of v, or, equivalently, for two vertices v, u ∈ V (G), if κ(v) = κ(u)
then either CG(v) ⊆ CG(u) or CG(v) ⊇ CG(u). The least integer k for which G is
k-colinear colorable is called the colinear chromatic number of G and is denoted
by λ(G).

Next, we study the colinear coloring on graphs and its association to the proper
vertex coloring. In particular, we show that for any graph G the colinear chro-
matic number of G is an upper bound for χ(G).

Proposition 1. Let G be a graph. If κ : V (G) → {1, 2, . . . , k} is a k-colinear
coloring of G, then κ is a coloring of the graph G.

Proof. Let G be a graph and let κ : V (G) → {1, 2, . . . , k} be a k-colinear coloring
of G. From Definition 2, we have that for any two vertices v, u ∈ V (G), if
κ(v) = κ(u) then either CG(v) ⊆ CG(u) or CG(v) ⊇ CG(u) holds. Without loss
of generality, assume that CG(v) ⊆ CG(u) holds. Consider a maximal clique
C ∈ CG(v). Since CG(v) ⊆ CG(u), we have C ∈ CG(u). Thus, both u, v ∈ C
and therefore uv ∈ E(G) and uv /∈ E(G). Hence, any two vertices assigned the
same color in a k-colinear coloring of G are not neighbors in G. Concluding, any
k-colinear coloring of G is a coloring of G. 
�

It is therefore straightforward to conclude the following.

Corollary 1. For any graph G, λ(G) ≥ χ(G).

In Figure 1 we depict a colinear coloring of the well known graphs 2K2, C4
and P4, using the least possible colors, and show the relation between the chro-
matic number χ(G) of each graph G ∈ {2K2, C4, P4} and the colinear chromatic
number λ(G).
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1 2 1 2

1 2 4 3
1 1 2 2

2K2 C4 P4

λ(2K2) = 2 = χ(2K2) = χ(C4) λ(C4) = 4 �= 2 = χ(C4) = χ(2K2) λ(P4) = 2 = χ(P4) = χ(P4)

Fig. 1. Illustrating a colinear coloring of the graphs 2K2, C4 and P4 with the least
possible colors

Proposition 2. Let G be a graph. A coloring κ : V (G) → {1, 2, . . . , k} of G is
a k-colinear coloring of G if and only if either NG[u] ⊆ NG[v] or NG[u] ⊇ NG[v]
holds in G, for every u, v ∈ V (G) with κ(u) = κ(v).

Proof. Let G be a graph and let κ : V (G) → {1, 2, . . . , k} be a k-colinear coloring
of G. We will show that either NG[u] ⊆ NG[v] or NG[u] ⊇ NG[v] holds in G for
every u, v ∈ V (G) with κ(u) = κ(v). Consider two vertices v, u ∈ V (G), such that
κ(u) = κ(v). Since κ is a colinear coloring of G, we have either CG(u) ⊆ CG(v) or
CG(u) ⊇ CG(v) holds. Without loss of generality, assume that CG(u) ⊆ CG(v). We
will show that NG[u] ⊆ NG[v] holds in G. Assume the opposite. Thus, a vertex
z ∈ V (G) exists, such that z ∈ NG[u] and z /∈ NG[v] and, thus, zu ∈ E(G) and
zv /∈ E(G). Now consider a maximal clique C in G which contains z and u. Since
zv /∈ E(G), it follows that v /∈ C. Thus, there exists a maximal clique C in G
such that C ∈ CG(u) and C /∈ CG(v), which is a contradiction to our assumption
that CG(u) ⊆ CG(v). Therefore, NG[u] ⊆ NG[v] holds in G.

Let G be a graph and let κ : V (G) → {1, 2, . . . , k} be a coloring of G. Assume
now that either NG[u] ⊆ NG[v] or NG[u] ⊇ NG[v] holds in G, for every u, v ∈
V (G) with κ(u) = κ(v). We will show that the coloring κ of G is a k-colinear
coloring of G. Without loss of generality, assume that NG[u] ⊆ NG[v] holds in
G, and we will show that CG(u) ⊆ CG(v). Assume the opposite. Thus, a maximal
clique C exists in G, such that C ∈ CG(u) and C /∈ CG(v). Consider now a vertex
z ∈ V (G) (z �= v), such that z ∈ C and zv /∈ E(G). Such a vertex exists since
C is maximal in G and C /∈ CG(v). Thus, zv /∈ E(G) and either zu ∈ E(G) or
z = u, which is a contradiction to our assumption that NG[u] ⊆ NG[v]. 
�

4 An Algorithm for Colinear Coloring

In this section we present a polynomial time algorithm for colinear coloring
which can be applied to any graph G, and provides an upper bound for χ(G).
Although we have introduced colinear coloring through Definition 2, in our al-
gorithm we exploit the property proved in Proposition 2, since the problem of
finding all maximal cliques of a graph G is not polynomially solvable on general
graphs. Before describing our algorithm, we first construct a directed acyclic
graph (DAG) DG of a graph G, which we call DAG associated to the graph G,
and we use it in the proposed algorithm.

The DAG DG associated to the graph G. Let G be a graph. We first
compute the closed neighborhood NG[v] of each vertex v of G and, then, we
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construct the following directed acyclic graph D, which depicts all inclusion
relations among the vertices’ closed neighborhoods: V (D) = V (G) and E(D) =
{−→xy : x, y ∈ V (D) and NG[x] ⊆ NG[y]}, where −→xy is a directed edge from x
to y. In the case where the equality NG[x] = NG[y] holds, we choose to add
one of the two edges so that the resulting graph D is acyclic. To achieve this,
we consider a partition of the vertex set V (G) into the sets S1, S2, . . . , S�, such
that for any i ∈ {1, 2, . . . , �} vertices x and y belong to a set Si if and only if
NG[x] = NG[y]. For vertices x and y belonging to the same set Si we add the
edge −→xy if and only if x < y. For vertices x and y belonging to different sets Si

and Sj respectively, we add the edge −→xy if and only if NG[x] ⊂ NG[y]. It is easy
to see that the resulting graph D is unique up to isomorphism.

Additionally, it is easy to see that D is a transitive directed acyclic graph.
Indeed, by definition D is constructed on a partially ordered set of elements
(V (D), ≤), such that for some x, y ∈ V (D), x ≤ y ⇔ NG[x] ⊆ NG[y]. Through-
out the paper we refer to the constructed directed acyclic graph as the DAG
associated to the graph G and denote it by DG.

The algorithm for colinear coloring. The proposed algorithm computes a
colinear coloring and the colinear chromatic number of a graph G. The algorithm
works as follows:

(i) compute the closed neighborhood set of every vertex of G and, then, find
the inclusion relations among the neighborhood sets and construct the DAG
DG associated to the graph G.

(ii) find a minimum path cover P(DG), and its size ρ(DG), of the transitive
DAG DG (e.g. see [1],[8]).

(iii) assign a color κ(v) to each vertex v ∈ V (DG), such that vertices belonging
to the same path of P(DG) are assigned the same color and vertices of
different paths are assigned different colors; this is a surjective map κ :
V (DG) → [ρ(DG)].

(iv) return the value κ(v) for each vertex v ∈ V (DG) and the size ρ(DG) of the
minimum path cover of DG; κ is a colinear coloring of G and ρ(DG) equals
the colinear chromatic number λ(G) of G.

Correctness of the algorithm. Let G be a graph and let DG be the DAG
associated to the graph G, which is unique up to isomorphism. Consider the
value κ(v) for each vertex v ∈ V (DG) returned by the algorithm and the size
ρ(DG) of a minimum path cover of DG. We show that the surjective map κ :
V (DG) → [ρ(DG)] is a colinear coloring of the vertices of G, and prove that the
size ρ(DG) of a minimum path cover P(DG) of the DAG DG is equal to the
colinear chromatic number λ(G) of the graph G.

Proposition 3. Let G be a graph and let DG be the DAG associated to the graph
G. A colinear coloring of the graph G can be obtained by assigning a particular
color to all vertices of each path of a path cover of the DAG DG. Moreover,
the size ρ(DG) of a minimum path cover P(DG) of the DAG DG equals to the
colinear chromatic number λ(G) of the graph G.
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Proof. Let G be a graph, DG be the DAG associated to G, and let P(DG) be a
minimum path cover of DG. The size ρ(DG) of the DAG DG, equals to the min-
imum number of directed paths in DG needed to cover the vertices of DG and,
thus, the vertices of G. Now, consider a coloring κ : V (DG) → {1, 2, . . . , k} of the
vertices of DG, such that vertices belonging to the same path are assigned the
same color and vertices of different paths are assigned different colors. Therefore,
we have ρ(DG) colors and ρ(DG) sets of vertices, one for each color. For every
set of vertices belonging to the same path, their corresponding closed neigh-
borhood sets can be linearly ordered by inclusion. Indeed, consider a path in
DG with vertices {v1, v2, . . . , vm} and edges −−−→vivi+1 for i ∈ {1, 2, . . . , m}. From
the construction of DG, it holds that ∀i, j ∈ {1, 2, . . . , m}, −−→vivj ∈ E(DG) ⇔
NG[vi] ⊆ NG[vj ]. In other words, the corresponding neighborhood sets of the
vertices belonging to a path in DG are linearly ordered by inclusion. Thus, the
coloring κ of the vertices of DG gives a colinear coloring of G. This colinear
coloring κ is optimal, uses k = ρ(DG) colors, and gives the colinear chromatic
number λ(G) of the graph G. Indeed, suppose that there exists a different colin-
ear coloring κ′ : V (DG) → [k′] of G using k′ colors, such that k′ < k. For every
color given in κ′, consider a set consisted of the vertices assigned that color. It is
true that for the vertices belonging to the same set, their neighborhood sets are
linearly ordered by inclusion. Therefore, these vertices can belong to the same
path in DG. Thus, each set of vertices in G corresponds to a path in DG and,
additionally, all vertices of G (and therefore of DG) are covered. This is a path
cover of DG of size ρ′(DG) = k′ < k = ρ(DG), which is a contradiction since
P(DG) is a minimum path cover of DG. Therefore, we conclude that the colinear
coloring κ : V (DG) → [ρ(DG)] is optimal and, hence, ρ(DG) = λ(G). 
�

Complexity of the algorithm. Let G be a graph, V (G) = n, E(G) = m, and
let DG be the DAG associated to the graph G. Step (i) of the algorithm, which
includes the construction of the DAG DG, takes O(nm) time. In particular, it
takes O(nm) time to compute the closed neighborhood set of every vertex of G,
O(nm) time to find the inclusion relations among the neighborhood sets, and
O(n+m) time to construct the DAG DG. Note that, we only need to check pairs
of vertices that are connected by an edge in G. Step (ii) computes a minimum
path cover in the transitive DAG DG; the problem is known to be polynomially
solvable, since it can be reduced to the maximum matching problem in a bipartite
graph formed from the transitive DAG [1]. The maximum matching problem in
a bipartite graph takes O((m + n)

√
n) time, due to an algorithm by Hopcroft

and Karp [8]. Finally, both Steps (iii) and (iv) can be executed in O(n) time.
Therefore, the complexity of the algorithm is O(nm + n

√
n).

5 Graphs Having the χ-Colinear and α-Colinear
Properties

In Section 3 we showed that for any graph G, the colinear chromatic number
λ(G) of G is an upper bound for the chromatic number χ(G) of G, i.e. χ(G) ≤
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λ(G). Recall that a known lower bound for the chromatic number of G is the
clique number ω(G) of G, i.e. χ(G) ≥ ω(G). Motivated by the Perfect Graph
Theorem [7], in this section we exploit our results on colinear coloring and we
study those graphs for which the equality χ(G) = λ(G) holds for every induced
subgraph. The outcome of this study was the definition of the following two
graph properties and the characterization of known graph classes in terms of
these properties.

◦ χ-colinear property. A graph G has the χ-colinear property if for every
induced subgraph GA of the graph G, χ(GA) = λ(GA), A ⊆ V (G).

◦ α-colinear property. A graph G has the α-colinear property if for every
induced subgraph GA of a graph G, α(GA) = λ(GA), A ⊆ V (G).

Next, we show that the class of threshold graphs is characterized by the χ-
colinear property and the class of quasi-threshold graphs is characterized by
the α-colinear property. We also show that any graph that has the χ-colinear
property is perfect; actually, we show that any graph that has the χ-colinear
property is a co-chordal graph, and any graph that has the α-colinear property
is a chordal graph. We first give some definitions and show some interesting
results.

Definition 3. The edge uv of a graph G is called actual if neither NG[u] ⊆ NG[v]
nor NG[u] ⊇ NG[v]. The set of all actual edges of G will be denoted by Eα(G).

Definition 4. A graph G is called quasi-threshold if it has no induced subgraph
isomorphic to a C4 or a P4 or, equivalently, if it contains no actual edges.

More details on actual edges and characterizations of quasi-threshold graphs
through a classification of their edges can be found in [12]. The following result
directly follows from Definition 3 and Proposition 2.

Proposition 4. Let κ : V (G) → {1, 2, . . . , k} be a k-colinear coloring of the
graph G. If the edge uv ∈ E(G) is an actual edge of G, then κ(u) �= κ(v).

Based on Definition 3, the χ-colinear property and Proposition 5.1, we prove the
following result.

Proposition 5. Let G be a graph and let F be the graph such that V (F ) =
V (G) and E(F ) = E(G) ∪ Eα(G). The graph G has the χ-colinear property if
χ(GA) = ω(FA), ∀A ⊆ V (G).

Proof. Let G be a graph and let F be a graph such that V (F ) = V (G) and
E(F ) = E(G) ∪ Eα(G), where Eα(G) is the set of all actual edges of G. By
definition, G has the χ-colinear property if χ(GA) = λ(GA), ∀A ⊆ V (G). It
suffices to show that λ(GA) = ω(FA), ∀A ⊆ V (G). From Definition 2, it is
easy to see that two vertices which are not connected by an edge in GA belong
necessarily to different cliques and, thus, they cannot receive the same color in a
colinear coloring of GA. In other words, the vertices which are connected by an
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edge in GA cannot take the same color in a colinear coloring of GA. Moreover,
from Proposition 4 vertices which are endpoints of actual edges in GA cannot
take the same color in a colinear coloring of GA.

Next, we construct the graph FA with vertex set V (FA) = V (GA) and edge
set E(FA) = E(GA) ∪ Eα(GA), where Eα(GA) is the set of all actual edges of
GA. Every two vertices in FA, which have to take a different color in a colinear
coloring of GA are connected by an edge. Thus, the size of the maximum clique
in FA equals to the size of the maximum set of vertices which pairwise must take
a different color in GA, i.e. ω(FA) = λ(GA) holds for all A ⊆ V (G). Concluding,
G has the χ-colinear property if χ(GA) = ω(FA), ∀A ⊆ V (G). 
�

Taking into consideration Proposition 5 and the structure of the edge set E(F ) =
E(G) ∪ Eα(G) of the graph F , it is easy to see that E(F ) = E(G) if G has no
actual edges. Actually, this will be true for all induced subgraphs, since if G is a
quasi-threshold graph then GA is also a quasi-threshold graph for all A ⊆ V (G).
Thus, χ(GA) = ω(FA), ∀A ⊆ V (G). Therefore, the following result holds.

Corollary 2. Let G be a graph. If G is quasi-threshold, then G has the χ-
colinear property.

From Corollary 2 we obtain a more interesting result.

Proposition 6. Any threshold graph has the χ-colinear property.

Proof. Let G be a threshold graph. It has been proved that an undirected graph
G is a threshold graph if and only if G and its complement G are quasi-threshold
graphs [12]. From Corollary 2, if G is quasi-threshold then G has the χ-colinear
property. Concluding, if G is threshold, then G is quasi-threshold and thus G
has the χ-colinear property. 
�

However, not any graph that has the χ-colinear property is a threshold graph.
Indeed, Chvátal and Hammer [4] showed that threshold graphs are (2K2, P4, C4)-
free and, thus, the graphs P4 and C4 have the χ-colinear property but they are
not threshold graphs (see Figure 1). We note that the proof that any threshold
graph G has the χ-colinear property can be also obtained by showing that any
coloring of a threshold graph G is a colinear coloring of G by using Proposition 2,
the basic set theory property that NG(u) = V (G)\NG[u], Corollary 1 and the
property that N(u) ⊆ N [v] or N(v) ⊆ N [u] for any two vertices u, v of G.
However, Proposition 5 and Corollary 2 actually give us a stronger result since
the class of quasi-threshold graphs is a superclass of the class of threshold graphs.

The following result is even more interesting, since it shows that any graph
that has the χ-colinear property is a perfect graph.

Proposition 7. Any graph that has the χ-colinear property is a co-chordal
graph.

Proof. Let G be a graph that has the χ-colinear property. It has been showed that
a co-chordal graph is (2K2, antihole)-free [7]. To show that any graph G that has
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the χ-colinear property is a co-chordal graph we will show that if G has a 2K2 or
an antihole as induced subgraph, then G is does not have the χ-colinear prop-
erty. Since by definition a graph G has the χ-colinear property if the equality
χ(GA) = λ(GA) holds for every induced subgraph GA of G, it suffices to show
that the graphs 2K2 and antihole do not have the χ-colinear property.

The graph 2K2 does not have the χ-colinear property, since χ(2K2) = 2 �= 4 =
λ(C4); see Figure 1. Now, consider the graph G = Cn which is an antihole of size
n ≥ 5. We will show that χ(G) �= λ(G). It follows that λ(G) = λ(Cn) = n ≥ 5,
i.e. if the graph G = Cn is to be colored colinearly, every vertex has to take a
different color. Indeed, assume that a colinear coloring κ : V (G) → {1, 2, . . . , k}
of G = Cn exists such that for some ui, uj ∈ V (G), i �= j, 1 ≤ i, j ≤ n,
κ(ui) = κ(uj). Since ui, uj are vertices of a hole, their neighborhoods in G are
N [ui] = {ui−1, ui, ui+1} and N [uj ] = {uj−1, uj, uj+1}, 2 ≤ i, j ≤ n − 1. For
i = 1 or i = n, N [u1] = {un, u2} and N [un] = {un−1, u1}. Since κ(ui) = κ(uj),
from Proposition 2 we obtain that one of the inclusion relations N [ui] ⊆ N [uj ]
or N [ui] ⊇ N [uj] must hold in G. Obviously this is possible if and only if i = j,
for n ≥ 5; this is a contradiction to the assumption that i �= j. Thus, no two
vertices in a hole take the same color in a colinear coloring. Therefore, λ(G) = n.
It suffices to show that χ(G) < n. It is easy to see that for the antihole Cn,
deg(u) = n − 3, for every vertex u ∈ V (G). Brook’s theorem [3] states that for
an arbitrary graph G and for all u ∈ V (G), χ(G) ≤ max{d(u)+1} = (n−3)+1 =
n−2. Therefore, χ(G) ≤ n−2 < n = λ(G). Thus the antihole Cn does not have
the χ-colinear property.

We have showed that the graphs 2K2 and antihole do not have the χ-
colinear property. It follows that any graph that has the χ-colinear property
is (2K2, antihole)-free and, thus, any graph that has the χ-colinear property is
a co-chordal graph. 
�

Although any graph that has the χ-colinear property is co-chordal, the reverse is
not always true. For example, the graph G in Figure 2 is a co-chordal graph but
it does not have the χ-colinear property. Indeed, χ(G) = 4 and λ(G) = 5. It is
easy to see that this graph is also a split graph. Moreover, not any graph that
has the χ-colinear property is a split graph, since the graph C4 has the χ-colinear
property but it is not a split graph. However, there exist split graph which have
the χ-colinear property; an example is the graph C3. Recall that a graph G is a
split graph if there is a partition of the vertex set V (G) = K + I, where K induces
a clique in G and I induces an independent set; split graphs are characterized as
(2K2, C4, C5)-free graphs.

Fig. 2. A graph G which is a split graph but it does not have the χ-colinear property,
since χ(G) = 4 and λ(G) = 5
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1 3

2 3 1 1 2 3 4 4

1 2
P6 and λ(P6) = 4

P6 and χ(P6) = 3

Fig. 3. Illustrating the graph P 6 which does not have the χ-colinear property, since
χ(P 6) �= λ(P6)

We have proved that graphs that satisfy the χ-colinear property do not contain
a 2K2 or an antihole. Note that, since C5 = C5 and also the chordless cycle Cn

is 2K2-free for n ≥ 6, it is easy to see that graphs that have the χ-colinear
property are hole-free. In addition, the graph P 6 does not have the χ-colinear
property (see Figure 3). Thus, we obtain the following result.

Proposition 8. If a graph G satisfies the χ-colinear property, then G is a
(2K2, antihole, P 6)-free graph.

Since graphs having the χ-colinear property are perfect, it follows that any
graph G having the χ-colinear property satisfies χ(GA) = ω(GA) = α(GA),
∀A ⊆ V (G). Therefore, the following result holds.

Proposition 9. A graph G has the α-colinear property if and only if the graph
G has the χ-colinear property.

From Corollary 1, and Proposition 9 we obtain the following characterization.

Proposition 10. The graphs that are characterized by the α-colinear property
are those graphs G for which the colinear chromatic number achieves its theo-
retical lower bound in every induced subgraph of G.

From Corollary 2 and Proposition 9 we can obtain the following result.

Proposition 11. Any quasi-threshold graph has the α-colinear property.

From Propositions 8 and 9 we obtain that graphs that are characterized by the
α-colinear property are (C4, hole, P6)-free. Therefore, the following result holds.

Proposition 12. Any graph that has the α-colinear property is a chordal graph.

Although any graph that has the α-colinear property is chordal, the reverse is
not always true, i.e. not any chordal graph graph has the α-colinear property. For
example, the complement G of the graph illustrated in Figure 2 is a chordal graph
but it does not have the α-colinear property. Indeed, α(G) = 4 and λ(G) = 5.
It is easy to see that this graph is also a split graph. Moreover, not any graph
having the α-colinear property is a split graph, since the graph 2K2 has the
α-colinear property but it is not a split graph. However, there exist split graphs
that have the α-colinear property; an example is the graph C3.
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6 Concluding Remarks

In this paper we introduced the colinear coloring on graphs, proposed a colin-
ear coloring algorithm that can be applied to any graph G, and defined two
graph properties, namely the χ-colinear and α-colinear properties. An interest-
ing question would be to study the graphs that are characterized completely by
the χ-colinear or the α-colinear property. In addition, it would be interesting
to study the relation between the colinear chromatic number and other coloring
numbers such as the harmonious number and the achromatic number on classes
of graphs.
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Abstract. We describe for the first time how the 5-regular simple planar
graphs can all be obtained from an elementary family of starting graphs
by repeatedly applying a few local expansion operations. The proof uses
an innovative amalgam of theory and computation. By incorporating the
recursion into the canonical construction path method of isomorph rejec-
tion, a generator of non-isomorphic embedded 5-regular planar graphs is
obtained with time complexity O(n2) per isomorphism class.
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1 Introduction

On account of Euler’s formula, a simple planar graph has average degree less
than 6, and therefore a regular simple planar graph can have degree at most 5.
However, although much is known about the structure of 3-regular and 4-regular
simple planar graphs, there is little literature on the 5-regular case.

Our aim in this paper is to present a recursive construction of all connected
5-regular simple planar graphs. The proof employs an innovative combination of
human and computational logic.

By a connected 5-regular simple planar graph (CSPG5) we mean a connected
5-regular simple graph embedded on the sphere. We do not distinguish an outer
face. The dual of a CSPG5 is a connected planar graph of minimum degree at
least 3, with each face bounded by 5 edges, having the additional property that
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no two faces share more than one edge of their boundaries. The dual is not
necessarily simple.

Two planar graphs are regarded as the same if there is an embedding-
preserving isomorphism (possibly reflectional) between them. That is, we are
not concerned with abstract graph isomorphisms.

Let C be a class of planar graphs, S a subset of C, and F a set of mappings
from subsets of C to the power set 2C. We say that (S, F) recursively generates C
if for every G ∈ C there is a sequence G1, G2, . . . , Gk = G in C where G1 ∈ S and,
for each i, Gi+1 ∈ F (Gi) for some F ∈ F . In many practical examples including
that in this paper, there is some nonnegative integral graph parameter (such
as the number of vertices) which is always increased by mappings in F , and S
consists of those graphs which are not in the range of any F ∈ F . In this case,
we refer to the elements of F as expansions, their inverses as reductions, and the
graphs in S as irreducible. In this circumstance, (S, F) recursively generates C
if every graph in C − S is reducible.

Recursive generation algorithms for many classes of planar graphs have ap-
peared in the literature. Expansions usually take the form of replacing some small
subgraph by a larger subgraph. We mention the examples of 3-connected [12],
3-regular [5], minimum degree 4 [1], 4-regular [4,10], minimum degree 5 [3], and
fullerenes (minimum degree 5 and maximum degree 6) [7]. Such construction
theorems can be used to prove properties of graph classes by induction as well
as to produce actual generators for practical use. Conspicuously missing from
this list is the class of 5-regular planar graphs, which is somewhat harder than
the others. We are aware only of a partial result [9]. In this paper we will fill
this gap.

The numbers of isomorphism types of CSPG5s of order up to 36 appear in
Table 1.

Table 1. Counts of connected 5-regular simple planar graphs of small order

vertices faces connectivity 1 connectivity 2 connectivity 3 total
12 20 0 0 1 1
14 23 0 0 0 0
16 26 0 0 1 1
18 29 0 0 1 1
20 32 0 0 6 6
22 35 0 0 14 14
24 38 0 2 96 98
26 41 0 11 518 529
28 44 5 113 3917 4035
30 47 53 1135 29821 31009
32 50 573 11383 240430 252386
34 53 5780 110607 1957382 2073769
36 56 55921 1054596 16166596 17277113
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(M) (C) (J)

(T) (B)

(D1)

(Dk)(D3)

(D2)

Fig. 1. Irreducible graphs, including the infinite sequence D1, D2, . . .
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Our starting set S consists of the 5 graphs M, C, J, T, B and the infinite family
{Di | i ≥ 1} described in Figure 1.

Our main result employs 6 expansions, each of which involve replacing a small
subgraph by a larger subgraph. We define them via their corresponding reduc-
tions, as shown in Figure 2. In interpreting the figure, the following rules apply:

1. The 5-regular graph resulting from a reduction must be connected and
simple.

2. The vertices of degree 1 shown in Figure 2 as A, B, . . . are defined by their
cyclic order around the given vertices of degree 5. However they need not be
distinct.

3. The vertices of degree 5 shown in Figure 2 have no adjacencies apart from
those shown.

4. Each reduction includes its mirror image. (For example, the mirror image of
A2 inserts edges CD, BE, AF, HG.)

Let F be the set of expansions inverse to the reductions {A1, A2, B, C1, C2, C3}
shown in Figure 2. We can now state our main result.

Theorem 1. The class of all CSPG5s is generated by (S, F).

To prove the theorem, we need to show that every CSPG5 not in S is reducible
by one of the reductions R = {A1, A2, B, C1, C2, C3}. We abbreviate this to
“R-reducible”. The structure of the remainder of the paper is as follows. In
Section 2 we show that CSPG5s with a cut-vertex are R-reducible, and in the
following section we do the same for graphs of connectivity 2, partly with com-
puter assistance. In Section 4, we first show that 3-connected CSPG5s with a
separating 3-cycle are R-reducible. Then we show that 3-connected CSPG5s not
in {M, C, J, T, B, D1, D2} are R′-reducible, where R′ is R with an additional
reduction D added. Finally, we show that the extra reduction D is unnecessary
if Di (i ≥ 3) are added to the starting set. This will complete the proof of
Theorem 1.

2 Cut-Vertices

In this section we consider the case that the graph has a cut-vertex. Reductions
will be specified according to the labelling in Figure 2. In the case of A and
B reductions, we can also specify the mirror image with a notation like, for
example, AR

2 (v, w).

Lemma 1. Every CSPG5 with a cut-vertex is R-reducible.

Proof. Take such a cut-vertex v incident with an end-block. Three cases can
occur, as illustrated in Figure 3(a–c), where the end-block is drawn on the left.
In case (a), reduction A1(v, w) applies. (Multiple edges are impossible, and the
reduced graph is connected because end-blocks are connected. We will generally
omit such detail in our description.)
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Fig. 3. Possible cases for a 1-cut

In case (c), either reduction C1(u, v, w) or C1(x, v, y) applies unless the situa-
tion in Figure 3(c1) occurs. However, in this case C1(y, v, x) applies. In case (b),
either reduction C1(u, v, w) or C1(x, v, y) applies. A situation mirror to that in
Figure 3(c1) cannot occur since the left side of v is an end-block.

3 2-Vertex Cuts

In this section we show that 2-connected CSPG5s with a 2-cut are R-reducible.

Lemma 2. Every 2-connected CSPG5 with a cut consisting of two edges or an
edge and a vertex is R-reducible.

Proof. The two possibilities are illustrated in Figure 4.
In the case of cuts of two edges, we can apply A1(x, y) unless xi = w and

yi = z for some i. If x1 = w and y1 = z, C2(w, x, y) can be applied instead. If
x2 = w and y2 = z, either AR

2 (w, x) or C3(x1, x, w) can be applied. The other
two cases are equivalent to these.

Now consider the case of a cut consisting of an edge and a vertex. If y = d,
connectivity implies that y4 = v. If y1 = e and x = c, the reduction C2(e, y, x)
applies; otherwise A2(v, y) applies. If y �= d, and also y �= e (which is equivalent),
we consider whether x is the same as a, b or c. The case x = b implies a two-edge
cut, which is treated above, and x = c is equivalent to x = a. If x = a, apply
C1(e, v, c), while if x �= a, b, c apply A1(x, y).
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Fig. 4. Cuts of two edges or one edge and a vertex

Lemma 3. Every 2-connected CSPG5 with a cut of two adjacent vertices is
R-reducible.

Proof. The only possibility not covered by Lemma 2 is shown in Figure 5(a).
We start by noting that b = f , d = h, a = e or c = g imply a 2-cut covered by
Lemma 2. Therefore, either C1(a, x, b) or C1(b, x, a) applies unless either a = g
and h = b, or d = f and c = e. We now divide the argument according to which
of those two situations occurs.

If a = g, h = b, d = f and c = e, either A2(c, x) or A2(c, y) applies. If a = g,
h = b, c �= e and d = f , C3(a, y, b) or C3(a, x, b) applies.

Suppose a = g, h = b, c �= e and d �= f , as shown in Figure 5(b). If f4 �= d,
C1(f, y, x) applies. If f4 = d and d1 �= b, C3(f, y, x) applies, whereas if f4 = d
and f1 �= b, C3(d, y, x) applies. Therefore, from now on we assume that f4 = d
and d1 = f1 = b. If d2 �= b2, A2(f, b) applies, whereas if f2 �= b2, A2(d, b) applies.
If d2 = f2 = b2, A2(y, f) applies, and if f4 �= d4 then B(f, b) applies.

If a �= g, h = b, c = e and d = f , one of AR
2 (x, d) and AR

2 (y, d) applies.
The remaining case is that a �= g, h �= b, c = e and d = f . One of A2(y, d),

A2(x, d), A2(y, c) and A2(x, c) applies unless we have the situation that appears
in Figure 5(c). Removal of the cut {x, y} clearly results in exactly 2 components,
so assume that (i) no other types of adjacent 2-cuts are present (since we already
considered them above), and (ii) the component to the right of {x, y} is a smallest
of the components resulting from a cut of 2 adjacent vertices.
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Fig. 5. Remaining case of cuts of 2 adjacent vertices
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Although this case can be completed by hand, it is time-consuming and com-
plicated so a computer program was employed. The initial configuration shown
in the figure was expanded one vertex at a time. At each step, the program
had an induced subgraph, some of whose vertices had additional edges whose
other endpoint was not yet constructed. Such “incomplete edges” are distinct
(since the subgraph is induced) but their endpoints might coincide. Expanding
the subgraph consisted of choosing an incomplete edge (choosing the oldest on
the right side of the cut proved a good heuristic), adding a new vertex to its
incomplete end, then deciding all the additional adjacencies of the new vertex
to the previous induced subgraph. Those sets of adjacencies that implied a 1-
cut, a 2-cut of two adjacent vertices to the right of {x, y}, or a reduction in R,
were rejected. This expansion process finished after less than one second, never
making an induced subgraph larger than 18 vertices. This completes the proof
of the lemma.
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Lemma 4. Every 2-connected CSPG5 with a cut of two non-adjacent vertices
is R-reducible.

Proof. The two cases not covered by Lemma 2 are shown in Figure 6(a,b).
Consider case (a) first. If g �= j or a �= f , then C1(g, x, a) applies. If g = j and

a = f , we have the situation of Figure 6(a1). If g3 �= i, A2(x, g) applies, whereas
if g1 �= h, A2(y, g) applies. If g3 = i and g1 = h, then C1(h, x, c) applies.

Now consider case (b). If a �= e or f �= j, C1(f, x, a) applies, while if a = e,
f = j and either c �= d or g �= h, C1(g, x, c) applies. This leaves the case that
a = e, f = j, c = d and g = h, as in Figure 6(b1). In that case we find that
C3(c, y, g) applies if g1 �= f , A2(x, f) applies if g1 = f and i �= f3, and AR

2 (x, g)
applies if g1 = f , i = f3 and g3 �= i. The remaining situation is as shown in
Figure 6(b2). We find that A2(y, i) applies if g2 �= i1 and C3(g2, g, f) applies
of g2 = i1 (since i2 = f2 would imply that {i2, f2} is a type of 2-cut that was
already considered).

4 Completion of the Proof

A separating 3-cycle is a 3-cycle which is not the boundary of a face.

Lemma 5. Every 3-connected CSPG5 with a separating 3-cycle is R-reducible.

Proof. By the symmetry between the inside and outside of the 3-cycle, two cases
can occur as shown in Figure 7. In case (a), 3-connectivity requires x, y, z to be
distinct, so C2(v, u, x) applies (if the reduced graph is disconnected then x is
a cut-vertex). In case (b), 3-connectivity requires y �= z. If x �= z and t �= y,
C2(w, v, y) applies, while if x = z we must have t �= y by connectivity, so AR

2 (u, x)
applies.

To complete the proof of Theorem 1 we will first show that 3-connected CSPG5s
without separating 3-cycles, other than a finite set of CSPG5s, are R′-reducible.
Here R′ = R ∪ {D}, where D is the additional reduction shown in Figure 8.
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Fig. 7. Cases for a separating 3-cycle
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D

Fig. 8. The reduction D

Together with the results of Sections 2-4, this shows that all CSPG5s other
than elements of S are R′-reducible. We will then argue that reduction D is not
actually required, thereby proving Theorem 1.

Lemma 6. Every 3-connected CSPG5 is R′-reducible, except for M, C, J, T, B,
D1, D2.

Proof. The proof of this lemma is tedious and was carried out by a computer
program similar to that described in Lemma 3.

Since the average face size of a CSPG5 is greater than 3 (except for the
dodecahedron), there is a face of size at least 4. Therefore, we grew induced
subgraphs starting with a 4-face, and then starting with a path of 4 vertices on
the boundary of a larger face. In the latter case, we forbade 4-faces since they
were already covered by the former case. As the induced subgraph was grown,
we rejected those that implied cuts of size less than 3, separating 3-cycles (on
account of Lemma 5), or R′-reductions.

It is easy to see that the result of applying an R′-reduction to a 3-connected
CSPG5 results in a connected graph. So in all cases the program does not need
to verify connectivity.

The program completed execution in 21 seconds. In total, 39621 induced sub-
graphs were found which did not evidently have connectivity problems or R′-
reductions. These had at most 72 vertices. Of these subgraphs, 23 were regular
but all of these were isomorphic to one of M, C, J, T, B, D1, D2. This completes
the proof.

Proof (of Theorem 1). According to Lemmas 1–6, every CSPG5 is reducible by
a reduction in R′, except for the graphs M, C, J, T, B, D1, D2. Now consider the
smallest CSPG5 G, not in the above list, that is not R-reducible. Let G′ be the
result of reducing G by a D reduction. Since D reductions preserve regularity,
simplicity and connectivity, G′ is a CSPG5. Moreover, any reduction in R that
applies to G′ must also apply to G. Therefore, G′ contradicts the minimality of
G unless G′ is one of M, C, J, T, B, D1, D2. Of these possibilities, only D2 has the
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configuration that results from a D reduction and the only graph which reduces
to it is D3. Arguing in the same manner produces the sequence D4, D5, . . . . This
completes the proof of the theorem.

As a partial check of the theorem, we found an R-reduction for each of the 19.6
million graphs listed in Table 1, apart from the known irreducible graphs. These
were made very slowly using a modified version of the program plantri [2]. The
present, very much faster, algorithm will be incorporated into plantri in due
course.

5 Concluding Remarks

Theorem 1 can be used in conjunction with the method of [11] to produce a
generator of non-isomorphic simple 5-regular planar graphs. Briefly the method
works as follows. For each graph G, one expansion is attempted from each equiv-
alence class of expansions under the automorphism group of G. If the new larger
graph is H , then H is accepted if the reduction inverse to the expansion by
which H was constructed is equivalent under the automorphism group of H to
a “canonical” reduction of H ; otherwise it is rejected. The essential algorithmic
requirements are computation of automorphism groups and canonical labelling,
which can be done in linear time [6,8]. The number of reductions can be applied
to one graph is clearly O(n), so by [11, Theorem 3], the amortised time per
output graph is at most O(n2). This does not reflect the likely practical perfor-
mance; as with all the graph classes mentioned in [2], a careful use of heuristics
is likely to make the amortised time per graph approximately constant within
the range of sizes for which examination of all the graphs is plausible.
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Abstract. In this paper, we give a simple algorithm to generate all or-
dered trees with exactly n vertices including exactly k leaves. The best
known algorithm generates such trees in O(n − k) time for each, while
our algorithm generates such trees in O(1) time for each in worst case.

Keywords: graph, algorithm, ordered tree, enumeration, family tree.

1 Introduction

It is useful to have the complete list of objects for a particular class. One can
use such a list to search for a counter-example to some conjecture, to find the
best object among all candidates, or to experimentally measure an average per-
formance of an algorithm over all possible inputs.

Many algorithms to generate all objects in a particular class, without repe-
tition, are already known [1,2,11,13,12,15,16,17,20,26,28]. Many excellent text-
books have been published on the subject [4,6,10,25].

Trees are the most fundamental models frequently used in many areas, includ-
ing searching for keys, modeling computation, parsing a program, etc. From the
point of view, a lot of enumeration algorithms for trees are proposed
[2,11,15,17,18,23,26], and a great textbook has been published by Knuth [7].
Also, enumeration algorithms for some subclasses of trees are known [5].

A rooted tree means a tree with one designated “root” vertex. Note that there
is no ordering among the children of each vertex. Beyer and Hedetniemi [2] gave
an algorithm to generate all rooted trees with n vertices. Their algorithm is the
first one to generate all rooted trees in O(1) time per tree on average, and based
on the level sequence representation. Li and Ruskey [11] also gave an algorithm
to generate all such trees, and showed that it was easily modified to generate
restricted classes of rooted trees. The possible restrictions are (1) upper bound
on the number of children, and (2) lower and upper bounds on the height of a
rooted tree.
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Fig. 1. All rooted ordered trees with 5 vertices including 3 leaves

A tree without the root vertex is called a free tree. Due to the absence of the
root vertex, the generation of nonisomorphic free trees is a more difficult problem.
Wright et al. [26], and Li and Ruskey [11] gave algorithms to generate all free
trees in O(1) time per tree on average, then Nakano and Uno [17] improved the
running time to O(1) time in worst case. Also they generalized the algorithm
to generate all “colored” trees [18], where a colored tree is a tree in which each
vertex has a color.

An ordered tree means a rooted tree with a left-to-right ordering specified for
the children of each vertex. An algorithm to generate all ordered trees has been
proposed by Nakano [15]. He also gave a method to generate non-rooted ordered
trees in [15]. Sawada [23] handled enumeration problem for similar but different
class of trees, called circular-ordered trees. A circular-ordered tree is a rooted
tree with a circular ordering specified for the children of each vertex. Sawada
[23] gave algorithms to generate circular-ordered trees and non-rooted ones in
O(1) time per tree on average.

In this paper, we wish to generate all ordered trees with exactly n vertices
including exactly k leaves. See Fig. 1 for examples.

Let Sn,k be the set of ordered trees with exactly n vertices including exactly k
leaves. For instance there are six ordered trees with exactly 5 vertices including 3
leaves, as shown in Fig. 1 in which the root vertices are depicted by white circles,
and |S5,3| = 6. Such trees are one of the most natural subclasses of trees and are
researched extensively, including enumeration [15,19], counting [24, p.237] and
random generation [14].

The number of trees in Sn,k is known as the Narayana number [24, p.237] as
follows:

|Sn,k| =

(
n−2
k−1

)(
n−1
k−1

)

k
.

Two algorithms to generate all trees in Sn,k are already known. Pallo [19]
gave an algorithm to generate each tree in Sn,k in O(n − k) time on average.
Also, Nakano’s algorithm in [15] generates each tree in Sn,k in O(n − k) time on
average.

By combining an algorithm to generate all ordered trees with specified degree
sequence [8,9,22,29, etc], and a slightly modified version of an algorithm to gen-
erate all integer partitions into (n − k) parts [3,21,27,30, etc], one can design an
algorithm to generate all trees in Sn,k. Although such algorithm may generate
each tree in O(1) time in worst case, the algorithm is very complicated.

In this paper, we give a simple and efficient algorithm to generate all trees in
Sn,k. Our algorithm generates each tree in Sn,k in O(1) time in worst case. The
main idea of our algorithms is as follows. For some graph enumeration problems
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(biconnected triangulation [12], triconnected triangulations [16], plane graphs
[28] and ordered trees [15]) we can define a simple tree structure among the
graphs, called the family tree, in which each vertex corresponds to each graph
to be enumerated. In this paper, we design a cleverer family tree than the one
in [15].

The rest of the paper is organized as follows. Section 2 gives some definitions.
Section 3 defines the family tree among trees in Sn,k. Section 4 gives a simple
algorithm to generate all trees in Sn,k.

2 Definitions

In this section, we give some definitions.
Let G be a connected graph with n vertices. In this paper, all graphs are

unlabeled. The degree of a vertex v, denoted by d(v), is the number of neighbors
of v in G. A tree is a connected graph with no cycle. A rooted tree is a tree with
one vertex r chosen as its root. For each vertex v in a rooted tree, let UP(v) be
the unique path from v to r. If UP(v) has exactly k edges then we say the depth
of v is k. The parent of v �= r is its neighbor on UP(v), and the ancestors of
v �= r are the vertices on UP(v) except v. The parent of r and the ancestors of
r are not defined. We say if v is the parent of u then u is a child of v, and if v is
an ancestor of u then u is a descendant of v. A leaf is a vertex having no child.
If a vertex is not a leaf, then it is called an inner vertex.

An ordered tree is a rooted tree with a left-to-right ordering specified for the
children of each vertex. For an ordered tree T with the root r, let LP (T ) =
(l0(= r), l1, l2, . . . , lp) be the path such that li is the leftmost child of li−1 for
each i, 1 ≤ i ≤ p, and lp is a leaf of T . We call LP (T ) the leftmost path of T ,
and lp the leftmost leaf of T . Similarly, let RP (T ) = (r0(= r), r1, r2, . . . , rq) be
the path such that ri is the rightmost child of ri−1 for each i, 1 ≤ i ≤ q, and rq

is a leaf of T . We call RP (T ) the rightmost path of T , and rq the rightmost leaf
of T .

3 The Family Tree

Let Sn,k be the set of all ordered trees with exactly n vertices including exactly
k leaves. In this section, we define a tree structure among the trees in Sn,k in
which each vertex corresponds to a tree in Sn,k.

We need some definitions.
The root tree, denoted by Rn,k, of Sn,k is the tree consisting of the leftmost

path (l0(= r), l1, . . . , ln−k) and k − 1 leaves attaching at vertex ln−k−1. See
Fig. 2 for an example.

Then we define the parent tree, denoted by P (T ), of each tree T in Sn,k\{Rn,k}
as follows. Let lp and rq be the leftmost leaf and rightmost leaf in T . We have
two cases.
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Fig. 2. The root tree R7,4

(a) (b)

T P(T) T P(T)

lp-1

lp
rq

lp-1

lp
rq

Fig. 3. Examples of the parents in (a) Case 1 and (b) Case 2

Case 1: rq−1 has two or more children.
P (T ) is the tree obtained from T by (1) removing rq, then (2) attaching a

new leaf to lp−1 as the leftmost child of lp−1. See Fig. 3(a) for an example. The
removed and attached vertices are depicted by boxes.

Case 2: rq−1 has only one child rq.
P (T ) is the tree obtained from T by (1) removing rq, then (2) attaching a

new leaf to lp. See Fig. 3(b) for an example.

Note that P (T ) is also in Sn,k.
T is called a child tree of P (T ). If T is a child tree in Case 1, then T is called

Type 1 child, otherwise, T is Type 2 child.

Lemma 1. For any T ∈ Sn,k \ {Rn,k}, P (T ) ∈ Sn,k holds.

Given a tree T in Sn,k \ {Rn,k}, by repeatedly finding the parent tree of the
derived tree, we can have the unique sequence T, P (T ), P (P (T )), . . . of trees in
Sn,k which is called the removing sequence of T . See Fig. 4 for an example. in
which each solid line corresponds to the relation with Case 1, and each dashed
line corresponds to the relation with Case 2.

T R7,4P(T) P(P(T)) P(P(P(T))) P(P(P(P(T))))

Fig. 4. The sequence of trees
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Lemma 2. The removing sequence ends up with the root tree Rn,k.

Proof. Let T be a tree in Sn,k \ {Rn,k}. Let LP (T ) = (l0, l1, . . . , lp) be the
leftmost path of T . We define two functions f(T ) and g(T ) as follows. We define
that f(T ) = |LP (T )|. Let c1, c2, . . . , ca be the children of lp−1 from left to right.
We choose the minimum i such that ci is an inner vertex. Then we define that
g(T ) = i − 1. For convenience, if there is no such vertex, then we define that
g(T ) = a. Note that 1 ≤ f(T ) ≤ n − k + 1 and 1 ≤ g(T ) ≤ k for any T in Sn,k.

Now we define a potential function p(T ) = (f(T ), g(T )). It is not difficult to
see that p(T ) = (n − k + 1, k) if and only if T = Rn,k. Suppose that T1 and
T2 are two trees in Sn,k such that T1 �= T2. We denote p(T1) < p(T2) if (1)
f(T1) < f(T2) or (2) f(T1) = f(T2) and g(T1) < g(T2).

Fig. 5. The family tree T7,4
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Next we show that p(T ) < p(P (T )). Suppose T is a Type 1 child of P (T )
(see Fig. 3(a)). In this case, we have f(T ) = f(P (T )) and g(T ) + 1 = g(P (T )).
Thus p(T ) < p(P (T )) holds. If T is a Type 2 child of P (T ), we always have
f(T ) + 1 = f(P (T )). Thus p(T ) < p(P (T )) holds.

Therefore, by repeatedly finding the parent of the derived tree, we eventually
obtain Rn,k on which the potential is maximized. This completes the proof. ��

By merging removing sequences we can have the family tree Tn,k of Sn,k such
that the vertices of Tn,k correspond to the trees in Sn,k and each edge correspond
to the relation between some T and P (T ). See Fig. 5 for an example.

4 Algorithm

Let Sn,k be the set of ordered trees with exactly n vertices including exactly k
leaves. This section gives our algorithm to generate all trees in Sn,k by traversing
Tn,k.

Given Sn,k we can construct Tn,k by the definition, possibly with huge space
and much running time. However, how can we construct Tn,k efficiently only
given two integers n, k? Our idea [12,15,16,28] is by reversing the procedure
finding the parent tree as follows.

If k = 1, Sn,k includes only one element which is the path with n − 1 edges,
then generation is trivial. Also if k = n − 1, Sn,k includes only the star of n
vertices. Therefore, from now on we assume 1 < k < n − 1.

Let T ∈ Sn,k. Let LP (T ) = (l0(= r), l1, . . . , lp) be the leftmost path of T ,
and lp the leftmost leaf of T . Let RP (T ) = (r0(= r), r1, . . . , rq) be the rightmost
path of T , and rq the rightmost leaf of T . We denoted by T [ri], 0 ≤ i ≤ q, the
tree obtained from T by (1) removing the leftmost leaf and (2) attaching a new
leaf to ri as the rightmost child of ri.

Now we explain an algorithm to generate all child trees of the given tree T in
Sn,k. We have the following two cases.

Case 1: T is the root tree Rn,k.
Each T [ri], 0 ≤ i ≤ q − 2, is a child of T , since P (T [ri]) = T . Since T [rq−1] is

isomorphic to the root tree Rn,k in Sn,k, T [rq−1] is not a child tree of T . Since
P (T [rq]) �= T , T [rq] is not a child of T .

Thus T has q − 1 of Type 1 children and no Type 2 child.

Case 2: T is not the root tree.
If lp−1 has two or more children, and the second child of lp−1 from left is not

a leaf, then T has no child tree, since if T is the parent of some tree then the
second child of lp−1 from left is a leaf (Case 1), or lp−1 has only one child and it
is a leaf (Case 2). See Fig. 3. Now we assume otherwise. We have the following
two subcases.

Case 2(a): lp−1 has two or more children.
Let T

′
be the tree obtained from T by removing lp. Then T

′
has k − 1 leaves.

Thus we should add a new vertex to T
′
so that in the resulting graph the number

of leaves increases by one. The detail is as follows.
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Each T [ri], 0 ≤ i ≤ q − 1, is a child tree of T , since P (T [ri]) = T . On the
other hand, T [rq] is not a child tree of T , since P (T [rq]) �= T .

Thus T has q of Type 1 children and no Type 2 child.

Case 2(b): lp−1 has only one child, which is lp.
Any T [ri], 0 ≤ i ≤ q − 1, is not a child tree of T . T [rq] is the child tree of T .

Thus T has exactly one Type 2 child.

The above case analysis gives the following algorithm.

Procedure find-all-child-trees(T )
begin

01 Output T
{Output the difference from the previous tree.}

02 Let lp and rq be the leftmost leaf and the rightmost leaf of T .
03 Let RP (T ) = (r0(= r), r1, r2, . . . , rq) be the rightmost path of T .
04 if lp−1 has two or more children and the second child of lp−1 from left

is not a leaf then
05 return
06 if lp−1 has two or more children then
07 for i = 0 to q − 1
08 find-all-child-trees(T [ri]) {Case 2(a)}
09 else
10 find-all-child-trees(T [rq]) {Case 2(b)}

end

Algorithm find-all-trees(n, k)
begin

01 Output Rn,k

02 T = Rn,k

03 Let RP (T ) = (r0(= r), r1, r2, . . . , rq) be the rightmost path.
04 for i = 0 to q − 2
05 find-all-child-trees(T [ri]) {Case 1}

end

We have the following theorem.

Theorem 1. The algorithm uses O(n) space and runs in O(|Sn,k|) time, where
|Sn,k| is the number of ordered trees with exactly n vertices including exactly k
leaves.

Proof. To construct T [ri] from T , our algorithm needs the references to the
leftmost leaf lp and the rightmost path of T . Each can be updated as follows. In
Case 2(a) the second child of lp−1 from left becomes the leftmost leaf of T [ri].
In Case 2(b) the parent lp−1 of lp becomes the leftmost leaf of T [ri]. In both
cases the rightmost path is updated to the path from the newly added vertex to
its root. Thus we can maintain in O(1) time the leftmost leaf and the rightmost
path. ��
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The algorithm generates all trees in Sn,k in O(|Sn,k|) time. Thus the algorithm
generates each tree in O(1) time “on average.” However, after generating a tree
corresponding to the last vertex in a large subtree of Tn,k, we have to merely
return from the deep recursive call without outputting any tree. This may take
much time. Therefore, the next tree cannot be generated in O(1) time in worst
case.

However, a simple modification [17] improves the algorithm to generate each
tree in O(1) time in worst case. The algorithm is as follows.

Procedure find-all-children2(T , depth)
{ T is the current tree, and depth is the depth of the recursive call.}
begin

01 if depth is even then
02 Output T {before outputting its child trees.}
03 Generate child trees by the method in the first algorithm, and recursively

call find-all-children2 for each child tree.
04 if depth is odd then
05 Output T {after outputting its child trees.}

end

One can observe that the algorithm generates all trees so that each tree can
be obtained from the preceding one by tracing at most three edges of Tn,k. Note
that if tree T corresponds to a vertex v in Tn,k with odd depth, then we may
need to trace three edges to generate the next tree. Otherwise we need to trace
at most two edges to generate the next tree. Note that each tree is similar to the
preceding one, since it can be obtained with at most three operations. Therefore
we have the following theorem.

Theorem 2. One can generate ordered trees with exactly n vertices including
exactly k leaves in O(1) time for each in worst case.

5 Conclusion

In this paper, we have given an efficient algorithm to generate all ordered trees
with exactly n vertices including exactly k leaves.

We defined a cleverer family tree than the one in [15]. By traversing the family
tree, our algorithm generates all trees in Sn,k in O(1) time for each in worst case.
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Abstract. In this paper, we deal with the problem of generating all
triangulations of plane graphs. We give an algorithm for generating all
triangulations of a triconnected plane graph G of n vertices. Our algo-
rithm establishes a tree structure among the triangulations of G, called
the “tree of triangulations,” and generates each triangulation of G in
O(1) time. The algorithm uses O(n) space and generates all triangu-
lations of G without duplications. To the best of our knowledge, our
algorithm is the first algorithm for generating all triangulations of a tri-
connected plane graph; although there exist algorithms for generating
triangulated graphs with certain properties. Our algorithm for gener-
ating all triangulations of a triconnected plane graph needs to find all
triangulations of a convex polygon. We give an algorithm to generate
all triangulations of a convex polygon P of n vertices in time O(1) per
triangulation, where the vertices of P are numbered. Our algorithm for
generating all triangulations of a convex polygon also improves previous
results; existing algorithms need to generate all triangulations of convex
polygons of less than n vertices before generating the triangulations of a
convex polygon of n vertices. Finally, we give an algorithm for generating
all triangulations of a convex polygon P of n vertices in time O(n2) per
triangulation, where vertices of P are not numbered.

Keywords: Polygon; Triangulation; Graph; Plane Graph; Genealogical
Tree.

1 Introduction

In this paper, we consider the problem of generating all triangulations of plane
graphs. Such triangulations have many applications in Computational Geometry
[4],[13], VLSI floorplanning [15], and Graph Drawing [9]. The main challenges
in finding algorithms for generating all triangulations are as follows. Firstly,
the number of such triangulations is exponential in general, and hence listing
all of them requires huge time and computational power. Secondly, generating
algorithms produce huge outputs, and the output dominates the running time.
For this reason reducing the amount of output is essential. Thirdly, checking for
any repetitions must be very efficient. Storing the entire list of objects generated
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so far will not be efficient, since checking each new object with the entire list
to prevent repetition would require huge amount of memory and overall time
complexity would be very high.

There have been a number of methods for generating combinatorial objects.
Classical method algorithms first generate combinatorial objects allowing dupli-
cations, but output only if the object has not been output yet. These methods
require huge space to store the list and a lot of time to check duplications. Or-
derly methods algorithms [8] need not to store the list of objects generated so
far, they output an object only if it is a canonical representation of an isomor-
phism class. Reverse search method algorithms [1] also need not to store the list.
The idea is to implicitly define a connected graph H such that the vertices of
H correspond to the objects with the given property, and the edges of H corre-
spond to some relation between the objects. By traversing an implicitly defined
spanning tree of H , one can find all the vertices of H , which correspond to all
the graphs with the given property. The main feature of our algorithm for gen-
erating all triangulations of a plane graph G is that, we define a tree structure
among the triangulations of G and generate the triangulations of G in the order
they are present in that tree. Thus our algorithm need not find any “graph of
triangulations” of G from which it is necessary to find a spanning tree. Also, our
algorithm generates each triangulation of G in O(1) time.

There are some well known results for triangulating simple polygons and find-
ing bounds on the number of operations required to transform one triangulation
into another [3,6,14]. Researchers also have focused their attention on generating
triangulated polygons and graphs with certain properties. Hurtado and Noy [5]
built a tree of triangulations of convex polygons with any number of vertices.
Their construction is primarily of theoretical interests; also all the triangulations
of convex polygons with number of vertices up to n need to be found before find-
ing the triangulations of a convex polygon of n vertices. Also, in [5] the authors
did not discuss the time complexity of their method for generating the tree of
triangulations of convex n-gons. Li and Nakano [7] gave an algorithm to generate
all biconnected “based” plane triangulations with at most n vertices. Their algo-
rithm generates all graphs with some properties without duplications. Here also,
the biconnected “based” plane triangulations of n vertices are generated after
the biconnected based plane triangulations of less than n vertices are generated.
Hence, if we need to generate the triangulations of a convex polygon or a plane
graph of exactly n vertices, existing algorithms generate all the triangulations of
convex polygons or plane graphs with less than n vertices. This is not an efficient
way of generation.

There exists an optimal algorithm for encoding and generating planar tri-
angulations [12]. There also exists work [2] concerning the generation of trian-
gulations of n points in the plane based on a tree of triangulations, and on a
lexicographic way of generating triangulations, with O(log log n) time complexity
per triangulation.

We now give the idea behind our algorithm for generating all triangulations of
a triconnected plane graph G. Consider Figure 1. For a particular triconnected
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Fig. 1. Illustration of the algorithm for generating the triangulations of a triconnected
plane graph

plane graph G, we treat each face of G as a convex polygon and find triangu-
lations of those convex polygons. These triangulations of the convex polygons
correspond to particular triangulations of the faces of the graph G. Combining
the triangulations of the faces of G gives us a particular triangulation of G.
Therefore, to generate all the triangulations of G we need to triangulate those
intermediate convex polygons in all possible ways and combine the triangulations
efficiently so as to find all the triangulations of G.

Therefore, in this paper, we also give an algorithm to generate all triangula-
tions of a convex polygon P of n vertices in O(1) time per triangulation, where
the vertices of P are numbered sequentially. Such triangulations are called labeled
triangulations of P . We also give the idea to generate all unlabeled triangulations
of a convex polygon P of n vertices in time O(n2) per triangulation, where the
vertices of P are not numbered.

The rest of the paper is organized as follows. Section 2 gives some definitions.
Section 3 gives the outline of the algorithm for generating all triangulations of
a triconnected plane graph. Section 4 deals with generating all labeled trian-
gulations of convex polygon of n vertices. Section 5 deals with generating all
unlabeled triangulations of a convex polygon of n vertices. Finally, Section 6 is
the conclusion.

2 Preliminaries

In this section, we define some terms used in this paper.
Let G = (V, E) be a connected simple graph with vertex set V and edge set

E. An edge connecting vertices vi and vj in V is denoted by (vi, vj). The degree
of a vertex v is the number of edges incident to v in G. The connectivity κ(G)
of a graph G is the minimum number of vertices whose removal results in a
disconnected graph or a single vertex graph. A graph is k-connected if κ(G) ≥ k.

A graph G is planar if it can be embedded in the plane so that no two edges
intersect geometrically except at a vertex to which they are both incident. A
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plane graph is a planar graph with fixed embedding in the plane. A plane graph
divides the plane into connected regions called faces. The unbounded face is
called outer face and the other faces are called inner faces. A plane graph is
called a plane triangulation if each face boundary contains exactly three edges.

A polygon is the region of a plane bounded by a finite collection of line seg-
ments forming a simple closed curve. Each line segment of the closed curve is
called a side or an edge of the polygon. A point joining two consecutive sides
of a polygon is called a vertex of the polygon. A polygon is called simple if it
does not cross itself. The set of points in the plane enclosed by a simple polygon
forms the interior of the polygon, the set of points on the polygon itself forms
its boundary, and the set of points surrounding the polygon forms its exterior.
We say two vertices x and y of polygon P are visible to each other if and only
if the closed line segment xy is nowhere exterior to the polygon P ; i.e, xy ⊆ P .
We say x has clear visibility to y if xy ⊆ P and xy does not touch any vertex
or edge of P . A diagonal of a polygon P is a line segment between two of its
vertices x and y that are clearly visible to each other.

A simple polygon is convex if, given any two points on its boundary or in
its interior, all points on the line segment drawn between them are contained
in the polygon’s boundary or interior. Let the vertices of a convex polygon P
are labeled v1, v2, · · · , vn counterclockwise. We represent P by listing its vertices
as P = 〈v1, v2, · · · , vn〉. A diagonal (vi, vj) divides the polygon into two poly-
gons: 〈vi, vi+1, · · · , vj〉 and 〈vj , vj+1, · · · , vi〉. A decomposition of a polygon into
triangles by a set of non-intersecting diagonals is called a triangulation of the
polygon. In a triangulation T , the set of diagonals is maximal, that means, every
diagonal not in T intersects some diagonal in T . The sides of triangles in the tri-
angulation are either the diagonals or the sides of the polygon. We say a vertex
y is visible from a vertex x in a triangulation T of a convex polygon P if there
exists a diagonal (x, y) of P in T . In this paper, we represent each triangulation
T of a convex polygon P by listing its diagonals. Given the list of diagonals, we
can uniquely construct the corresponding triangulation.

There is a natural correspondence between a cycle C of n vertices and a
convex polygon P of n vertices. Each triangulation of C also corresponds to a
triangulation of P .

3 Triangulations of a Triconnected Plane Graph

In this section we give an algorithm for generating all triangulations of a tricon-
nected plane graph G of n vertices. Our idea is to define a parent-child relation-
ship among the triangulations of G such that all the triangulations of G form
a tree structure. Our algorithm generates the triangulations of G in the order
they are present in that tree, called “tree of triangulations”, without storing or
building the entire tree at once in the memory.

Assume that G has k faces, arbitrarily labeled F1, F2, · · · , Fk. For each face
Fi of G, there is a convex polygon Pi associated with Fi, where the number of
vertices of Pi and Fi is the same and the vertices of Pi are labeled similarly
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Fig. 2. Illustration of (a) a triconnected plane graph G with five faces and (b) ge-
nealogical tree T (G) of G

to the vertices of Fi. Since a particular triangulation of the face Fi, denoted
T (Fi), corresponds to a triangulation of Pi, denoted T (Pi), triangulating the
face Fi in all possible ways is equivalent to triangulating the convex polygon Pi

in all possible ways. This is true since a plane graph is a data structure where
the ordering (clockwise or counterclockwise) of the edges incident to a vertex is
preserved and the outer face of the graph is fixed. Therefore, our algorithm for
generating all triangulations of a triconnected plane graph needs to find all the
triangulations of a convex polygon, the details of that is given in Section 4.

Let T be a triangulation of a convex polygon P of n vertices. To generate
a new triangulation from T , we use the following operation. Let (vi, vj) be a
shared diagonal of two adjacent triangles of T which form a convex quadrilateral
〈vq, vi, vr, vj〉. If we remove the diagonal (vi, vj) from T and add the diagonal
(vq, vr), we get a new triangulation T ′. The operation above is well known as
flipping. Therefore, we flip the edge (vi, vj) to generate a new triangulation T ′,
which we denote by T (vi, vj).

Similarly, the operation of flipping an edge of the triangulation T (Fi) is de-
fined as the flipping of the corresponding diagonal of the triangulation T (Pi).
Therefore, to generate new triangulations of the plane graph G from an existing
triangulation T of G, we flip some edges of T . In our algorithm, we define the
parent-child relationship among the triangulations of G in such a way that every
triangulation of G, except the root triangulation, is generated from its parent by
a single edge flip. Such a tree of triangulations of the triconnected plane graph
G is called a genealogical tree and denoted by T (G). The genealogical tree of the
triconnected plane graph G of Figure 2(a) is shown in Figure 2(b).

This definition of flipping requires G to be triconnected. This is because, if G
has a cut set of two vertices, then some flip operations may introduce multi-edges.
If G is triconnected then any flip operation will generate a new triangulation of
G. Note that, while generating new triangulations from an existing triangulation
T of G, the edges of the graph G can not be flipped. Therefore, for a triangulation
T of G, we need to classify edges of T as flippable and non-flippable. We introduce
the related concepts below.
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Let T be a triangulation of a convex polygon P of n vertices. The diagonals of
T which can be flipped to generate new triangulations of P are called generating
diagonals of T . In Section 4, we describe the way to find the generating diagonals
of T . The set of generating diagonals of T is called the generating set. The
triangulation T (Fi) of the face Fi of G has a generating set of edges equivalent to
the generating set of the triangulation T (Pi) of the convex polygon Pi. Therefore,
to generate new triangulations of G, we flip an edge from the generating set of
a face Fi of G.

3.1 Finding the Root

In this section we describe the procedure for finding the root triangulation of
the genealogical tree T (G) of a triconnected plane graph G of n vertices.

Let Fi be a face of G. We can represent Fi as a list of vertices on the boundary
of Fi. We choose a vertex vj on the boundary of Fi arbitrarily and call it the root
vertex of Fi. Let Pi be the convex polygon associated with Fi. Then vj is also
called the root vertex of Pi. Consider the triangulation T (Pi) of Pi where all the
diagonals of T (Pi) are incident to the root vertex vj . This triangulation T (Pi)
of Pi gives us a triangulation of the face Fi of G, which we denote by T (Fi).
Once all the faces of G are triangulated in that way, we get a triangulation T of
the graph G itself. In our algorithm, such a triangulation T of G is taken as the
root triangulation TR of the genealogical tree T (G). Note that, the choice of the
root triangulation TR will depend on the way the root vertices are chosen.

The procedure for finding TR and corresponding generating sets are as follows.
We traverse the face Fi of G to find the generating set of T (Fi), denoted by Ci,
using the doubly connected adjacency list representation of G [9]. Face Fi can
be traversed in time proportional to the number of vertices on the boundary of
it. Assume that we traverse the face Fi clockwise starting at vertex vj and take
vj as the root vertex of Pi. Let vk, vl and vm be three consecutive vertices on
the boundary of Fi, where vk �= vj and vm �= vj . We add the edge (vj , vl) to
the generating set Ci of T (Fi). We now have the following lemma, the proof of
which is omitted here.

Lemma 1. Let G be a triconnected plane graph of n vertices. Then the root
triangulation TR of the genealogical tree T (G) of G can be found in O(n) time.

3.2 The Algorithm

In this section, we give the details of the algorithm for generating all triangula-
tions of a triconnected plane graph G of n vertices.

Assume that the triconnected plane graph G has k faces. For a particular
triangulation T of G, we generate new triangulations of G from T as follows.
We generate all new triangulations T ′ that can be generated from T by flipping
the generating edges of the triangulation T (Fj), where Fj is a face of G. We
say that the face Fj is an eligible face for T to generate new triangulations of
G from T . We find the eligible faces for T using the following criteria. Assume
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that we have generated T from its parent T ′′ by flipping a generating edge of
T ′′(Fi), where Fi is a face of G. Then all the faces Fj of G, 1 ≤ j ≤ i are eligible
for the triangulation T . This simple condition for eligibility ensures that each
triangulation of G is generated exactly once.

We now have the following algorithm for generating all triangulations of a
triconnected plane graph G with k faces.

Procedure find-all-child-triangulations(T, i)
{T is the current triangulation and Fi is an eligible face of T }
begin

1 Let EG be the set of generating edges of T (Fi);
2 if EG is empty then return ;
3 for each edge e ∈ EG

4 Flip e to find a new triangulation T ′;
5 output T ′;

{For T ′, all the faces Fj , 1 ≤ j ≤ i, are eligible}
6 for j = 1 to i
7 find-all-child-triangulations(T ′, j);
end;
Algorithm find-all-triangulations(G, k)
{The triconnected plane graph G has k faces}
begin

Label the faces F1, F2, · · · , Fk arbitrarily;
Find root triangulation TR of T (G);
output root TR;
{For the root TR, all the faces of G are eligible}
for i = 1 to k
find-all-child-triangulations(TR, i);

end.

The correctness of the algorithm find-all-triangulations depends on the
correct finding of the generating set of the triangulation T (Fi) of face Fi of G
(Step 1). We also have to ensure that flipping the edges in the generating set
of T (Fi) generates all the children of T (Fi) without duplications. Flipping an
edge of T (Fi) is equivalent to flipping a diagonal of the triangulation T (Pi) of
the convex polygon Pi associated with Fi. Therefore, we need to prove that for
a triangulation T of a convex polygon P : (1) flipping the generating diagonals
of T generates all the child triangulations of T without duplications and (2) the
number of generating diagonals in any child triangulation of T is less than T .
We prove both of these in Section 4.

The time and space complexity of the algorithm find-all-triangulations can
be found as follows. From Lemma 1, finding the root triangulation TR takes O(n)
time. To find the time required to generate each new triangulation T ′ from a
triangulation T of G, note that the difference between the representations of T ′

and T can be found in the triangulation of only one face, say Fi (Steps 3 - 5).
Assume that face Fi has the triangulation T (Fi) in T and T ′(Fi) in T ′. Now,
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to get the representation of T ′, all we need to do is to find the representation
of T ′(Fi) from the representation of T (Fi). Equivalently, the problem reduces to
the following. Let T and T ′ be two triangulations of a convex polygon P and T ′

is generated from T by flipping a generating diagonal of T . Then, how can we
find the representation and the generating set of T ′ from T efficiently? Section 4
shows that this can be done in O(1) time.

To find the space complexity, note that, we can represent a triangulation T
of G by listing its edges only. Therefore, it takes only O(n) space to store a
triangulation T . The height of the tree T (G) is bounded by the number of edges
in TR (since we may need to flip each generating edge TR once to generate a
triangulation of G), which is linear in n. The algorithm find-all-triangulations
needs to store (1) the representation and generating set of the current triangu-
lation T and (2) the information of the path from the root to the current node
of the tree. This implies that the space complexity of the entire algorithm can
be reduced to O(n).

We need to address one last point. While generating the triangulations of
a plane graph G, we have to triangulate the outer face also. But this poses no
problem; since the outer face of G can be treated just like an inner face. Therefore
we have the following theorem.

Theorem 1. The algorithm find-all-triangulations generates all the triangu-
lations of a triconnected plane graph G of n vertices in time O(1) per triangula-
tion, with O(n) space complexity.

4 Labeled Triangulations of a Convex Polygon

In this section, we give an algorithm to generate all labeled triangulations of a
convex polygon P of n vertices. Here we also define a unique parent for each
triangulation of P so that it results in a tree structure among the triangulations
of P , with a suitable triangulation as the root. Figure 3 shows such a genealogical
tree of a convex polygon of six vertices. Once such a parent-child relationship of P
is established, we can generate all the triangulations of P using the relationship.
We need not to build or to store the entire tree of triangulations at once, rather
we generate each triangulation in the order it appears in the tree structure.

We denote the genealogical tree of P by T (P ). Let T be a triangulation of
P , in which all the diagonals of T are incident to vertex v1. We regard T as
the root Tr of T (P ) and call v1 as the root vertex of P . Note that the choice of
root vertex is arbitrary in finding Tr. We can take any of the vertices of P other
than v1 as the root vertex to find a root triangulation Tr. With this definition
of the root vertex of P , we describe the labeled triangulations of P as rooted
triangulations.

Note that, in the root Tr of T (P ), every vertex of P is visible from the root
vertex v1. We say that the root vertex v1 has full vision in Tr. Obviously, in a non-
root triangulation T of P , vertex v1 does not have the full vision. The reason is
that T has some “blocking diagonals” which are blocking some vertices of P from
being visible from the root vertex v1. A diagonal (vi, vj) of a triangulation T of P
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Fig. 3. Genealogical tree T (P ) for a convex polygon P of six vertices

is a blocking diagonal of T if both vi and vj are adjacent to the root vertex of P .
We say that the root vertex of P has a blocked vision in a non-root triangulation
T of P . The following lemma characterizes the non-root triangulations of P .

Lemma 2. Each triangulation T of a convex polygon P = 〈v1, v2, · · · , vn〉 has
at least one blocking diagonal, if T is not the root of T (P ).

Proof. Let vj be the vertex of P such that (v1, vk) is a diagonal of T , for all
k ≥ j. Then there exists a vertex vi such that i < j and (vi, vj) is a diagonal of
T (choose i to be the minimum). Otherwise, all diagonals of T would be incident
to v1 and T would be the root of T (P ). Since T is a triangulation of P , (v1, vi, vj)
is a triangle, and hence (vi, vj) is a blocking diagonal. �

Suppose we flip a diagonal (v1, vj) of T to generate a new triangulation T ′.
Let (vb, vb′), b < b′ be the newly found diagonal in T ′. Obviously (vb, vb′) is a
blocking diagonal of T ′. Similarly, if we flip a blocking diagonal of T to generate
T ′, the newly found diagonal will be non-blocking, incident to vertex v1 in T ′.

4.1 Child-Parent Relationship

Our idea of defining a parent-child relationship is that the parent of a triangu-
lation T , denoted by P (T ), must have a “clearer vision” than T . Let T and T ′

be two triangulations of P . We say that T ′ has a clearer vision than T if the
number of vertices visible from v1 in T ′ is greater than the number of vertices
visible from v1 in T . We can easily get a triangulation T ′ from T , where T ′ has
a clearer vision than T , by flipping a blocking diagonal (vb, vb′) of T . We say
that the triangulation T ′ is the parent of T if the diagonal (vb, vb′) is the “left-
most blocking diagonal” of T . The diagonal (vb, vb′), b < b′, of T is the leftmost
blocking diagonal of T if no other blocking diagonal of T is incident to a higher
indexed vertex than vb′ in T .

The above definition of the parent of a triangulation T of P ensures that
we can always find a unique parent of a non-root triangulation T of P . From
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Lemma 2, a non-root triangulation T of P has at least one blocking diagonal,
and from those blocking diagonals of T we choose the one which is leftmost and
we flip that diagonal to find the unique parent P (T ) of T . Based on the above
parent-child relationship, the following lemma claims that every triangulation of
a convex polygon P of n vertices is present in the genealogical tree T (P ).

Lemma 3. For any triangulation T of a convex polygon P = 〈v1, v2, · · · , vn〉,
there is a unique sequence of flipping operations that transforms T into the root
Tr of T (P ).

Proof. Let T be a triangulation other than the root of T (P ). Then according
to Lemma 2, T has at least one blocking diagonal. Let (vb, vb′) be the leftmost
blocking diagonal of T . We find the parent P (T ) of T by flipping the leftmost
blocking diagonal of T . Since flipping a blocking diagonal of T results in a diago-
nal incident to vertex v1 in the new triangulation, P (T ) has one more diagonals
incident to v1 than T . Now, if P (T ) is the root, then we stop. Otherwise, we
apply the same procedure to P (T ) and find its parent P (P (T )). By continu-
ously applying this process of finding the parent, we eventually generate the
root triangulation Tr of T (P ). �

Lemma 3 ensures that there can be no omission of triangulations in the ge-
nealogical tree T (P ) of a convex polygon P of n vertices. Since there is a unique
sequence of operations that transforms a triangulation T of P into the root Tr of
T (P ), by reversing the operations we can generate that particular triangulation,
starting at the root.

4.2 Generating the Children of a Triangulation in T (P )

In this section we describe the method for generating the children of a triangu-
lation T in T (P ).

To find the parent P (T ) of the triangulation T , we flip the leftmost blocking
diagonal of T . That means P (T ) has fewer blocking diagonals than T . Therefore,
the operation for generating the children of T must increase the number of
blocking diagonals in the children of T . Intuitively if we flip a diagonal (v1, vj)
of T , which is incident to vertex v1 in T , and generate a new triangulation T ′,
then T ′ contains one more blocking diagonal than T . We call all such diagonals
(v1, vj) as the candidate diagonals of T .

Note that, flipping a candidate diagonal of T may not always preserve the
parent-child relationship described in Section 4.1. For example, we generate the
triangulation of Figure 4(b) by flipping the candidate diagonal (v1, v3) of the
triangulation of Figure 4(a). The leftmost blocking diagonal of the triangulation
of Figure 4(b) is (v4, v6); therefore the parent of the triangulation of Figure 4(b)
is the triangulation of Figure 4(c), not the triangulation of Figure 4(a).

Therefore to keep the parent-child relationship unique, we flip a candidate
diagonal (v1, vj) of T to generate a new triangulation T ′ if only if flipping (v1, vj)
of T results in the leftmost blocking diagonal of T ′. We call such a candidate
diagonal (v1, vj) of T as a generating diagonal. The generating diagonals of a
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Fig. 4. Illustration of a flipping that does not preserve parent-child relationship

triangulation T of P can be found as follows. Let (vb, vb′) be the leftmost blocking
diagonal of a triangulation T of a convex polygon P of n vertices. Then (v1, vj)
is a generating diagonal of T if j ≥ b. If T has no blocking diagonal then all
diagonals of T are generating diagonals. Thus all the diagonals of the root Tr

of T (P ) are generating diagonals. All other candidate diagonals of T are called
non-generating. We call the set of generating diagonals of a triangulation T as
generating set C of T . We now have the following lemmas, the proofs are omitted
here.

Lemma 4. Let (v1, vj) be a generating diagonal of a triangulation T of a convex
polygon P of n vertices. Then flipping (v1, vj) in T results in the leftmost blocking
diagonal of T (v1, vj).

Lemma 5. Let T be a triangulation of a convex polygon P of n vertices. Let
T (v1, vj) be the triangulation generated by flipping the diagonal (v1, vj) of T .
Then T is the parent of T (v1, vj) in the genealogical tree T (P ) if and only if
(v1, vj) is a generating diagonal of T .

According to Lemma 4 and 5, if the generating set C of a triangulation T is
non-empty, then we can generate each of the children of T in T (P ) by flipping a
generating diagonal of T . Therefore, the number of children of a triangulation T
in T (P ) will be equal to the cardinality of the generating set. Thus, the following
lemma holds.

Lemma 6. The number of children of a triangulation T of a convex polygon P
is equal to the number of diagonals in the generating set of T . The root of T (P )
has the maximum number of children.

4.3 The Representation of a Triangulation in T (P )

In this section we describe a data structure that we use to represent a triangula-
tion T and that enables us to generate each child triangulation of T in constant
time.

For a triangulation T of P , we maintain three lists: L, C and O to represent T
completely. Here L is the list of diagonals of T and C is the generating set of T .
For each diagonal (v1, vj) in the generating set C of T , we maintain a correspond-
ing opposite pair (vo, vo′), such that 〈v1, vo, vj , vo′〉 is a convex quadrilateral of
T . Note that, o < j and o′ > j. O is the list of such opposite pairs.

Since we generate triangulations of P starting with the root Tr, we find the
representation of Tr first. The diagonals of Tr are listed in L in counterclockwise
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order. That is, for Tr, L = {(v1, vn−1), (v1, vn−2), · · · (v1, v3)}. The generating set
C is exactly similar to the list L of Tr: C = {(v1, vn−1), (v1, vn−2), · · · , (v1, v4),
(v1, v3)}. Corresponding list of opposite pairs is O = {(vn−2, vn), (vn−3, vn−1),
· · · , (v3, v5), (v2, v4)}; that means, (vj−1, vj+1) is the opposite pair of (v1, vj) in
Tr, 3 ≤ j ≤ n − 1.

Let T (v1, vj) be a child triangulation of T in T (P ) generated from T by
flipping the diagonal (v1, vj) of T . Let (vb, vb′) be the blocking diagonal which
appears in T (v1, vj) after flipping (v1, vj) of T . The list L of T (v1, vj) can be
found easily from the representation of T by removing (v1, vj) from the list L of
T and adding (vb, vb′) to it. Note that one can easily find the blocking diagonal
(vb, vb′) of T ′, since (vb, vb′) is the opposite pair of (v1, vj) in the representation
of T .

4.4 The Algorithm

In this section we describe the steps to generate all triangulations of P .
Let vj1 , vj2 , · · · , vjk

, j1 > j2 > · · · > jk, be the sequence of k vertices of a tri-
angulation T of P such that (v1, vj1), (v1, vj2), · · · , (v1, vjk

) are the diagonals of T
and each of the diagonals (v1, vji), 1 ≤ i ≤ k, is a generating diagonal of T . Then,
T has a generating set C = {(v1, vj1 ), (v1, vj2), · · · , (v1, vjk

)} of k generating diag-
onals, for 0 ≤ k ≤ n−3. For Tr, C = {(v1, vn−1), (v1, vn−2), · · · , (v1, v4), (v1, v3)}.
For each diagonal (v1, vj) of T , we keep an opposite pair (vo, vo′) in T . O is the
set of such pairs. For Tr, O = {(vn−2, vn), (vn−3, vn−1), · · · , (v3, v5), (v2, v4)} as
shown in Section 4.3. We find the sets C and O of a child T ′ of T by updating
the lists C and O of T while we generate T ′.

We now describe a method for generating the children of a triangulation T in
T (P ). We have two cases based on whether T is the root of T (P ) or not.

Case 1. T is the root of T (P ). In this case, all the diagonals of T are generating
diagonals and there are a total of n − 3 such diagonals in T . Any of these
generating diagonals of T can be flipped to generate a child triangulation of T .
For example, the root of the genealogical tree in Figure 3 has three generating
diagonals; thus it has three children as shown in Figure 3.

Case 2. T is not the root of T (P ). Let (vb, vb′) be the leftmost blocking diagonal
of T . Consider a diagonal (v1, vj) of T . If j ≥ b, then (v1, vj) is a generating
diagonal of T . Therefore, according to Lemma 5, T (v1, vj) is a child of T in
T (P ). Thus, for all diagonals (v1, vj) of T such that j ≥ b, a new triangulation
is generated by flipping (v1, vj).

If j < b, then (v1, vj) is a non-generating diagonal of T and according to
Lemma 5, we can not flip (v1, vj) to generate a new triangulation from T .

Based on the case analysis above, we can generate all triangulations of P .
Therefore, we have the following theorem. The proof is omitted here.

Theorem 2. Given a convex polygon P of n vertices, we can generate all the
triangulations of P in O(1) time per triangulation, without duplications and
omissions. The space complexity of the algorithm is O(n).
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5 Generating Unlabeled Triangulations

In this section we give the idea for generating all unlabeled triangulations of a
convex polygon P of n vertices.

Let T be a triangulation of P where the vertices of P are labeled sequentially
from v1 to vn. A labeled degree sequence 〈d1, d2, · · · , dn〉 of T is the sequence of
degrees of the vertices, where di is the degree of vi in the graph associated with
T . It can be shown that T can be represented uniquely by its labeled degree
sequence. Our algorithm for generating unlabeled triangulations of P is based
on the following two facts.

Fact 7. Let T and T ′ be two triangulations of a convex polygon P of n vertices,
which are rotationally equivalent to each other. Then, by rotating the labeled
degree sequence of T , we get the labeled degree sequence of T ′.

Fact 8. Let T and T ′ be two triangulations of a convex polygon of n vertices,
which are mirror images of each other. Let T has the labeled degree sequence
〈d1, d2, · · · , dn〉. Then the labeled degree sequence of T ′ is 〈dn, dn−1, · · · , d2, d1〉.

The details of our algorithm are omitted here. We only give the following
theorem.

Theorem 3. For a convex polygon P of n vertices, all the triangulations of P
can be found in time O(n2) per triangulation, where the vertices of P are not
numbered. The space complexity is O(n).

6 Conclusion

In this paper we gave an algorithm to generate all triangulations of triconnected
plane graph G of n vertices in O(1) time per triangulation with linear space
complexity. We also gave an algorithm to generate all triangulations of a convex
polygon of n labeled vertices in time O(1) per triangulation with O(n) space
complexity. The performance of the algorithms can be further improved by using
parallel processing. Our algorithm also works for biconnected graphs, but may
produce multi-edges occasionally. Finally, we described a method to eliminate
any rotational and mirror repetitions while generating all triangulations of a
convex polygon P , when the vertices of P are not numbered.
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Abstract. Unigraphs are graphs uniquely determined by their own de-
gree sequence up to isomorphism. In this paper a structural description
for unigraphs is introduced: vertex set is partitioned into three disjoint
sets while edge set is divided into two different classes. This characteri-
zation allows us to design a linear time recognition algorithm that works
recursively pruning the degree sequence of the graph. The algorithm
detects two particular graphs whose superposition generates the given
unigraph.

1 Introduction

Unigraphs [6, 7, 9] are graphs uniquely determined by their own degree sequence
up to isomorphism. In [15], unigraphs are characterized by a unique decomposi-
tion into particular components (see Section 2). This result, though very inter-
esting from a structural point of view, does not seem to immediately lead to an
efficient recognition algorithm; nevertheless, the author, in a private communica-
tion, observed that it is somehow possible to restrict to unigraphs the algorithm
presented in [14] that decomposes arbitrary graphs using results from [15]. To the
best of our knowledge, the only published linear time algorithm for recognizing
unigraphs is in [8] and works exploiting Ferrer diagrams. On the contrary, it is
possible to find several linear recognition algorithms for subclasses of unigraphs,
as matrogenic, split matrogenic and threshold graphs [2, 3, 5, 10, 11, 12, 13, 16].

In this paper we generalize to unigraphs the pruning algorithm designed for
matrogenic graphs in [11] providing a new recognition algorithm for the whole
class of unigraphs.

The algorithm is linear and has a completely different approach with respect
to [8], although works on the degree sequence, too. In particular, it partitions the
vertex set and the edge set into three and two disjoint sets, respectively, detecting
two particular graphs whose superposition generates the given unigraph. This
superposition allows us to interpret in a simplified way the unigraph’s structure.
Indeed, also the algorithm for the recognition of matrogenic graphs [11] pro-
vides a similar superposition that is exploited for solving other problems (e.g.
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the L(2, 1)-labeling [1]). It is in the conviction of the authors that the results
presented in this paper will be useful for solving such problems, that are NP-
hard for general graphs, polynomially solvable for subclasses of unigraphs and
still unknown for unigraphs.

This paper is organized as follows: next two sections recall some known results
and definitions useful in Section 4 for introducing our characterization for uni-
graphs. In Section 5 a linear time recognition algorithm justified by the previous
characterization is described. Section 6 addresses some conclusions.

2 Preliminaries and Notations

We consider only finite, simple, loopless, connected graphs G = (V, E), where
V is the vertex set of G with cardinality n and E is the edge set of G with
cardinality m. Where no confusion arises, we will call G = (V, E) simply G.

Let DS(G) = δ1, δ2, . . . , δn be the degree sequence of a graph G sorted by
non-increasing values: δ1 ≥ δ2 ≥ . . . ≥ δn ≥ 0. We call boxes the equivalence
classes of vertices in G under equality of degree. In terms of boxes the degree
sequence can be compressed as dm1

1 , dm2
2 , . . . dmr

r , d1 > d2 > . . . > dr ≥ 0, where
di is the degree of the mi vertices contained in box Bi(G), 1 ≤ mi ≤ n. We call
a box universal (isolated) if it contains only universal (isolated) vertices, where
a vertex x ∈ V is called universal (isolated) if it is adjacent to all other vertices
of V (no other vertex in V ); if x is a universal (isolated) vertex, then its degree
is d(x) = n − 1 (d(x) = 0).

A graph I induced by subset VI ⊆ V is called complete or clique if any two
distinct vertices in VI are adjacent in G, stable if no two vertices in VI are
adjacent in G.

A graph G is said to be split if there is a partition V = VK ∪ VS of its
vertices such that the induced subgraphs K and S are complete and stable,
respectively [4].

A set M of edges is a perfect matching of dimension h of X onto Y if and
only if X and Y are disjoint subsets of vertices with the same cardinality h and
each edge is incident to exactly one vertex x ∈ X and to one vertex y ∈ Y , and
different edges must be incident to different vertices.

The complement of a perfect matching of dimension h is called hyperoctahe-
dron of dimension h.

An antimatching of dimension h of X onto Y is a set A of edges such that
M(A) = X × Y − A is a perfect matching of dimension h of X onto Y .

A graph G is threshold (matrogenic) if and only if it does not contains the
forbidden configuration of Fig. 1.a (1.b) as induced subgraph [2, 5].

The complement of a threshold graph/matrogenic graph/unigraph is still a
threshold graph/matrogenic graph/unigraph.

Given a graph G, if its vertex set V can be partitioned into three disjoint sets
VK , VS , and VC such that every vertex in VC is adjacent to every vertex in VK

and to no vertex in VS , then the subgraph induced by VC is called crown.
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Fig. 1. Forbidden configurations for: a. threshold graphs, b. matrogenic graphs; —
shows a present edge, - - shows an absent edge

Fig. 2. A unigraph whose induced subgraphs are not unigraphs: F and F ′ are both
subgraphs of G and have the same degree sequence even if are not isomorphic

A property P of a graph G is said hereditary if it holds for every subgraph of G.
Thresholdness and matrogenicity are hereditary properties, while unigraphicity
is not, as Fig. 2 shows.

Definition 1. [14] Given a split graph F = (VK ∪ VS , EF ) and a simple graph
H = (V H, EH), their composition is a graph G = (V, E) = F ◦ H obtained as
the disjoint union F ∪ H plus the edge set of the complete bipartite graph with
parts VK and V H.

Theorem 1. [15] An n vertex graph G, given through its degree sequence
DS(G) = δ1, δ2, . . . , δn, is decomposable as F ◦ H, where F is a split graph and
H is a simple graph, if and only if there exist nonnegative integers p and q such
that

0 < p + q < n,

p∑

i=1

δi = p(n − q − 1) +
n∑

i=n−q+1

δi

and the degree sequences of F and H are δ1 − n + p + q, . . . , δp − n + p + q,
δn−q+1, . . . , δn and δp+1 − p, . . . , δn−q − p, respectively. If p and q do not exist,
G is said indecomposable.

Let us conclude this Section introducing the concept of inverse of a given split
graph. If G = (VK ∪ VS , E) is a split graph, its inverse GI is obtained from
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G by deleting the set of edges {{a1, a2} : a1, a2 ∈ VK} and adding the set
of edges{{b1, b2} : b1, b2 ∈ VS}; in other words, the inverse of a split graph
swaps the roles of the clique and the stable set. Then, the inverse of a thresh-
old graph/split matrogenic graph/split unigraph is still a threshold graph/split
matrogenic graph/split unigraph.

In the next section we present two theorems characterizing matrogenic graphs
and unigraphs, respectively.

3 Two Known Characterization Theorems

The following theorem characterizes matrogenic graphs as the superposition of
a black and a red graph, B and R.

Theorem 2. [11] A graph G is matrogenic if and only if its vertices can be
partitioned into three disjoint sets VK , VS and VC such that:

(i) VK ∪ VS induces a split matrogenic graph, in which K is the clique and S
is the stable set;

(ii) VC induces a crown that is a perfect matching or a hyperoctahedron or a
penthagon (i.e. the chordless cycle C5);

(iii) the edges of G can be colored red and black so that:
a. the red partial graph is the union of the subgraph induced by VC and of

vertex-disjoint pieces Pi, i = 1, . . . , z. Each piece is either a stable graph
Nj, belonging either to K or to S; or a matching Mr of dimension hr of
Kr ⊆ VK onto Sr ⊆ VS , r = 1, . . . μ; or an antimatching At of dimension
ht of Kt ⊆ VK onto St ⊆ VS , t = 1, . . . α;

b. the linear ordering P1, ..., Pz is such that each vertex in VK belonging to
Pi is not linked to any vertex in VS belonging to Pj , j = 1, ..., i−1, but is
linked by a black edge to every vertex in VS belonging to Pj, j = i+1, ..., z.
Furthermore, any edge connecting either two vertices in VK or a vertex
in VK and a vertex in VC is black.

For the sake of completeness, we observe that the black graph cited in Theorem 2
is a threshold graph according to one of the equivalent definitions presented
in [10].

Theorem 3. [15] The unigraphs are all graphs of the form G1 ◦ . . . ◦ Gc ◦ G,
where:

– c ≥ 0 if G �= ∅ and c ≥ 1 otherwise;
– For each i = 1, . . . , c, either Gi or Gi or GI

i or GI
i , is one of the following

split unigraphs:

K1, S2(p1, q1; . . . ; pt, qt), S3(p, q1; q2), S4(p, q);

– If G �= ∅, either G or G is one of the following non split unigraphs:

C5, mK2, m ≥ 2, U2(m, s), U3(m).
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Fig. 3. a. U2(m, s); b. U3(m)

Fig. 4. a. S2(p1, q1; . . . ; pt, qt); b. S3(p, q1; q2); c. S4(p, q). For the sake of clearness, the
edges of the clique connecting vertices of VK are omitted.

All graphs cited in the previous theorem are said indecomposable, and they are
defined as follows.

K1is a singleton; C5 is a pentagon and mK2 is a perfect matching of dimen-
sion m.

U2(m, s): the disjoint union of perfect matching mK2 and star K1,s,for m ≥
1, s ≥ 2 (see Fig. 3.a).

U3(m): for m ≥ 1, fix a vertex in each component of the disjoint union of the
chordless cycle C4 and m triangles K3, and merge all these vertices in one (see
Fig. 3.b).

S2(p1, q1; . . . ; pt, qt): add all the edges connecting the centers of l noniso-
morphic arbitrary stars K1,pi , i = 1, . . . , t, each one occurring qi times, where
pi, qi, t ≥ 1, q1 + . . . + qt = l ≥ 2 (see Fig. 4.a).

S3(p, q1; q2): take a graph S2(p, q1; p + 1, q2) where p ≥ 1, q1 ≥ 2 and q2 ≥ 1.
Add a new vertex v to the stable part of the graph and add the set of q1 edges
{{v, w} : w ∈ VK , degVS

(w) = p} (see Fig. 4.b).
S4(p, q): take a graph S3(p, 2; q), q ≥ 1. Add a new vertex u to the clique part,

connecting it by the edges with each vertex except v (see Fig. 4.c).

4 Unigraphs as Superposition of Red and Black Graphs

In this section we present a characterization of unigraphs in terms of superpo-
sition of a red and a black graph. This result generalizes the one holding for
matrogenic graphs (cf. Theorem 2). Nevertheless, it is to notice that the proof
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of the following theorem is not a straightforward generalization of the proof pre-
sented in [11], as the latter one is based on the heredity of matrogenicity while
this property does not hold for unigraphs.

Theorem 4. A graph G is a unigraph if and only if its vertex set can be parti-
tioned into three disjoint sets VK , VS and VC such that:

1 VK ∪ VS induces a split unigraph F in which K is the clique and S is the
stable set;

2 VC induces a crown H and either H or H is one of the following graphs:

C5, mK2, m ≥ 2, U2(m, s), U3(m);

3 the edges of G can be colored red and black so that:
a. the red partial graph is the union of H and of vertex-disjoint pieces Pi, i =

1, . . . , z. Each piece Pi (or Pi, or P I
i or P I

i ) is one of the following
graphs:

K1, S2(p1, q1; . . . ; pt, qt), S3(p, q1; q2), S4(p, q),

considered without the edges in the clique;
b. The linear ordering P1, . . . , Pz is such that each vertex in VK belonging

to Pi is not linked to any vertex in VS belonging to Pj, j = 1, ..., i − 1,
but is linked by a black edge to every vertex in VS belonging to Pj , j =
i + 1, . . . , z. Furthermore, any edge connecting either two vertices in VK

or a vertex in VK and a vertex in VC is black.

Proof. Let us prove the ’if’ part, first. Items (1) and (2) and the ordering (3).b.
identify the decomposition in F ◦ H where F is a split graph and H is an
indecomposable unigraph. Let us now consider graph F , i.e. G − H . For item
(3).a F is the union of vertex-disjoint pieces connected by the black threshold
graph; it follows that F = F1 ◦ . . .◦Fc, where each Fi is a piece Pi plus the black
edges in the clique part. This is the crucial point that allows us to bypass the
lack of heredity of unigraphicity. So Theorem 3 holds and G is a unigraph.

Concerning the ’only if’ part, observe that the edges added during the compo-
sition operation, together with the edges in the cliques of the split components,
induce a threshold graph. As G is a unigraph, items (1) and (2) derive from this
observation and from Theorem 3 , while item (3) is obtained from the following
coloring operation: color black all edges coming from the composition operation,
all edges induced by VK and all edges connecting VK and VC ; color red all other
edges. The elimination of the edges from the clique of the red pieces in item (3)
is necessary for avoiding to color these edges both red and black.

In Fig. 5.a a unigraph is depicted , and its red and black partial graphs are
highlighted in Fig. 5.b and 5.c, respectively.

Observe that Theorem 1 guarantees that the first p and the last q elements in
the degree sequence of a unigraph individuate the first indecomposable compo-
nent of the ordered sequence of compositions. As we will show in the following,
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Fig. 5. a. A unigraph; b. its red graph; c. its black graph

we are able to characterize the degree sequence associated to each indecompos-
able unigraph. This characterization, together with the analysis of the previous
theorem, allows us to naturally design a pruning algorithm for the class of uni-
graphs.

5 A Linear Time Recognition Algorithm for Unigraphs

In this section, we design a new algorithm for recognizing unigraphs that works
pruning the degree sequence dm1

1 , . . . , dmr
r of a given graph G. At each step, the

algorithm finds an indecomposable split component F of G checking the first
p and the last q boxes, according to part (3).a. of Theorem 4. The algorithm
proceeds on the pruned graph G − F and iterates this step until either G is
recognized to be a unigraph or some contradiction is highlighted.

To do that, we need to list each indecomposable non-split (let it be H) and
split (let it be F ) graph and to exhibit the rules that must be respected by the
first p and the last q boxes of the degree sequence dm1

1 , . . . , dmr
r corresponding

to graph G. Due to the lack of space, the complete list of conditions will be
provided in an extended version of the paper. In order to follow the algorithm,
it is enough to know that each condition is called with the name of the graph it
detects.

ALGORITHM. Pruning-Unigraphs
INPUT: a graph G by means of its degree sequence dm1

1 , . . . , dmr
r

OUTPUT: a red/black edge coloring if G is an unigraph, “failure” otherwise.

imax ← 1; imin ← r; n ←
∑imin

j=imax mj ;
REPEAT
Step 1 (non split indecomposable component, i.e. crown)

IF imax = imin AND (COND. K2 OR COND.K2 OR COND. C5)
THEN color by red all edges of the crown;
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n ← 0;
ELSE

IF imax = imin − 1 AND (COND. U2 OR COND. U3 OR COND. U2 OR COND.
U3)

THEN color by red all edges of the crown;
n ← 0;

ELSE
Step 2 (universal or isolated box)

IF COND. U
THEN FOR i = imax + 1 TO imin DO

di ← di − mimax;
imax ← imax + 1;
n ← n − mimax;

ELSE
IF COND. I

THEN imin ← imin − 1;
n ← n − mimin;

ELSE
Step 3 (split indecomposable components)

IF COND. S3 OR COND. SI
3 OR COND. S4 OR COND. SI

4

THEN color by red all the edges of the split component but the edges of its clique;
FOR i = imax + 1 TO imin − 2 DO

di ← di − mimax;
imax ← imax + 1;
imin ← imin − 2;
n ← n − mimax − mimin − mimin−1;

ELSE
IF COND. S3 OR COND. SI

3 OR COND. S4 OR COND. SI
4

THEN color by red all the edges of the split component but the edges of its clique;
FOR i = imax + 2 TO imin − 1 DO

di ← di − mimax − mimax+1;
imax ← imax + 2;
imin ← imin − 1;
n ← n − mimax − mimax+1 − mimin;

ELSE
IF mimax ≤ mimin AND there exists an x ≥ 1 s.t. COND. S2 OR COND. SI

2
THEN color by red all the edges of the split component but the edges of its clique;

FOR i = imax + x TO imin − 1 DO
di ← di − mimax − . . . − mimax+x−1;

imax ← imax + x;
imin ← imin − 1;
n ← n − mimax − . . . − mimax+x−1 − mimin;

ELSE
IF mimax > mimin AND there exists an x ≥ 1 s.t. COND. S2 OR COND. SI

2

THEN color by red all the edges of the split component but the edges of its clique;
FOR i = imax + 1 TO imin − x DO

di ← di − mimax;
imax ← imax + 1;
imin ← imin − x;
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n ← n − mimax − mimin−x+1 − . . . − mimin;
ELSE

Step 4 (G is not an unigraph)
RETURN “failure”;

UNTIL n = 0;
color by black all the uncolored edges of G;
RETURN the red/black edge coloring of G.

Theorem 5. Algorithm Pruning-Unigraphs returns “success” if and only if G
is a unigraph.

Proof. Checking the first p and the last q boxes of the degree sequence allows one
to recognize the split component F , if it exists. Item (3).a. of Theorem 4 identifies
all the components of F for a unigraph and the conditions univocally determine
each component and indicate the values of p and q for each component in terms
of boxes. Conditions of steps 1, 2, 3, 4 are mutually exclusive, so at each iteration
of the algorithm only one step may occur. Item (3).b. of Theorem 4 guarantees
that the pruning operation can be iteratively applied. Indeed, the algorithm, at
each step, red-colors and eliminates a complete piece Pi and eliminates all the
the edges connecting Pi to Pj , for j = i + 1, . . . , z that will be colored by black
at the end; hence, if the original graph G is a unigraph, for the reduced graph
G − Pi Theorem 4 holds and hence it is a unigraph, too. Finally, the crown,
if it exists, is specified by item (2) of Theorem 4 and by the conditions; it is
red-colored. The correctness of the algorithm follows.

Theorem 6. Algorithm Pruning-Unigraphs runs in O(n) time.

Proof. Each indecomposable component Pi involves a certain number of boxes
ri, 1 ≤ ri ≤ r and

∑
ri = r, where the sum is performed over all the found

indecomposable components. Observe that all the indecomposable components,
except S2 (and its complement, its inverse and the inverse of its complement)
involve a constant number of boxes (either 1 or 2 or 3). From the other hand,
determining x, and hence recognizing S2, takes time Θ(x). Since the recognition
of component S2 is executed as last possibility, it follows that the recognition of
each indecomposable component Pi, involving ri boxes, always takes Θ(ri) time.
Also the update of the degree sequence can be run in the same time provided that
a clever implementation is performed. Indeed, in Algorithm Pruning-Unigraphs,
it is not necessary to update at each step the degree sequence as we do in order to
highlight the pruning technique: instead, it is enough to keep an integer variable
prune and to check conditions on (di− prune) instead of di in order to guarantee
that no additional time is used to prune the sequence. Hence the algorithm
recognizes if G is a unigraph in time Θ(

∑
ri) = Θ(r) = O(n).

In the following, an example of execution of the algorithm is provided.
Let 163, 124, 95, 52, 31, 21, 14 be the degree sequence of an input graph G (de-

picted in Fig. 6). On this sequence, COND. S3=true, hence B1 ∪B6 ∪B7 induce
S3(1, 2; 1) (see Fig. 7).
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Fig. 6. A unigraph, where sets VK , VS and VC are highlighted

Fig. 7. The unigraph of Fig. 6 where component S3(1, 2; 1) is highlighted

Fig. 8. The unigraph of Fig. 6 after pruning component S3(1, 2; 1)

After the pruning operation, we have the new degree sequence is 94, 65, 22, 01,
representing the graph in Fig. 8.

For this degree sequence, COND. I=true, and therefore B5 induces K1 ∈ VS

(see Fig. 8). After the remotion of this box (see Fig. 9), the pruned degree
sequence is 94, 65, 22 and COND. S2=true. Hence, we deduce that B2 ∪ B4 in-
duces S2(2, 2), as shown in Fig. 9. The algorithm prunes the sequence obtaining
sequence 25, that verifies COND. C5, so B3 induces C5.

Also this sequence is pruned and the reduced graph is empty, hence the algo-
rithm returns success.
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Fig. 9. The unigraph of Fig. 8 after pruning component K1 ∈ VS

6 Conclusions

In this paper we presented a linear time algorithm for recognizing unigraphs
exploiting a new characterization for these graphs. It partitions the vertex set and
the edge set into three and two disjoint sets, respectively, detecting two particular
graphs whose superposition generates the given unigraph. As we observed in
Section 4, the proof of the known characterization for matrogenic graphs is based
on the heredity, that does not hold for unigraphicity; so, we have weakened our
requirements proving that only some special subgraphs of a unigraph are still
unigraphs. This is the picklock of the proof of our characterization.

Based on this characterization, we designed a linear time recognition
algorithm.

We are convinced that the results presented in this paper can be helpful to
solve some of those problems that are NP-hard in general, polynomially solved
for subclasses of unigraphs and still unknown for unigraphs. This will be a future
direction of our work.
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Abstract. We investigate connected proper interval graphs without vertex labels.
We first give the number of connected proper interval graphs of n vertices. Using
it, a simple algorithm that generates a connected proper interval graph uniformly
at random up to isomorphism is presented. Finally an enumeration algorithm of
connected proper interval graphs is proposed. The algorithm is based on the re-
verse search, and it outputs each connected proper interval graph in O(1) time.

Keywords: Counting, enumeration, proper interval graphs, random generation,
unit interval graphs.

1 Introduction

Recently we have to process huge amounts of data in the areas of data mining, bioin-
formatics, etc. In order to find and classify knowledge automatically from the data we
sometimes assume that the data is structured, and such structures can be observed im-
plicitly or explicitly. We assume that the data have a certain structure, and we enumerate
them, and we test if the assumption is appropriate.

We have to attain three eÆciencies to deal with the complex structures: the structure
has to be represented eÆciently; essentially di�erent instances have to be enumerated
eÆciently; and the properties of the structure have to be checked eÆciently. In the
area of graph drawing, there are several researches [5,15,18,24]. From the viewpoint
of graph classes, the previously studied structures are relatively primitive, and there are
many unsolved problems for more complex structures: Trees are widely investigated
as a model of such structured data [10,22,27,28,30], and recently, distance-hereditary
graphs are studied [17].

A variety of graph classes have been proposed and studied [6]. Among them, inter-
val graphs have been widely investigated since they were introduced in the 1950s by a
mathematician, Hajös, and by a molecular biologist, Benzer, independently [11, Chap-
ter 8]. A graph is called an interval graph if it represents intersecting intervals on a line.
In this paper, we aim at a subclass of interval graphs. An interval graph is called a unit
interval graph if it has a unit length interval representation. An interval representation
is called proper if no interval properly contains another one on the representation. An
interval graph is called a proper interval graph if it has a proper interval representation.

S. Das and R. Uehara (Eds.): WALCOM 2009, LNCS 5431, pp. 177–189, 2009.
c� Springer-Verlag Berlin Heidelberg 2009
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Interestingly, unit interval graphs coincide with proper interval graphs; those notions
define the same class [4,33].

In addition to the fact that proper interval graphs form a basic graph class, they have
been of interest from a viewpoint of graph algorithms. There are many problems that
can be solved eÆciently on proper interval graphs [3,8,9,13,14,31]. It is also known that
proper interval graphs are strongly related to the classic NP-hard problem, bandwidth
problem [19]. The bandwidth problem is finding a layout of vertices; the objective is
to minimize the maximum di�erence of two adjacent vertices on the layout. The band-
width problem is NP-hard even on trees [26,32]. The bandwidth problem has been
studied since the 1950s; it has many applications including sparse matrix computations
(see [7,23] for survey). For any given graph G � (V� E), finding a best layout of ver-
tices is equivalent to finding a proper interval graph G� � (V� E�) with E � E� whose
maximum clique size is the minimum among all such proper interval graphs [19]. The
proper interval completion problem is also motivated by molecular biology, and hence
it attracts much attention (see, e.g., [20]).

In this paper, we investigate counting, random generation, and enumeration of proper
interval graphs. More precisely, we aim to count, generate, and enumerate unlabeled
connected proper interval graphs. We note that the graphs we deal with are unlabeled.
This is reasonable to avoid redundancy from a practical point of view.

Unlabeled proper interval graphs can be naturally represented by a language over
an alphabet � � �‘[’� ‘]’�. The number of strings representing proper interval graphs is
strongly related to a well known notion called Dyck path, which is a staircase walk from
(0� 0) to (n� n) that lies strictly below (but may touch) the diagonal x � y. The number of
Dyck paths of length n is equal to Catalan number �(n). Thus, our results for counting
and random generation of proper interval graphs with n vertices are strongly related
to �(n). The main di�erence between those notions is that we have to mention about
isomorphism and symmetricity in the case of proper interval graphs. For example, to
generate an unlabeled connected proper interval graph uniformly at random, we have
to consider the number of valid representations of each graph since it depends on the
symmetricity of the graph. We show in Section 3 that the number of connected proper
interval graphs of n � 1 vertices is 1

2 (�(n) �
�

n
�n�2�

�
). Extending the result, we give a

linear time and space algorithm that generates a connected proper interval graph with n
vertices uniformly at random.

Our enumeration algorithm is based on the reverse search developed by Avis and
Fukuda [2]. We design a good parent-child relation among the string representations of
the proper interval graphs in order to perform the reverse search eÆciently. The relation
admits us to perform each step of the reverse search in O(1) time, and hence we have
an eÆcient algorithm that enumerates every unlabeled connected proper interval graph
with n vertices in O(1) time and O(n) space. (Each graph G is output in the form of the
di�erence between G and the previous one so that the algorithm can output it in O(1)
time.) Here we notice that there are some similar known algorithms that enumerate
every string of “[” and “]” in constant time [22]. However it is not always possible
to obtain a constant delay algorithm for enumerating proper interval graphs from such
constant delay string enumeration algorithms. For example think a string “[[. . . []]. . . ]”
of length 2n. This represents a complete graph of size n, and the number of edges of
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it is n(n � 1)�2. If we swap the 3rd “[” and the first “]”, the number of edges of the
represented graph becomes (n � 1)(n � 2)�2 � 1.

We note that all the results above can be extended from “n vertices” to “at most n
vertices”. This will be discussed in the concluding remarks.

2 Preliminaries

A graph (V� E) with V � �v1� v2� � � � � vn� is an interval graph if there is a finite set of
closed intervals � � �Iv1 � Iv2 � � � � � Ivn� on the real line such that �vi� v j� � E i� Ivi � Iv j � 	

for each i and j with 0 � i� j 
 n. We call the interval set � an interval representation of
the graph. For each interval I, we denote by L(I) and R(I) the left and right endpoints
of the interval, respectively (hence we have L(I) 
 R(I) and I � [L(I)�R(I)]). For two
intervals I and J, we write I � J if L(I) 
 L(J) and R(I) 
 R(J).

An interval representation is proper if no two distinct intervals I and J exist such that
I properly contains J or vice versa. That is, either I � J or J � I holds for every pair of
intervals I and J. An interval graph is proper if it has a proper interval representation.
If an interval graph G has an interval representation � such that every interval in �

has the same length, G is said to be a unit interval graph. Such interval representation
is called a unit interval representation. It is well known that proper interval graphs
coincide with unit interval graphs [33]. That is, given a proper interval representation,
we can transform it to a unit interval representation. A simple constructive way of the
transformation can be found in [4]. With perturbations if necessary, we can assume
without loss of generality that L(I) � L(J) (and hence R(I) � R(J)), and R(I) � L(J)
for any two distinct intervals I and J in a unit interval representation �.

We denote an alphabet �‘[’� ‘]’� by � throughout the paper. We encode a unit interval
representation � of a unit interval graph G by a string s(�) in �� as follows; we sweep
the interval representation from left to right, and encode L(I) by ‘[’ and encode R(I) by
‘]’ for each I � �. We call the encoded string a string representation of G. We say that
string x in �� is balanced if the number of ‘[’s in x is equal to that of ‘]’s. Clearly s(�)
is a balanced string of 2n letters. Using the construction in [4], s(�) can be constructed
from a proper interval representation � in O(n) time and vice versa since the ith ‘[’ and
the ith ‘]’ give the left and right endpoints of the ith interval, respectively.

We define ‘[̄’ � ‘]’ and ‘]̄’ � ‘[’ respectively. For two strings x � x1x2 � � � xn and
y � y1y2 � � � ym in ��, we say that x is smaller than y if (1) n � m, or (2) n � m and there
exists an index i � �1� � � � � n� such that xi� � yi� for all i� � i and xi � ‘[’ and yi � ‘]’. If x
is smaller than y, we denote x � y. We note that the balanced string x � [[� � � []] � � � ] is
the smallest among those of the same length. For a string x � x1x2 � � � xn we define the
reverse x̄ of x by x̄ � x̄n x̄n�1 � � � x̄1. A string x is reversible if x � x̄. Here we have the
following lemma:

Lemma 1 (See, e.g., [9, Corollary 2.5]). Let G be a connected proper interval graph,
and � and �� be any two unit interval representations of G. Then either s(�) � s(��)
or s(�) � s(��) holds. That is, the unit interval representation and hence the string
representation of a proper interval graph is determined uniquely up to isomorphism.
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A connected proper interval graphG is said to be reversible if its string representation is
reversible. Note that G is supposed to be connected in Lemma 1. If G is disconnected, we
can obtain several distinct string representations by arranging the connected components.

It is easier for our purpose (counting, random generation, and enumeration of unla-
beled proper interval graphs) to deal with the encoded strings in �� than to use interval
representations. Given an interval representation � of a proper interval graph G, the
smaller of the two string representations s(�) and s(�) is called canonical. If s(�) is
reversible, s(�) is the canonical string representation. Hereafter we sometimes identify
a connected proper interval graph G with its canonical string representation.

For a string x � x1x2 � � � xn � �n of length n, we define the height hx(i) (i � �0� � � � � n�)
as follows; (0) hx(0) � 0, and (1) hx(i) � hx(i�1)�1 if xi � ‘[’, and hx(i) � hx(i�1)�1
otherwise. We say that a string x is nonnegative if mini�hx(i)� is equal to 0 (we do not
have mini�hx(i)� � 0 since hx(0) � 0). The following observation is immediate:

Observation 1. Let x � x1 x2 � � � x2n be a string in �2n. (1) x is a string representation
of a (not necessarily connected) proper interval graph if and only if x is balanced and
nonnegative. (2) x is a string representation of a connected proper interval graph if and
only if x1 � ‘[’ and x2n � ‘]’, and the string x2 � � � x2n�1 is balanced and nonnegative.

A balanced nonnegative string of length 2n corresponds to a well-known notion called
Dyck path, which is a staircase walk from (0� 0) to (n� n) that lies strictly below (but
may touch) the diagonal x � y. The number of Dyck paths of length n is equal to
Catalan number �(n) � 1

n�1

�
2n
n

�
; see [34, Corollary 6.2.3] for further details. We note

that Observation 1 does not care about isomorphism up to reversal. We have to avoid the
duplications of isomorphic graphs for counting the number of mutually nonisomorphic
graphs, and for uniform random generation of them.

We use one of the generalized notions of Catalan number: The number of nonneg-
ative strings x � x1x2 � � � xn of length n with hx(n) � i � 0 equals �(n� i) � i

2n�i

�
2n�i

n

�
.

This can be obtained by a generalized Raney’s lemma about m-Raney sequences with
letting m � 2; see [12, Equation (7.69), p. 349] for further details.

Time complexity is measured by the number of arithmetic operations in this paper.
Especially we assume that each binomial coeÆcient, each Catalan number, and its gen-
eralization can be computed in O(1) time. Moreover we assume that the basic arithmetic
operations of these numbers can be done in O(1) time. Binomial coeÆcients and Cata-
lan number �(n� i) require O(n) bits, so this assumption is clearly out of the standard
RAM model. We have to multiply the time complexity of calculation of these numbers
to the time complexities we show, in the standard RAM model case. We employ the
assumption only in Section 3 to simplify the discussion. It is worth stating that the enu-
meration algorithm in Section 4 does not require the assumption, and all the results in
Section 4 are valid on the standard RAM model.

3 Counting and Random Generation

In this section, we count the number of mutually nonisomorphic proper interval graphs.
And we propose an algorithm that eÆciently generates a proper interval graph uni-
formly at random. First we show the following theorem:
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Theorem 1 (Karttunen 2002). For any positive integer n, the number of connected
proper interval graphs of n � 1 vertices is 1

2 (�(n) �
�

n
�n�2�

�
).

Note that Theorem 1 has been already mentioned informally by Karttunen in 2002 [21].
We here give an explicit proof so that we use some notions for random generation.

Proof. We define three sets R(n)� S (n)� and T (n) of strings in �2n of length 2n by

R(n) � �x 
 x is balanced, nonnegative, 
x
 � 2n, and x is reversible��
S (n) � �x 
 x is balanced, nonnegative, 
x
 � 2n, and x is not reversible�, and
T (n) � �x 
 x is balanced, nonnegative, and 
x
 � 2n��

The number of connected proper interval graphs of n � 1 vertices is equal to 
S (n)
 �2 �

R(n)
 � 
T (n)
 �2 � 
R(n)
 �2 � 1

2 (�(n) � 
R(n)
), by Observation 1. The number of ele-
ments in R(n) is equal to that of nonnegative strings x� of length n, since each reversible
string x is obtained by the concatenation of strings x� and x̄�.

Now the task is the evaluation of the number of nonnegative strings x of length n. Let
f (n� h) be the number of nonnegative strings x � x1 � � � xn of length n with hx(n) � h.
Clearly we have f (n� h) � 0 if h � n. The following equations hold for each integers
i and k with 0 
 i 
 k. (1) f (2k� 2i � 1) � 0, f (2k � 1� 2i) � 0, (2) f (2k� 0) � �(k),
f (k� k) � 1, and (3) f (k� i) � f (k � 1� i � 1) � f (k � 1� i � 1). We have the following
equation for 0 
 h 
 n:

f (n� h) �

�
0 if n � h is odd, and
h�1
n�1

�
n�1

(n�h)�2

�
if n � h is even,

by carefully applying the generalized Raney’s lemma about m-Raney sequences with
m � 2 to our representation [12, Section 7.5].

It is necessary to show
�n

i�0 f (n� i) �
�

n
� n

2�

�
to complete the proof. This equation can

be obtained from Equation (5.18) in [12]. ��

Next we consider the uniform random generation of a proper interval graph of n
vertices.

Theorem 2. For any given positive integer n, a connected proper interval graph with
n vertices can be generated uniformly at random in O(n) space. The time complexity to
generate a string representation of proper interval graph uniformly is O(n), while that
to convert it to a graph representation is O(n � m) where m is the number of edges of
the created graph.

Proof. (Outline) We denote by y � y1 � � � y2n the canonical string of a connected proper
interval graph G � (V� E) to be obtained. We fix y1 � ‘[’ and y2n � ‘]’ and generate
x � x1 � � � x2n� with y � [x], where n� � n � 1 and x is a balanced nonnegative string.

The idea is simple; just generate balanced nonnegative string x. However each
non-reversible graph corresponds to two balanced nonnegative strings, while each re-
versible graph corresponds to one balanced nonnegative (reversible) string. In order
to adjust the generation probabilities, the algorithm first selects which type of string
to generate: (1) a balanced nonnegative string (that can be reversible) with probability

T (n�)
 �(
T (n�)
� 
R(n�)
) or (2) a balanced nonnegative reversible string with probability
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R(n�)
 �(
T (n�)
 � 
R(n�)
). This probabilistic choice adjusts the generation probabilities
between reversible graphs and non-reversible graphs, by the equations in Theorem 1. In
each case, the algorithm generates each string uniformly at random using the function
f (n� h) introduced in the proof of Theorem 1 as follows:

Case 1: Generation of a balanced nonnegative string of length 2n� uniformly at random.
There is a known algorithm for this purpose [1]. We simply generate sequence of ‘[’ and
‘]’ from left to right. Assume that the algorithm has already generated a nonnegative
string x1 � � � xk of length k with k � 2n�. Choose ‘[’ as the next letter with probability
(hx(k)�r)(r�2)

2hx(k)(r�1) and choose ‘]’ with probability r(hx(k)�r�2)
2hx(k)(r�1) , where r is equal to 2n� � k. Then

we have a balanced nonnegative string of length 2n� uniformly at random.

Case 2: Generation of a balanced nonnegative reversible string of length 2n� uniformly
at random. The desired balanced nonnegative reversible string x can be represented as
x � x1x2 � � � xn��1xn� x̄n� x̄n��1 � � � x̄2 x̄1, where x1x2 � � � xn� is a nonnegative string of length
n�. We thus generate a nonnegative string x� :� x1 x2 � � � xn� of length n� uniformly at
random.

Unfortunately, similar approach to Case 1 does not work; given a positive prefix
x1x2 � � � xi, it seems to be hard to generate xi�1 � � � xn� that ends at some hx(n�) uniformly,
since the string may pass below both of hx(i) and hx(n�).

The key idea is to generate the desired string backwardly. This step consists of two
phases. The algorithm first chooses the height hx(n�) of the last letter xn� randomly.
The number of nonnegative strings ending at height h is f (n�� h), and

�n�

i�0 f (n�� i) ��
n�

�n��2�

�
, by the proof of Theorem 1. Thus the algorithm first sets, for each h � �0� � � � � n��,

hx(n�) � h with probability f (n�� h)�
�

n�

�n��2�

�
. Then the algorithm randomly chooses the

height hx(i) from hx(i � 1) for each i � n� � 1� n� � 2� � � � � 1. The height hx(i) is hx(i) �
hx(i � 1)�1 with probability p�(p�q) and hx(i) � hx(i � 1)�1 with probability q�(p�q),
where p � hx(i�1)�1

2i�hx(i�1)�1

�
2i�hx(i�1)�1

i

�
, and q � hx(i�1)�1

2i�hx(i�1)�1

�
2i�hx(i�1)�1

i

�
. The algorithm finally

obtains hx(1) � 1 and hx(0) � 0 with probability 1 after repeating this process. The
string x� � x1x2 � � � xn��1xn� can be obtained by traversing the sequence of the heights
backwards, and hence we can obtain x � x� x̄�.

By the assumption (a binomial coeÆcient, a Catalan number �(n), and its general-
ization �(n� i) can be computed in O(1) time), it is easy to see that the algorithm runs in
O(n) time and space. ��

Note that the only part that requires O(n) space is the generation of x� � x1x2 � � � xn�

from the sequence of their heights hx(n�)� hx(n� � 1)� � � � � hx(1) in Case 2 in the proof
of Theorem 2. Therefore, if we admit to output the reversible string xx̄ by just x̄, the
algorithm in Theorem 2 requires space of only O(n) bit.

4 Enumeration

We here enumerate all connected proper interval graphs with n vertices. It is suÆ-
cient for our enumeration to enumerate each string representation of connected proper
interval graphs, by Lemma 1. Let S n be the set of balanced and canonical strings
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x � x1x2 � � � x2n in �2n such that x1 � ‘[’, x2n � ‘]’, and the string x2 � � � x2n�1 is nonneg-
ative. We define a tree structure, called family tree, in which each vertex corresponds to
each string in S n. We enumerate all the strings in S n by traversing the family tree. Since
S n is trivial when n � 1� 2, we assume n � 2.

We start with some definitions. Let x � x1x2 � � � x2n be a string in �2n. If xi xi�1 � [ ],
i is called a front index of x. Contrary, if xixi�1 � ][, i is called a reverse index of x. For
example, a string [[[[ ][ ][ ]][ ]][ ][ ]] has 6 front indices 4, 6, 8, 11, 14, and 16, and has 5
reverse indices 5, 7, 10, 13, and 15. The string [n]n in S n is called root and denoted by rn.
Let x � x1 x2 � � � x2n be a string in �2n. We denote the string x1 x2 � � � xi�1 x̄i x̄i�1 xi�2 � � � x2n

by x[i] for i � 1� 2� � � � � 2n � 1. We define P(x) by x[ j] for x � �2n � �rn�, where j
is the minimum reverse index of x. For example, for x �[[[[][][ ]][ ]][ ][ ]], we have
P(x) �[[[[[ ]][ ]][ ]][ ][ ]] (the flipped pair is enclosed by the grey box and the minimum
reverse indices are underlined).

Lemma 2. For every x � S n � �rn�, we have P(x) � S n.

Proof. (Outline) For any x � S n � �rn�, it is easy to see that P(x) � x�1x�2 � � � x�2n satisfies
that x�1 � ‘[’, x�2n � ‘]’, x�2 � � � x�2n�1 is balanced and nonnegative. Thus we show that P(x)
is canonical.

We first assume that x is reversible. Then the minimum reverse index j of x satisfies
j 
 n. If j � n, P(x) is still reversible and P(x) is thus canonical. When j � n, we have
P(x) � P(x) and P(x) is thus canonical again.

Next we consider the case that x is not reversible. There must be an index i such that
xi � x2n�i�1 � ‘[’, and xi� � x̄2n�i��1 for all 1 
 i� � i, since x is canonical. Moreover
we have 1 
 i � n since x is balanced. Let � be the minimum reverse index of x. We
first observe that � � i since x� � ‘]’. We also see that � � 2n � i � 1 since xi� � x̄2n�i��1

for all 1 
 i� � i. Now we have three cases (1) � � i � 1, (2) i � � � 2n � i � 1, and
(3) � � i � 1. We can easily check P(x) � P(x) in any case. ��

Next we define the family tree among strings in S n. We call P(x) the parent of x, and
x is a child of P(x) for each x � S n � �rn�. Note that x � S n may have multiple or
no children while each string x � S n � �rn� has the unique parent P(x) � S n. Given a
string x in S n � �rn�, we have the unique sequence x� P(x)� P(P(x))� � � � of strings in S n

by repeatedly finding the parent. We call it the parent sequence of x. For example, for
x �[[[ ][ ]][ ]], we have P(x) �[[[[ ]]][ ]], P(P(x))�[[[[ ]][ ]]], P(P(P(x))) �[[[[ ][ ]]]], and
P(P(P(P(x)))) � r5. The next lemma ensures that the root rn is the common ancestor of
all the strings in S n.

Lemma 3. The parent sequence of x in S n eventually ends up with rn.

Proof. (Outline) For a string x � x1x2 � � � x2n in S n, we define a potential function
p(x) �

�n
i�1 2n�ib(xi) �

�n
i�1 2i�1(1 � b(xn�i)), where b(‘[’) � 0 and b(‘]’) � 1. For any

x � S n, p(x) is a non-negative integer, and p(x) � 0 if and only if x � rn. Additionaly it
is easy to see that p(P(x)) � p(x) for any x � S n � �rn�. Thus, by repeatedly finding the
parent from a string in S n, we eventually obtain the root rn. ��
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[[[[[[]]]]]]

[[[[[][]]]]]

[[[[[]][]]]]

[[[[[]]][]]][[[[][][]]]]

[[[[]][[]]]] [[[[[]]]][]]

[[[[][]]][]]

[[[[]][]][]]

[[[[]]][][]]

[[[][]][][]]

[[[]][][][]]

[[][][][][]]

[[][[]][][]]

[[[][][]][]]

[[[]][[]][]][[][[][]][]]

[[[][[]]][]]

[[][[[]]][]]

[[[[][]][]]]

[[[[]][][]]]

[[[][][][]]] [[[[]]][[]]]

[[[][]][[]]]

[[[]][][[]]]

[[[][[]][]]]

Fig. 1. The family tree T6

We have the family tree Tn of S n by merging all the parent sequences. Each vertex in
the family tree Tn corresponds to each string in S n, and each edge corresponds to each
parent-child relation. See Fig. 1 for example.

Now we give an algorithm that enumerates all the strings in S n. The algorithm tra-
verses the family tree by reversing the procedure of finding the parent as follows. Given
a string x in S n, we enumerate all the children of x. Every child of x is in the form x[i]
where i is a front index of x. We consider the following cases to find every i such that
x[i] is a child of x.

Case 1: String x is the root rn. The string x has exactly one front index n. Since
P(x[n]) � x, x[n] is a child of x. Since x[i] is not a child of x when i is not a front
index, x has exactly one child.

Case 2: String x is not the root. In this case, x has at least two front indices. Let i be
any front index, and j be the minimum reverse index. If j�1 � i then x � P(x[i]), since
i is not the minimum reverse index of x[i]. If i 
 j � 1, x[i] may be a child of x. We
call such i a candidate index of x. For a candidate index i, if x[i] is in S n (i.e. x[i] is
canonical), i is called a flippable index and x[i] is a child of x. Since there must exist a
reverse index between any two front indices, x has at most two candidate indices. Thus
x has at most two children. For example, x � [[[]][]] has two candidate indices 3 and 6,
one reverse index 5, and one child x[3] � [[][][]].

Given a string x in S n, we can enumerate all the children of x by the case analysis
above. We can traverse Tn by repeating this process from the root recursively. Thus we
can enumerate all the strings in S n.

Now we have the following algorithm and lemma.
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Procedure find-all-children(x � x1x2 � � � x2n) �� x �� ��� �����	� ����	
�

begin
01 Output x �� ���
�� ��� �������	�� ���� ��� 
������� ����	
�

02 for each flippable index i
03 find-all-children(x[i]) �� ���� �

end

Algorithm find-all-strings(n)
begin

01 Output the root x � rn

02 find-all-children(x[n]) �� ���� �

end

Lemma 4. Algorithm find-all-strings(n) enumerates all the strings in S n.

By Lemma 4 we can enumerate all the strings in S n. We need two more lemmas to gen-
erate each string in O(1) time. First we show an eÆcient construction of the candidate
indices list.

Lemma 5. Given a string x in S n and its flippable indices, we can construct the candi-
date indices list of each child of x in O(1) time.

Proof. (Outline) Let x[i] be a child of x. Each string x in S n has at most two flippable
indices (see the proof of Lemma 3). Let a and b be two flippable indices of x, and let
a� and b� be two flippable indices of x[i] (if they exist), respectively. Without loss of
generality, we assume a � b and a� � b�. With careful case analysis, we obtain either
(1) a� � a � 1, b� � a � 1, (2) a� � a � 1 and b� does not exist, (3) a� � a, b� � b � 1,
(4) a� � a, and b� does not exist, or (5) x[i] has no child.

In each case the candidate indices list can be updated in O(1) time. ��

Since the number of candidate indices of x is at most two, our family tree is a binary
tree. We note that a candidate index of x can become “non-candidate” In the case, such
index does not become a candidate index again.

Next lemma shows that there is a method of determining whether a candidate index
is flippable.

Lemma 6. One can determine whether or not a candidate index is flippable in O(1)
time.

Proof. (Outline) Let x � x1 x2 � � � x2n be a string in S n and a be a candidate index of x.
We denote x[a] � y � y1y2 � � � y2n. A candidate index a is flippable if and only if x[a] is
canonical and y2y3 � � � y2n�1 is nonnegative.

We first check whether or not a string y2y3 � � � y2n�1 is nonnegative. We have hy(a) �
hx(a) � 2 and hy(i) � hx(i) for each 1 
 i � a and a � i 
 2n, since a � 1, yaya�1 � ‘][’,
xaxa�1 � ‘[]’, and xi � yi for each 1 
 i � a and a�1 � i 
 2n. Thus y2y3 � � � y2n�1 is non-
negative if and only if hx(a) � 2. Therefore we can check the negativity of y2y3 � � � y2n�1

in O(1) time using an array of size n to maintain the sequence of heights of the string.
Updates of the array also can be done in O(1) time.
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We next check whether or not a string is canonical. We call xL � x1x2 � � � xn the
left string of x, and xR � x2nx2n�1 � � � xn�1 the right string of x. Then x is canonical if
and only if xL

j 
 xR
j . We maintain a doubly linked list L in order to check it in O(1)

time. The list L maintains the indices of di�erent characters in xL and xR. First L is
initialized by an empty since xL � xR for x � rn. In general L is empty if and only if
x is reversible. We can check whether xL � xR by comparing xL

L[1] and xR
L[1]. When x

is updated by x[a], xL and xR changes in at most two consecutive indices. To find such
indices, we also maintain two pointers associated to a that point L[i] and L[i � 1] with
L[i] 
 a 
 L[i � 1]. The update of L can be done in O(1) time with these pointers. ��

Lemmas 5 and 6 show that we can maintain the list of flippable indices of each string in
O(1) time, during the traversal of the family tree. Thus we have the following lemma.

Lemma 7. Our enumeration algorithm uses O(n) space and runs in O(
S n
) time.

By the lemma above, our algorithm generates each string in S n in O(1) time “on aver-
age”. However it may have to return from the deep recursive calls without outputting
any string after generating a string corresponding to the leaf of a large subtree in the
family tree. This takes much time. Therefore each string cannot be generated in O(1)
time in the worst case.

This delay can be canceled by outputting the strings in the “prepostorder” manner
in which strings are outputted in the preorder (and postorder) manner at the vertices of
odd (and even, respectively) depth of the family tree. See [29] for further details of this
method; in [29] the method was not explicitly named, and the name “prepostorder” was
given by Knuth [16]. Now we have the main theorem in this section.

Theorem 3. After outputting the root in O(n) time, the algorithm enumerates every
string in S n in O(1) time.

Let G and G[i] be two proper interval graphs corresponding to a string x and its child
x[i], respectively. We note that G[i] can be obtained from G by removing the one edge
which represents a intersection between (1) the interval with the right endpoint corre-
sponding to xi�1 and (2) one with the left endpoint corresponding to xi. And the root
string represents a complete graph. Therefore our algorithm can be modified to deal
with the graphs themselves without loss of eÆciency. Note that it is not true that every
constant delay enumeration algorithm for parentheses applys to that for proper interval
graphs since the sizes of di�erences may not equal among string representations and
graph representations.

Theorem 4. After outputting the n-vertex complete graph in O(n2) time, the algorithm
enumerates every connected proper interval graph of n vertices in O(1) time.

5 Conclusion

We concentrate to deal with the graphs of n vertices in this paper. For the counting and
random generation, it is straightforward to extend the results to those of graphs with
at most n vertices. For the enumeration, a naive way of enumerating i-vertex proper
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interval graphs for each i is not suÆcient, since the di�erence between the roots of
proper interval graphs of i vertices and those of i � 1 vertices is not constant. However
we can extend our results with suitable parent-child relation. Precisely we extend the
relation and define the parent of the root ri by [i]i�1[]]� S i�1. From the viewpoint of the
graphs, we add a pendant vertex to a complete graph of i vertices. From the algorithmic
point of view, when the algorithm outputs the graph of i� 1 vertices, it recursively calls
itself with the root ri as a child of the graph, and enumerates all the smaller graphs.
Thus we have the following corollary.

Corollary 1. For any given positive integer n, (1) the number of connected proper in-
terval graphs of at most n vertices can be computed in O(n) time and space, (2) a
connected proper interval graph of at most n vertices can be generated uniformly at
random, and (3) there exists an algorithm that enumerates every connected proper in-
terval graph of at most n vertices in O(1) time and O(n) space.

We investigate unlabeled connected proper interval graphs. In some cases labeled
graphs may be required. Modifying our algorithms to deal with labeled graphs are
straightforward. In Observation 1, it is shown that any (not necessarily connected)
proper interval graph can be represented by a balanced and nonnegative string. How-
ever, in the case, we have to deal with two or more connected components. Our algo-
rithm for enumeration can be extended to disconnected case straightforwardly, however,
counting and random generation cannot be.

To deal with unlabeled graphs, it is important to determine whether or not two un-
labeled graphs are isomorphic. In this sense, counting�random generation�enumeration
on a graph class seems to be intractable if the isomorphism problem for the class is as
hard as that for general graphs (See [35] for further details of this topic). It is known that
the graph isomorphism problem can be solved in linear time for interval graphs [25].
Hence the future work would be the extensions of our algorithms to general unlabeled
interval graphs.
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Abstract. We present a fully dynamic graph algorithm to recognize
proper interval graphs that runs in O(log n) worst case time per edge up-
date, where n is the number of vertices in the graph. The algorithm also
maintains the connected components and supports connectivity queries
in O(log n) time.

1 Introduction

1.1 Dynamic Graph Algorithms

A dynamic graph algorithm maintains a solution to a graph problem as the graph
undergoes a series of small changes, such as single edge deletions or insertions.
For every change, the algorithm updates the solution faster than recomputing the
solution from scratch, i.e., with no previously computed information. Typically,
a dynamic graph algorithm has a preprocessing step to compute a solution for
the initial graph, along with some auxiliary information.

We consider dynamic graph algorithms that support the following two op-
erations: a query is a question about the solution being maintained, e.g., “Are
vertices u, v connected?” or “Is the graph planar?”, and an update is an edge
deletion or edge insertion. A fully dynamic graph algorithm supports both dele-
tions and insertions. Fully dynamic algorithms have been developed for numer-
ous problems on undirected graphs, including connectivity, biconnectivity, 2-edge
connectivity, bipartiteness, minimum spanning trees, and planarity [7,8]. There
are also algorithms that support vertex insertions and vertex deletions, e.g., [10].

1.2 Previous Work

Chordal graphs can be recognized in O(m + n) time using a graph search such
as Lex-BFS or Maximum Cardinality Search [21,22]. Several well-known NP-
complete problems can be solved on chordal graphs in O(m+n) time [18]. There
is a fully dynamic algorithm that maintains a clique tree of a chordal graph in
O(n) time per update [15]. This algorithm supports updates that yield a chordal
graph and queries that ask whether a particular update is supported. (All the
running times in this paper are worst-case.)

Interval graphs can be recognized in O(m+n) time using PQ-trees [2], MPQ-
trees [19], a substitution decomposition computed with Lex-BFS [12], or a vertex
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ordering computed with multiple passes of Lex-BFS [5]. Many well-known NP-
complete graph problems can be solved on interval graphs in polynomial time
[18]. There is an incremental algorithm for interval graphs that runs in O(log n)
time per vertex insertion and O(m + n logn) total time [11]. This algorithm
supports vertex insertions that yield an interval graph and queries that ask
whether a particular insertion is supported. There is a fully dynamic algorithm
for recognizing interval graphs that runs in O(n log n) time per update [14].
This algorithm supports updates that yield an interval graph and queries that
ask whether a particular update is supported.

Proper interval graphs can also be recognized in O(m + n) time [4,6]. There
is a fully dynamic algorithm for recognizing a proper interval graph in O(log n)
time per edge update and O(d + log n) time per vertex update, where d is the
degree of the vertex [10]. This algorithm supports updates that yield a proper
interval graph and queries that ask whether a particular update is supported.
The algorithm supports connectivity queries in O(log n) time.

The clique-separator graph of a chordal graph G is a graph G whose nodes are
the maximal cliques and minimal vertex separators of G and whose (directed)
arcs and (undirected) edges represent the containment relations between the sets
corresponding to the nodes [13]. The clique-separator graph reflects the structure
of G and it has various structural properties when G is an interval graph, proper
interval graph, or split graph. The clique-separator graph can be constructed in
O(n3) time if G is a chordal graph, in O(n2) time if G is an interval graph, and
in O(m + n) time if G is a proper interval graph [13].

1.3 Our Results

Our algorithm for recognizing proper interval graphs runs in O(log n) time per
edge update. It also maintains the connected components and supports connec-
tivity queries in O(log n) time. This matches the running time of the algorithm
in [10] for edge updates and connectivity queries, but it is somewhat simpler; the
only data structure it uses is balanced binary trees. Also, the algorithm in [10]
maintains a straight enumeration of a proper interval graph; our algorithm main-
tains the clique-separator graph of a proper interval graph G, which is a path P
closely related to the clique path P of G. The clique-separator graph is the basis
of a very simple algorithm to find a Hamiltonian cycle in a proper interval graph
[16] and the clique path has many applications related to chordal graphs [1]. In
our data structure, each vertex v is stored in the leftmost and rightmost nodes
of P that contain v; these nodes specify an interval for v. Each node of P has a
balanced binary tree of the vertices that it stores. When P is updated, a constant
number of trees is moved to the left or right on P , which extends or reduces the
intervals for the corresponding vertices. (In the algorithm for chordal graphs in
[15], each vertex v is stored in every node of the clique tree that contains v. In the
algorithm in this paper, each vertex v is stored only in the leftmost and rightmost
nodes of P that contain v.) Computing the data structure for a proper interval
graph G requires O(m + n) time [17]. Given the data structure, computing an
interval representation of G requires O(n log n) time [17].
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Since proper interval graphs ⊂ interval graphs ⊂ chordal graphs, and we will
use results for these graph classes, we review them and the clique-separator
graph in Section 2. We present the data structure used by the algorithm in
Section 3. We present the insert operation in Section 4 and the delete operation
in Section 5. We present conclusions in Section 6.

2 Preliminaries

Throughout this paper, let G = (V, E) = (V (G), E(G)) be a simple, undirected
graph and let n = |V | and m = |E|. For a set S ⊆ V , the subgraph of G induced
by S is G[S] = (S, E(S)), where E(S) = {{u, v} ∈ E | u, v ∈ S}. For a set S ⊂ V ,
G−S denotes G[V −S]. A clique of G is a set of pairwise adjacent vertices of G. A
maximal clique of G is a clique of G that is not properly contained in any clique
of G. Figure 1a shows a graph with maximal cliques {x, y, z}, {y, z, w}, {u, z},
and {v, z}.

Let S ⊂ V . S is a separator of G if there exist two vertices that are connected
in G and not connected in G−S. S is a minimal separator of G if S is a separator
of G that does not properly contain any separator of G. For u, v ∈ V , S is a
uv-separator of G if u, v are connected in G and not connected in G − S. S is
a minimal vertex separator of G if for some u, v ∈ V , S is a uv-separator of G
that does not properly contain any uv-separator of G. Every minimal separator
is a minimal vertex separator, but not vice versa. Figure 1a shows a graph
with minimal separator {z} and minimal vertex separators {z} and {y, z}. For
u, v ∈ V , S separates u and v if S is a uv-separator.

A graph is chordal (or triangulated) if every cycle of length greater than 3
has a chord, which is an edge joining two nonconsecutive vertices of the cycle.
A graph G is chordal if and only if G has a clique tree, which is a tree T on the
maximal cliques of G with the clique intersection property: for any two maximal
cliques K and K ′, the set K ∩K ′ is contained in every maximal clique on the K–
K ′ path in T [1,9]. The clique tree is not necessarily unique. Blair and Peyton [1]
discuss various properties of clique trees, including the following correspondence
between the edges of T and the minimal vertex separators of G. (In [1], G is a
connected chordal graph and then the clique intersection property implies that
K ∩ K ′ �= ∅ for every {K, K ′} ∈ E(T ).)

Theorem 1 ([1]). Let G be a chordal graph with clique tree T . Let S �= ∅ be a
set of vertices of G. Then S is a minimal vertex separator of G if and only if
S = K ∩ K ′ for some {K, K ′} ∈ E(T ).

It follows that the nodes and edges of T correspond to the maximal cliques and
minimal vertex separators of G, respectively. A maximal clique corresponds to
exactly one node of T and a minimal vertex separator may correspond to more
than one edge of T . Furthermore, since a chordal graph G has at most n maximal
cliques [1,9], G has at most n − 1 minimal vertex separators. A clique tree can
be computed in O(m + n) time [1].
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An interval graph is a graph where each vertex can be assigned an inter-
val on the real line so that two vertices are adjacent if and only if their as-
signed intervals intersect; such an assignment is an interval representation. A
graph is an interval graph if and only if it has a clique tree that is a path,
which is a clique path [9,20]. Figure 1a shows an interval graph with clique
path ({x, y, z}, {y, z, w}, {u, z}, {v, z}). Interval graphs are a proper subclass
of chordal graphs. Since interval graphs model many problems involving lin-
ear arrangements, interval graphs have applications in many areas, including
archeology, computational biology, file organization, partially ordered sets, and
psychology [9,20].

A proper interval graph (or unit interval graph) is an interval graph with
an interval representation where no interval is properly contained in another.
Proper interval graphs are a proper subclass of interval graphs. For example,
K1,3 (the graph consisting of one vertex adjacent to three pairwise nonadjacent
vertices) is an interval graph but not a proper interval graph. In fact, an interval
graph is a proper interval graph if and only if it has no induced K1,3 [9,20]. K1,3
is also called the claw. The interval graph in Figure 1a is not a proper interval
graph because it has the induced claw {u, v, y, z}. Proper interval graphs have
applications in physical mapping of DNA and in other areas [10,20].

2.1 The Clique-Separator Graph

Let G be a chordal graph. The clique-separator graph G of G has the following
nodes, (directed) arcs, and (undirected) edges.

– G has a clique node K for each maximal clique K of G.
– G has a separator node S for each minimal vertex separator S of G.
– Each arc is from a separator node to a separator node. G has arc (S, S′′) if

S ⊂ S′′ and there is no separator node S′ such that S ⊂ S′ ⊂ S′′.
– Each edge is between a separator node and a clique node. G has edge {S, K}

if S ⊂ K and there is no separator node S′ such that S ⊂ S′ ⊂ K.

Throughout this paper, we refer to the vertices of G and the nodes of G and
we use lowercase variables for vertices and uppercase variables for nodes. We
identify “maximal clique” and “clique node” and identify “minimal vertex sep-
arator” and “separator node”. Figure 1 shows a chordal graph G and its clique-

K1 K2S1
x w

z

y

u v
K3 K4S2

G:G:

Fig. 1. A chordal graph and its clique-separator graph
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separator graph G, which has clique nodes K1 = {x, y, z}, K2 = {y, z, w}, K3 =
{u, z}, K4 = {v, z} and separator nodes S1 = {y, z} and S2 = {z}.

The clique-separator graph G is unique. G is connected if the underlying undi-
rected graph of G (obtained by replacing every arc with an edge) is connected.
G is connected if and only if G is connected. If {S, K} is an edge of G, then S is
a neighbor of K and S is adjacent to K and vice versa.

A box of G is a connected component of the undirected graph obtained by
deleting the arcs of G. A box of G contains exactly one clique node K and no
separator nodes if and only if K is a complete connected component of G. Every
box is a tree with the clique intersection property [13]. (We extend the definition
of the clique intersection property to a tree T on a set of nodes in the natural
way: for any two nodes N and N ′ of T , the set N ∩ N ′ is contained in every
node on the N–N ′ path in T .) For any separator node S with neighbors K and
K ′, S = K ∩ K ′ [13].

If G is a chordal graph or an interval graph, G may have many boxes, arcs,
and nodes with high degree. If G is a proper interval graph, however, G has
a much simpler structure, as the following theorem shows. If the graph is not
connected, the theorem can be applied to each of its connected components.

Theorem 2 ([13]). Let G be a connected chordal graph with clique-separator
graph G. Then G is a proper interval graph if and only if G has exactly one box
and this box is a path P such that there do not exist vertices u ∈ K1 ∩ K3 and
v ∈ K2 − (K1 ∪ K3) where (K1, K2, K3) is a subsequence of P.

3 The Data Structure for the Algorithm

The algorithm maintains the clique-separator graph G for the proper interval
graph G. Each connected component of G is a path P . Intuitively, each vertex v
is stored in the leftmost and rightmost nodes of P that contain v; by the clique
intersection property, every node between these two nodes contains v. Each node
N of P has two balanced binary trees of the vertices that it stores: one tree stores
the vertices whose leftmost node is N and the other tree stores the vertices whose
rightmost node is N . If v is contained in exactly one node N , then v is stored
in both trees of N . When G is updated, P is updated by adding or deleting a
constant number of nodes on P and moving a constant number of trees to the
left or right on P .

A vertex is simplicial if the set of its neighbors is a clique. A vertex is simplicial
if and only if it is contained in exactly one clique node [1,20]. A vertex is complex
if it is contained in one or more separator nodes. By the clique intersection
property, every vertex is either simplicial or complex.

Let G be a proper interval graph with clique-separator graph G. We will store
sequences of vertices of G and sequences of nodes of G in balanced binary trees. In
a balanced binary tree such as a B-tree or red-black tree [3], the height is O(log n)
and an insert, delete, split, or join operation runs in O(log n) time, where n is
the number of leaves in the tree. We will not use the find operation. Since G has n
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vertices and G has at most n clique nodes and n−1 separator nodes, every balanced
binary tree will have at most 2n − 1 leaves and O(log n) height.

Each connected component of G is a path P and its nodes are stored in a
balanced binary tree TP , which gives a left to right ordering of the nodes of P .
For each complex vertex v, leftmost(v) and rightmost(v) are the leftmost and
rightmost separator nodes of P that contain v, respectively. Each clique node
K has two balanced binary trees: Ta(K) and Tb(K) are identical trees and each
contains the simplicial vertices in K. Each separator node S has two balanced
binary trees: Tr(S) contains every complex vertex u with rightmost(u) = S and
Tl(S) contains every complex vertex u with leftmost(u) = S. Thus, every vertex
v is contained in exactly two trees: if v is simplicial, then v is in Ta(K) and Tb(K)
for some K, and if v is complex, then v is in Tl(S) and Tr(S′) for some S and
S′, where S = S′ exactly when v is contained in only one separator node.

The vertices in Tr(S) are sorted by the positions on P of their leftmost nodes
and the vertices in Tl(S) are sorted by the positions on P of their rightmost
nodes. For example, suppose the separator nodes of P in left to right order are
S1, S2, S, S3, S4. Then Tr(S) contains the vertices whose leftmost node is S1,
followed by the vertices whose leftmost node is S2, followed by the vertices
whose leftmost node is S, and Tl(S) contains the vertices whose rightmost
node is S, followed by the vertices whose rightmost node is S3, followed by the
vertices whose rightmost node is S4. A block is a maximal contiguous sequence
of vertices in a Tl or Tr tree such that every vertex in B has the same rightmost
or leftmost value, respectively. The first vertex in every block is marked. Each
internal node of a Tl or Tr tree is labeled to indicate whether it is the ancestor
of a marked vertex.

Every clique node K has a value count(K), which is the number of vertices
v such that the leftmost(v)–rightmost(v) subpath of P contains K, or equiva-
lently, K is between leftmost(v) and rightmost(v) on P . Figure 2 shows the set
of vertices of K when K is a leaf or an internal node of P . The figure indicates
the trees that contain the simplicial vertices and complex vertices of K. (If K
is a leaf, then count(K) = 0. If K is an internal node with neighbors S and S′,
then count(K) = |S ∩ S′|. By Theorem 2, if count(K) > 0, then K contains no
simplicial vertices.)

Figure 3 shows a proper interval graph G and its clique-separator graph P ,
where S1 = {u, v}, S2 = {w, v}, and S3 = {x}. The first row under P shows
the vertices in the Ta and Tl trees; the second row under P shows the vertices
in the Tb and Tr trees. The vertices are listed in the order in which they appear
in each tree, with commas between the blocks. We have count(K2) = 1 and the
other count values are 0.

For each connected component P of G, the algorithm maintains the data
structure for P and the data structure for its reversal PR. We will present the
algorithm for updating P and omit the algorithm for PR since it is symmetric.
(Similarly, the algorithm in [10] maintains the straight enumeration and its re-
versal for each connected component of G.) We will need P and PR when we
insert an edge between vertices in different connected components of G.
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K
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Tr(S) Ta(K)

(a) K is a leaf (b) K is an internal node

Fig. 2. A clique node K on path P
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Fig. 3. A proper interval graph G and its clique-separator graph P

For nodes N and N ′, N <P N ′ denotes that N is to the left of N ′ on P .
For any vertex v, we decide whether v is simplicial or complex, and we find
leftmost(v) and rightmost(v) if v is complex, by following parent pointers from
v in the two trees containing v. For any complex vertices u and v, we decide
whether leftmost(u) <P leftmost(v) by finding leftmost(u) and leftmost(v)
and then following parent pointers from leftmost(u) and leftmost(v) in TP . We
decide whether rightmost(u) <P rightmost(v) similarly. For any vertices x and
y, we decide whether x and y are connected in G by following parent pointers
from x and y in the trees containing x and y and then following parent pointers
in the TP trees. Each of these computations runs in O(log n) time.

For any vertex u in Tl(S), we find the first and last vertices in the block B
containing u by following parent pointers from u in Tl(S) and examining the
internal node labels. We can move u into the first or last position in B and
then adjust the marks in the appropriate way. We can use the split operation to
obtain a tree containing the vertices v of Tl(S) with rightmost(v) = S and a tree
containing the vertices v of Tl(S) with rightmost(v) �= S. We denote these trees
by self(Tl(S)) and nonself(Tl(S)), respectively. Similarly, we can process Tr(S)
to obtain the trees self(Tr(S)) and nonself(Tr(S)). Note that self(Tl(S)) and
self(Tr(S)) each contain the vertices v with leftmost(v) = rightmost(v) = S.
Each of these computations runs in O(log n) time.

We determine the number of vertices contained in a node in O(1) time, as
follows. Let |T | denote the number of vertices stored in tree T . If K is a leaf
clique node with left neighbor S (Figure 2a), then |K| = |Ta(K)| + |Tr(S)| and
|S| = |Tr(S)|. If K is an internal clique node with left neighbor S and right
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neighbor S′ (Figure 2b), then |K| = |Ta(K)| + |Tr(S)| + |Tl(S′)| + count(K),
|S| = |Tr(S)| + count(K), and |S′| = |Tl(S′)| + count(K). These equations are
straightforward to prove. For example, suppose K has left neighbor S and right
neighbor S′. Then every vertex v ∈ K is a simplicial vertex in K (counted
in |Ta(K)|), or a complex vertex in S − S′ (counted in |Tr(S)|), or a complex
vertex in S′ − S (counted in |Tl(S′)|), or a complex vertex in S ∩ S′ (counted in
count(K)). (The vertices in Tl(S) or Tr(S′) are in S ∩ S′.)

When we refer to both Ta(K) and Tb(K), or perform the same operation on
both Ta(K) and Tb(K), for brevity we will write Ta+b(K). Similarly, we will
write Tl+r(S). We denote the balanced binary tree operations as follows: ← is
assignment, ∪ is join, − is deletion, and ∅ is an empty tree. In a join T ∪ T ′, the
vertices in T are placed before the vertices in T ′. In a deletion T − v, the marks
are adjusted in the appropriate way if v is a marked vertex.

4 The Insert Operation

Let G be a chordal graph (not necessarily a proper interval graph). Throughout
this section, {v1, v2} �∈ E. We use G + {v1, v2} to denote (V, E ∪ {{v1, v2}}).

Theorem 3 ([15]). Let G be a chordal graph and let {v1, v2} �∈ E(G). Then
G + {v1, v2} is chordal if and only if G has a clique tree T and maximal cliques
K1 and K2 such that v1 ∈ K1 and v2 ∈ K2 and {K1, K2} ∈ E(T ).

Suppose v1 ∈ K1 and v2 ∈ K2 and {K1, K2} ∈ E(T ). Let S = K1 ∩ K2. Then
v1 ∈ K1 − S and v2 ∈ K2 − S (Figure 4). Then K = S ∪ {v1, v2}, which is
not a maximal clique in G, is a maximal clique in G + {v1, v2}. Now K1 and
K2 may or may not be maximal cliques in G + {v1, v2}; each Ki is a maximal
clique in G + {v1, v2} if and only if Ki ⊃ S ∪ {vi}, or equivalently, |Ki − S| > 1.
Furthermore, K1 and K2 are the only maximal cliques of G that can be destroyed
by inserting {v1, v2} [15]. For example, consider the chordal graph G in Figure 1.
Inserting edge {u, x} yields a chordal graph because there is a clique path of G
where the maximal cliques {u, z} and {x, y, z} are adjacent. Moreover, {u, x, z}
and {x, y, z} are maximal cliques in G + {v1, v2}, but {u, z} is not a maximal
clique in G + {v1, v2}.

Let G be a proper interval graph with clique-separator graph G. Let {v1, v2}
be the edge to be inserted into G. Since {v1, v2} �∈ E, no clique node or separator
node contains both v1 and v2. We have two main cases, depending on whether
or not v1 and v2 are in the same connected component of G.

K1 S K2v2v1

Fig. 4. Inserting edge {v1, v2}
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Suppose v1 and v2 are in different connected components of G. Then there is
always a clique tree T of G such that v1 ∈ K1 and v2 ∈ K2 and {K1, K2} ∈ E(T ),
where K1 ∩ K2 = ∅. Then G + {v1, v2} is a chordal graph but possibly not a
proper interval graph. Let v1 and v2 be vertices in connected components G1
and G2 of G with clique-separator graphs P1 and P2, respectively. We will later
show that G + {v1, v2} is a proper interval graph if and only if v1 and v2 are
simplicial vertices of some clique nodes K1 and K2 that are endpoints of P1 and
P2, respectively. If K1 and K2 do not exist, the operation rejects the insertion.
Otherwise, the operation merges P1 and P2 by linking them with path (S1, K, S2)
where S1 = {v1} and K = {v1, v2} and S2 = {v2}. But if vi is the only vertex in
Gi, then Ki = {vi} is not a maximal clique of G + {v1, v2} and so the operation
deletes Ki and Si. (We present the operation this way for brevity. The operation
can be readily rewritten so that it creates only the nodes that are not deleted.)

Suppose v1 and v2 are in the same connected component of G. Let P be the
clique-separator graph of this connected component. By Theorem 3, G+{v1, v2}
is chordal if and only if P has a separator node S with left neighbor K1 and right
neighbor K2 (implying S = K1 ∩K2) such that v1 ∈ K1 −S and v2 ∈ K2 −S. If
G + {v1, v2} is not a proper interval graph, the operation rejects the insertion.
Otherwise, the operation replaces S with path (S1, K, S2) where S1 = S ∪ {v1}
and K = S ∪ {v1, v2} and S2 = S ∪ {v2}. But if Ki is not a maximal clique of
G + {v1, v2}, the operation deletes Ki and does not add Si.

When the operation creates a node, its two trees are initially empty and its
count value (if it is a clique node) is initially 0.

Insert(v1, v2):

v1 and v2 are in different connected components of G:
Let v1 and v2 be vertices in connected components G1 and G2 of G with
clique-separator graphs P1 and P2, respectively. If v1 and v2 are simplicial
vertices of some clique nodes K1 and K2 that are endpoints of P1 and P2,
respectively, then continue, and otherwise, reject. Assume P1 has right end-
point K1 and P2 has left endpoint K2 (Figure 5a). We will merge P1 + P2
and merge PR

2 +PR
1 ; we describe only the former since the latter is symmet-

ric. The other cases, e.g. P1 has left endpoint K1 and P2 has left endpoint
K2, are similar.

. . . . . .

K1

. . . . . .

K1 S1 S2 K2K

. . .

S2 K2K

(a)

(b)

(c)

K2

Fig. 5. v1 and v2 are in different connected components of G
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Add path (S1, K, S2) and edges {K1, S1} and {S2, K2}, where S1 = {v1}
and K = {v1, v2} and S2 = {v2} (Figure 5b). If v1 is not the only vertex
in G1, move v1 from Ta+b(K1) into Tl+r(S1), and otherwise, move v1 from
Ta+b(K1) into Ta+b(K) and delete K1 and S1 (Figure 5c). If v2 is not the
only vertex in G2, move v2 from Ta+b(K2) into Tl+r(S2), and otherwise,
move v2 from Ta+b(K2) into Ta+b(K) and delete K2 and S2.

v1 and v2 are in the same connected component of G:
Let v1 and v2 be vertices in a connected component of G with clique-
separator graph P . If there is a separator node S with left neighbor K1
and right neighbor K2 such that v1 ∈ K1 and v2 ∈ K2 (Figure 6a), then
continue, and otherwise, reject. Note v1 is in Ta+b(K1) or Tr(S′

1), where S′
1

is the left neighbor of K1 (if it exists), and v2 is in Ta+b(K2) or Tl(S′
2),

where S′
2 is the right neighbor of K2 (if it exists). If v1 is in Tr(S′

1) and
either |Ta+b(K1)| > 0 or leftmost(v1) <P leftmost(u) for the last vertex u
in Tr(S′

1), then reject. If the symmetric condition holds with v2, then reject.
Let K = S ∪ {v1, v2} and S1 = S ∪ {v1} and S2 = S ∪ {v2}.

. . . . . .

K1 K2K S2S1

S'1 S'2

. . . . . .

K2K S2S'1
. . . . . .

K1 K2S
(a)

(b)

(c) . . . . . .

K

(d)

Fig. 6. v1 and v2 are in the same connected component of G

If |K1 − S| > 1 and |K2 − S| > 1, then do the following.
1. Replace node S with path (S1, K, S2) (Figure 6b). Do Tl(S1) ← Tl(S)

and Tr(S2) ← Tr(S). Do count(K) ← count(K1) + |Tl(S1)|.
2. If v1 is in Ta+b(K1), move v1 to Tl+r(S1) (make it the first vertex in

Tl(S1)). If v1 is in Tr(S′
1), move v1 to Tr(S1) and increment count(K1).

3. If v2 is in Ta+b(K2), move v2 to Tl+r(S2) (make it the last vertex in
Tr(S2)). If v2 is in Tl(S′

2), move v2 to Tl(S2) and increment count(K2).
If |K1 − S| = 1 and |K2 − S| = 1, then do the following.
1. Replace path (K1, S, K2) with node K (Figure 6c). Do Ta+b(K) ←

self(Tl+r(S)) and count(K) ← count(K1) − |nonself(Tr(S))|.
2. If K1 was an endpoint of P , add v1 to Ta+b(K). Otherwise, do Tr(S′

1) ←
Tr(S′

1) ∪ nonself(Tr(S)).
3. If K2 was an endpoint of P , add v2 to Ta+b(K). Otherwise, do Tl(S′

2) ←
nonself(Tl(S)) ∪ Tl(S′

2).
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If |K1−S| = 1 and |K2−S| > 1, then do the following. Rename K1 to K and
rename S to S2 (Figure 6d). If v2 is in Ta+b(K2), move v2 to Tl+r(S2) (make
it the first vertex in Tl(S2) and the last vertex in Tr(S2)). If v2 is in Tl(S′

2),
move v2 to Tl(S2) (make it the last vertex), and increment count(K2).
If |K1 − S| > 1 and |K2 − S| = 1, then this is symmetric to the previous
case.

Theorem 4. Let G be a proper interval graph with clique-separator graph G. If
G+ = G + {v1, v2} is a proper interval graph, the Insert operation computes its
clique-separator graph G+, and otherwise, the operation rejects. The operation
runs in O(log n) time, where n is the number of vertices of G.

The full paper [17] has the proof of the theorem and examples of the insert
operation.

5 The Delete Operation

Let G be a proper interval graph with clique-separator graph G. Let {v1, v2} be
the edge to be deleted from G. The operation decides whether v1 and v2 are
simplicial or complex vertices and then determines which of a number of cases
applies. If G − {v1, v2} is not a proper interval graph, then the operation rejects
the deletion, and otherwise, the operation computes the clique-separator graph
of G−{v1, v2}. The operation is omitted here because of lack of space; it can be
found in the full paper [17].

6 Conclusions

It would be interesting to extend the algorithm and data structure to handle
interval graphs. The clique path of an interval graph is not unique, however, so
it would probably be necessary to use a more complicated data structure such
as the PQ-tree [2] or the train tree [14]. The algorithm in [14] maintains the
clique-separator graph and the train tree of an interval graph in O(n log n) per
edge insertion or deletion. It may be possible to speed up that algorithm by
maintaining the intervals of the vertices as done by the algorithm in this paper.
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Abstract. Let G = (V, E) be an edge-weighted graph, and let w(H)
denote the sum of the weights of the edges in a subgraph H of G. Given
a positive integer k, the balanced tree partitioning problem requires to
cover all vertices in V by a set T of k trees of the graph so that the ratio α
of maxT∈T w(T ) to w(T ∗)/k is minimized, where T ∗ denotes a minimum
spanning tree of G. The problem has been used as a core analysis in de-
signing approximation algorithms for several types of graph partitioning
problems over metric spaces, and the performance guarantees depend on
the ratio α of the corresponding balanced tree partitioning problems. It is
known that the best possible value of α is 2 for the general metric space.
In this paper, we study the problem in the d-dimensional Euclidean space
R

d, and break the bound 2 on α, showing that α < 2
√

3 − 3/2 � 1.964
for d ≥ 3 and α < (13 +

√
109)/12 � 1.953 for d = 2. These new results

enable us to directly improve the performance guarantees of several ex-
isting approximation algorithms for graph partitioning problems if the
metric space is an Euclidean space.

Keywords: Minmax Tree Cover, Balanced Partition, Tree Cover, Ap-
proximation Algorithms, Graph Algorithms.

1 Introduction

Let G = (V, E) be a simple undirected graph with vertex set V and edge set
E such that edges are weighted by nonnegative reals, and let p be a specified
positive integer. Then the minmax subtree cover problem requires to find a set of
p trees covering all the vertices such that the maximum weight of a tree in the set
is minimized. This problem arises in various types of practical applications, such
as multi-vehicle scheduling problem [7,9,10,11], task sequencing problem [5], and
political districting [4,17]. The minmax subtree cover problem on graphs can be
described formally as follows.

Minmax Subtree Cover Problem (MSC)
Input: An undirected graph G = (V, E), an edge weight function w : E → R

+,
and a positive integer p.
Feasible solution: A partition S = {S1, S2, . . . , Sp} of V and a set T =

S. Das and R. Uehara (Eds.): WALCOM 2009, LNCS 5431, pp. 202–213, 2009.
c© Springer-Verlag Berlin Heidelberg 2009
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{T1, T2, . . . , Tp} of p trees of G such that Si ⊆ V (Ti), i = 1, 2, . . . , p.
Goal: Minimize max1≤i≤p w(Ti), where w(Ti) =

∑
e∈E(Ti) w(e).

A tree cover T of a graph G = (V, E) is defined by a set of trees of G such that
the union of vertices of the trees in T contains V . That is, the MSC requires to
find a tree cover with p trees that minimizes the maximum weight of a tree in
the tree cover, where the weight of a tree is the sum of the weights of all edges in
the tree. Trees in a tree cover are not necessarily vertex-disjoint or edge-disjoint.

The MSC is known to be NP-hard even if p = 2 and G is a tree, or if G
can be embedded in the Euclidean space [1,6], and thus several approximation
algorithms for the problem have been proposed in the literatures. Andersson et
al. [1] provided a (2 + ε)-approximation algorithm for the MSC when G can be
embedded in the Euclidean space, and Nagamochi and Kawada [13] presented a
(4 − 4/(p + 1))-approximation algorithm for the problem when the given graph
is a cactus. Even et al. [7] presented a 4-approximation algorithm for the MSC
with an arbitrary graph G. The MSC on a tree-like structure graphs has also
been studied extensively. Averbakh and Berman [3] presented a (2 − 2/(p +
1))-approximation algorithm with time complexity O(pp−1np−1), and afterward
Nagamochi and Okada [14] gave a polynomial time approximation algorithm
with the same approximation factor which runs in O(p2n) time, where n is the
number of vertices in the tree. In an extension of the problem, a set of vertices
to be covered is given as a subset S ⊆ V of vertices and nonnegative weights
to handle vertices in S are also introduced in the tree weight. For this problem,
Nagamochi and Okada [15] proposed a (2 − 2/(p + 1))-approximation algorithm
that runs in O((p − 1)!n).

For a rooted version of the MSC, a graph G = (V, E) with a set R of prescribed
vertices is given and a tree cover is required to consist of trees each of which is
rooted at a some vertex in R. In [7], a 4-approximation algorithm is proposed
for an arbitrary graph G under an additional condition that all trees T are
required to be rooted at distinct vertices in R. Nagamochi [12] proposed a (3 −
2/(p+1))-approximation algorithm to the problem with |R| = 1. For the rooted
version of the MSC on a tree, Averbakh and Berman [2] presented a linear time
4/3-approximation algorithm for the problem with p = 2, and Nagamochi and
Okada [14,16] gave an O(n log log1+ε/2 3) time (2+ ε)-approximation algorithms
for arbitrary p, where ε > 0 is a prescribed constant.

Some of the above approximation algorithms for the MSC include a procedure
for partitioning a minimum spanning tree T ∗ of a given graph into k trees of the
graph as uniformly as possible, and their performance analysis relies on the fact
that w(T ∗)/k is a lower bound on the maximum weight of a tree in any such
partition. Thus the ratio α of the maximum weight of a tree to w(T ∗)/k appears
as a factor of their performance guarantees. Motivated by the importance of
the analysis on tree covers, we consider the balanced tree partitioning problem in
this paper. For a given a positive integer k, the problem requires to find a tree
cover T = {T1, T2, . . . , Tk} with k trees of the graph that minimizes the ratio
of max1≤i≤k w(Ti) to w(T ∗)/k, where T ∗ denotes a minimum spanning tree of G.
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Note that a tree Ti in a tree cover is allowed to contain an edge not in T ∗. In
particular, we analyze an upper bound on the factor α such that

max
1≤i≤k

w(Ti) ≤ α · w(T ∗)/k.

For any metric, it is known that α ≤ 2 holds [2,3]. We here remark that α ≤ 2
is best possible for the general metric. Consider a metric graph G = (V, E)
consisting of a star S on k + 1 vertices V = {s, v1, . . . , vk+1} such that E(S) =
{(s, vi) | i = 1, 2, . . . , k + 1}, where each edge in S is weighted by 1 and each of
the remaining edges in G is weighted by 2. Clearly, S is the minimum spanning
tree of G with weight w(S) = k +1. On the other hand, the maximum weight of
any k trees of G is at least 2, since one of the trees must contain two leaves of
S. Hence α is at least 2/(1 + 1/k), which is nearly 2 when k is sufficiently large.

In this paper, we prove that there are better upper bounds on α in the Eu-
clidean space. The following two results are the main contribution of the paper.

Theorem 1. For a set V of n points in the Euclidean space R
2 and a positive

integer k, there exists a tree cover T1, T2, . . . , Tk of V such that

max1≤i≤k w(Ti)
w(T ∗)/k

≤ (13 +
√

109)/12 � 1.953,

where T ∗ is a minimum weight tree spanning V . Furthermore, such a tree cover
can be obtained in polynomial time.

Theorem 2. For a set V of n points in the Euclidean space R
d (d ≥ 3) and a

positive integer k, there exists a tree cover T1, T2, . . . , Tk of V such that

max1≤i≤k w(Ti)
w(T ∗)/k

≤ 2
√

3 − 3/2 � 1.964,

where T ∗ is a minimum weight tree spanning V . Furthermore, such a tree cover
can be obtained in polynomial time.

These new results enable us to directly improve the performance guarantees of
several existing approximation algorithms for graph partitioning problems if the
metric space is a Euclidean space R

d. For example, the performance guarantee
on the MSC due to Andersson et al. [1] is given as α + ε, which is at most
1.964 + ε for d ≥ 3 and 1.953 + ε for d = 2. Also the performance guarantees on
the rooted and unrooted versions of the MSC due to Even et al. [7] are 2 + α
and 2α, respectively. Thus, our results imply that the unrooted versions of the
MSC is 3.928-approximable in R

d with d ≥ 3 and 3.906-approximable in R
2.

The paper is organized as follows. Section 2 introduces terminologies and
definitions on graphs. Section 3 gives a framework of an approximation algorithm
to the balanced tree partitioning problem, from which Theorems 1 and 2 follow
directly. Sections 4 and 5 give detailed proofs of some tree cover results based
on which we build our algorithm in Section 3. Section 6 makes some concluding
remarks.
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2 Preliminaries

Throughout this paper a graph stands for a simple undirected graph unless
otherwise stated. A singleton set {x} may be denoted by x. Let G be a graph.
The vertex and edge sets of G are denoted by V (G) and E(G), respectively. A
graph G with a vertex set V and an edge set E is denoted by (V, E). Let G1 and
G2 be subgraphs of G. We let G1+G2 denote the graph (V (G1)∪V (G2), E(G1)∪
E(G2)). For a vertex u ∈ V (G) and an edge e = (u, v) ∈ E(G), we denote by
G1 + u (resp., G1 + e) the subgraph G1 + ({u}, ∅) (resp., G1 + ({u, v}, {e}) of
G. For a subset X ⊆ V (G), let G[X ] denote the subgraph induced from G by
X , and G − X denote the subgraph obtained from G by removing the vertices
in X together with all edges incident to a vertex in X . The degree of u, i.e., the
number of edges incident to vertex u ∈ V (G), is denoted by deg(u).

For a graph G and an edge weight w : E(G) → R
+, where R

+ denotes the
set of nonnegative reals, the weight w(G1) of a subgraph G1 of G is defined by∑

e∈E(G1) w(e). For a set S of subgraphs of G, let w(S) denote
∑

G′∈S w(G′).
The weight w(e) of edge e = (u, v) may be denoted by w(u, v). An edge-weighted
graph (G, w) is a metric if it satisfies the triangle inequality, w(x, y) + w(y, z) ≥
w(x, z), x, y, z ∈ V . An edge-weighted graph (G, w) in the Euclidean space R

d is
a complete graph whose vertex set is defined by a set V of points in the space,
where the edge weight w(u, v), u, v ∈ V is defined by the Euclidean distance
between the two points u and v. The line segment between points u and v in the
Euclidean space R

d is denoted by uv and its weight by uv.
Let T be a rooted tree. The set of children of a vertex v is denoted by Ch(v),

and the set of descendants of a vertex v is denoted by D(v), where D(v) includes
v. Let D(S) = ∪v∈SD(v) for a subset S ⊆ V (T ). A non-root vertex of degree 1 is
called a leaf in T . The subtree Tv rooted at a vertex v ∈ V (T ) is the subtree of T
induced by the descendants of v. An edge e = (u, v) ∈ E(T ), where v ∈ Ch(u),
is called the parent edge of v and a child edge of u, and the subtree Te rooted at e
is defined by Tv + e. The parent edge of a vertex v is denoted by e(v). A branch
of a vertex u is defined as the subtree Te rooted at a child edge e of u, and B(u)
denotes the set of all branches of u. We may mean by a subset S ⊆ B(u) the
subtree that consists of all branches in S and denote by V (S) and E(S) the
vertex and edge sets of the subtree S, respectively, unless confusion arises.

For a real β > 0, we define a β-boundary vertex of T as a non-root vertex v
such that

w(Te(v)) ≥ β for its parent edge e(v),

and no proper descendant of v has this property, i.e.,

w(Te′ ) < β for every child edge e′ of v (if any).

For a subtree T ′ of T , let Vβ(T ′) denote the set of all β-boundary vertices in T ′,
where the root r′ of T ′ is chosen as the vertex closest to the root r of T . Note
that, for two distinct β-boundary vertices u, v ∈ Vβ(T ′), none of u and v is a
descendent or an ancestor of the other in T ′. Also, r′ /∈ Vβ(T ′) by definition. We
observe the next property.
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Lemma 1. Let Te be a branch of a vertex u and β be a positive real.

(i) Vβ(Te) 
= ∅ if and only if w(Te) ≥ β.
(ii) If Vβ(Te) 
= ∅, then Vγ(Te) 
= ∅ for any γ ∈ (0, β].

Proof. (i) The only-if part is obvious. We show the if part. Choose a vertex
v ∈ V (Te) − u closest to u such that v is a leaf or w(S) < β holds for all
S ∈ B(v). For the parent edge e(v) of v, we have w(Te(v)) ≥ β. Then v is a
β-boundary vertex in Te, and Vβ(Te) 
= ∅ holds.

(ii) For any real γ ∈ (0, β], w(Te) ≥ β ≥ γ > 0 holds. Then Vγ(Te) 
= ∅ holds
by (i).

For a specified real α > 0 and a 1-boundary vertex u ∈ V1(T ) in a rooted tree
T , we define a canonical partition {L(u), M(u), H(u)} of B(u) by

H(u) = {S ∈ B(u) | α − 1 < w(S) < 1},

M(u) = {S ∈ B(u) | 2 − α ≤ w(S) ≤ α − 1},

L(u) = {S ∈ B(u) | 0 < w(S) < 2 − α}.

Due to space limitation, we omit some of the proofs of the results presented
in the paper (see to the full version of the paper [8] for the detail).

3 Approximation Algorithm

To prove Theorems 1 and 2, we assume without loss of generality that w(T ∗) = k
throughout the paper for a minimum spanning tree T ∗. We design an approxi-
mation algorithm to the balanced tree partitioning problem to derive the upper
bounds Theorems 1 and 2. In this section, we first give a framework of the ap-
proximation algorithm. The algorithm computes a set of at most k trees of G
that cover the vertex set of T ∗ by repeatedly applying three main theorems on
tree partition described below.

We first introduce the following basic definition.

Definition 1. Let T be a tree in a graph G, and let α ∈ [1, 2] be a real number.
A family of h subsets S1, S2, . . . , Sh ⊆ V (T ) is admissible (or h-admissible) in
T if there are trees TS1, TS2 , . . . , TSh

of G (which are not necessarily subtrees of
T ) such that

(i) For each Si, Si ⊆ V (TSi) and w(TSi) ≤ α.
(ii) If V (T ) −

⋃
1≤i≤h Si 
= ∅, then T ′ = T −

⋃
1≤i≤h Si remains connected and

w(T ) − w(T ′) ≥ h holds.
(iii) If V (T ) =

⋃
1≤i≤h Si, then �w(T )� ≥ h holds.

We call a set of such subtrees TSi , i = 1, 2, . . . , h, an h-admissible forest.
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To prove Theorems 1 and 2, where the weight of a minimum spanning tree T ∗

of G is assumed to be k, it suffices to show that a minimum spanning tree
T = T ∗ has a k-admissible family of subsets S1, S2, . . . , Sk ⊆ V (G) = V (T ) for
α = (13 +

√
109)/12 and α = 2

√
3 − 3/2, respectively.

Lemma 2. Let T be a tree and α ∈ [1, 2] be a specified real number.

(i) For a p-admissible family {S1, S2, . . . , Sp} in T and a q-admissible fam-
ily {S′

1, S
′
2, . . . , S

′
q} in T ′ = T −

⋃
1≤i≤p Si, their union {S1, S2, . . . , Sp} ∪

{S′
1, S

′
2, . . . , S

′
q} is (p + q)-admissible in T .

(ii) For a non-root vertex v ∈ V (T ) with w(Tv) ≤ α and w(Te(v)) ≥ 1, D(v) is
1-admissible.

(iii) For a vertex u ∈ V (T ) and a subset C1 ⊆ Ch(u) with 1 ≤
∑

v∈C1
w(Te(v)) ≤

α, S1 = D(C1) is 1-admissible.
(iv) If w(T ) ≤ 3α/2, then there is an h-admissible family {Si | i = 1, . . . , h}

(h ≤ 2) such that V (T ) = ∪1≤i≤hSi.

We consider whether a 1-boundary vertex u in a tree satisfies the following
condition.

Definition 2. For a real number α ∈ [1, 2], a 1-boundary vertex u ∈ V1(T ) in
a rooted tree T is called inactive if it satisfies the following condition A, and is
called active otherwise.

Condition A
(i) w(B(u)) > α, (ii) |H(u)| ≥ 2, (iii) M(u) = ∅, and (iv) w(L(u)) < 2−α.

We use the following results, which will be verified in Sections 4 and 5.

Theorem 3. Let T be a tree rooted at a vertex r with deg(r) = 1, and let
α ∈ [5/3, 2] be a real number. Assume that w(T ) > 3α/2 and there is an active
1-boundary vertex in V1(T ). Then there is an admissible family S in T such that
the tree T ′ = T −

⋃
S∈S S has no active 1-boundary vertices in V1(T ′).

Theorem 4. Let T be a tree in the Euclidean space R
d (d ≥ 3), and let α =

2
√

3−3/2. Assume that T is rooted at a vertex r with deg(r) = 1. If w(T ) > 3α/2
and every 1-boundary vertex u ∈ V1(T ) is inactive, then there is an admissible
family S in T .

Theorem 5. Let T be a tree in the Euclidean space R
d (d = 2), and let α =

(13 +
√

109)/12. Assume that T is rooted at a vertex r with deg(r) = 1. If
w(T ) > 3α/2 and every 1-boundary vertex u ∈ V1(T ) is inactive, then there is
an admissible family S in T .

Now we are ready to present the approximation algorithm. We are given a
spanning tree T of a graph G in the Euclidean space and a positive integer
k. The algorithm repeats the following procedure on the current tree T as long
as w(T ) > 3α/2 holds. Depending on the properties of the current tree T , we
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first apply one of the above theorems to find an admissible family S in T and
then remove S from the current tree T . Finally, we find an h-admissible family
{Si | i = 1, . . . , h} (h ≤ 2) in the current T such that V (T ) = ∪1≤i≤hSi by
Lemma 2. The algorithm is described as follows.

Algorithm TreeCover

Input: A spanning tree T ∗ of a graph G in the Euclidean space
R

d (d ≥ 2), where w(T ∗) = k for an integer k ≥ 1.
Output: A k-admissible family S∗ for α = 1/2 +

√
2 (d = 2) and

α = 2
√

3 − 3/2 (d ≥ 3).
1 Let S∗ := ∅; Let T := T ∗, regarding T as a tree rooted at a

vertex r with deg(r) = 1;
2 while w(T ) > 3α/2 do
3 if T has an active 1-boundary vertex then
4 Find an admissible family S in T by Theorem 3;
5 Let S∗ := S∗ ∪ S; T := T −

⋃
S∈S S

6 end; /* if */
/* the current tree T has no active 1-boundary vertex */

7 Find an admissible family S in T by Theorem 4 (if d ≥ 3) and
Theorem 5 (if d = 2);

8 S∗ := S∗ ∪ S; T := T −
⋃

S∈S S
9 end; /* while */

/* w(T ) ≤ 3α/2 holds */
10 Find an admissible family S = {Si | i = 1, . . . , h} (h ≤ 2) by Lemma 2(iv);
11 S∗ := S∗ ∪ S.

Theorem 6. Algorithm TreeCover delivers a k-admissible family S∗ in T ∗

such that
⋃

S∈S∗ S = V (T ∗).

Proof. Note that, in each iteration of the while-loop, at least one of Theorems 3,
4, and 5 is applied to find an admissible family in the current tree T . After the
last iteration of the while-loop, we have w(T ) ≤ 3α/2 and hence Lemma 2(iv) can
be applied to find an admissible family for the remaining tree T . By Lemma 2(i),
the union of all such admissible families gives a desired admissible family in T ∗.
Moreover, by the definition of admissible family, we conclude that |S∗| ≤ k since
w(T ∗) = k. This completes the proof. 
�

4 Proof of Theorem 3

This section is devoted to present a proof of Theorem 3 which holds for any
α ∈ [5/3, 2].

For a non-root vertex u in a rooted tree T , a partition {S1, S2, . . . , Sp, L, M, H}
of B(u) is called valid if 1 ≤ w(Si) ≤ α, i = 1, 2, . . . , p, L ⊆ L(u), M ⊆ M(u),
and H ⊆ H(u). Note that, by Lemma 2(iii), Si = V (Si)−{u} in a valid partition
forms an admissible family with a 1-admissible tree Si.
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Lemma 3. Let u ∈ V1(T ) be a 1-boundary vertex in a rooted tree T . Then
there exists a valid partition {S1, S2, . . . , Sp, L, M, H} of B(u) that satisfies the
following (i)-(ii), where B = L ∪ M ∪ H.

(i) If H 
= ∅, then M = ∅ and w(L) < 2 − α hold.
(ii) w(B) < 1 holds if and only if |H| ≤ 1 holds.

Given a rooted tree T , the following algorithm converts T into another tree
T ′ in which all 1-boundary vertices are inactive. Such a tree T ′ is constructed
by applying a procedure that first chooses an active vertex u ∈ V1(T ) in the
current tree T , computes a valid partition {S1, S2, . . . , Sp, L, M, H} of B(u)
by Lemma 3, and then removes the admissible family {S1, S2, . . . , Sp} (if any)
from T . We observe that if u is a 1-boundary vertex in the resulting tree T ′

(i.e., w(T ′
e(u)) ≥ 1), then either (i) u is inactive if w(T ′

u) = w(B) > α, or (ii)
w(T ′

u) = w(B) ≤ α and w(T ′
e(u)) ≥ 1 otherwise, where B = L ∪ M ∪ H. In

the latter case, DT ′(u) is an admissible set by Lemma 2(ii). In other words,
the above procedure makes an active 1-boundary vertex inactive or creates an
admissible set.

Algorithm RemoveActive

Input: A rooted tree T .
Output: An admissible family S in T such that T ′ = T −

⋃
S∈S S has

no active 1-boundary vertices in V1(T ′).
1 S := ∅; Let VA be the set of all inactive 1-boundary vertices in V1(T );
2 while V1(T ) − VA 
= ∅ do
3 Choose a 1-boundary vertex u ∈ V1(T ) − VA;
4 Find a valid partition {S1, S2, . . . , Sp, L, M, H} of B(u) in Lemma 3;
5 Let S := S ∪ {V (Si) − {u} | i = 1, 2, . . . , p}; T := T − (V (S) − {u});

/* Tu = B = L ∪ M ∪ H holds */
6 if w(Te(u)) ≥ 1 (i.e., u ∈ V1(T )) then
7 if w(Tu) = w(B) > α then

/* |H| ≥ 2, M = ∅ and w(L) < 2 − α by Lemma 3 */
8 VA := VA ∪ {u} /* u is inactive in the current T */
9 else /* w(Tu) = w(B) ≤ α and w(Te(u)) ≥ 1 */
10 S := S ∪ {V (Tu)}; T := T − V (Tu)
11 end /* if */
12 end /* if */
13 end; /* while */
14 /* V1(T ) = VA holds */
15 Return S and T ′ := T .

Lemma 4. Given a rooted tree T , RemoveActive outputs an admissible fam-
ily S and a tree T ′ such that all vertices in V1(T ′) are inactive.

Theorem 3 follows from Lemma 4.
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5 Proof of Theorem 4

This section gives a proof of Theorem 4. For this, we assume that α = 2
√

3−3/2
throughout this section.

For a rooted tree T , consider a branch Te of a vertex u in T such that 2α−3 ≤
w(Te) < 1 and Te(u) ≥ 1. We denote by H∗(T ) the set of such branches Te in T .

Lemma 5. Let T be a rooted tree which has no active 1-boundary vertices in
V1(T ). Then every 2-boundary vertex z ∈ V2(T ) satisfies the following condition.

Condition B
(i) |H∗(Tz)| ≥ 2, (ii) |H(u)| = 2 for all u ∈ V1(Tz), (iii) w(z, u) < 2 − α for all
u ∈ V1(Tz).

Note that, for any T ′ ∈ H∗(Tz) with a root r′, the root r′ must be z or a
1-boundary vertex in V1(Tz) since w(Te(r′)) ≥ 1 must hold by the maximality
of T ′.

We distinguish two cases; (i) |H∗(Tz)| = 2 and (ii) |H∗(Tz)| ≥ 3. In case (i), we
find a 2-admissible family in Tz. In case (ii), we find a 1-admissible family {S},
where a corresponding 1-admissible tree TS will be constructed by introducing
an edge which is not in tree T .

5.1 Case of |H∗(Tz)| = 2

We first consider the case where |H∗(Tz)| = 2.

Lemma 6. Let T be a rooted tree which has no active 1-boundary vertex, and
let z ∈ V2(T ) satisfy |H∗(Tz)| = 2. Then |V1(T ) ∩ V (Tz)| = 1. Furthermore, for
H∗(Tz) = {T1, T2}, one of the following holds:

(i) If V1(T ) ∩ V (Tz) = {z} holds, then S1 := V (T1) and S2 := V (Tz)−S1 give
a 2-admissible family in T .

(ii) If V1(T ) ∩ V (Tz) = {u}, u 
= z, and w(Tz) < 2 hold, then S1 := V (T1) and
S2 := V (Tz)−S1 give a 2-admissible family in T .

(iii) If V1(T ) ∩ V (Tz) = {u}, u 
= z, and w(Tz) ≥ 2 hold, then for any minimal
subset S ⊆ B(z)−{Te} satisfying w(Te) + w(S) ≥ 2, S1 := V (T1) and
S2 := V (Te) ∪ V (S)− (S1 ∪ {z}) give a 2-admissible family in T , where
Te ∈ B(z) satisfies u ∈ V (Te).

5.2 Case of |H∗(Tz)| ≥ 3

We next consider the case where |H∗(Tz)| ≥ 3. In this case, we construct a
1-admissible tree by introducing an edge not in the current tree T .

The next lemma describes a property of the angle formed by two of three line
segments in the Euclidean space R

d.

Lemma 7. For vertices z, v1, v2, and v3, the minimum angle θ formed by line
segments zvi and zvj, i 
= j, i, j = 1, 2, 3, is no more than 120◦.
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For a descendent v of a vertex u in a rooted tree T , the (1/2)-distant point of v
with u is defined by the point puv on the line segment uv such that w(u, puv) =
min{1/2, w(u, v)}, i.e., puv = v if w(u, v) ≤ 1/2, and puv is the point on uv
satisfying w(u, puv) = 1/2 otherwise.

Let z be a 2-boundary vertex in a rooted tree T which has no active 1-
boundary vertices. By definition, the root ui of any branch Ti ∈ H∗(Tz) is a
1-boundary vertex in T . Therefore, the intersection of any two branches Ti, Tj ∈
H∗(Tz) contains a vertex if and only if they have the same root, i.e., ui = uj. We
also note that a 1/2-boundary vertex vi ∈ V1/2(Ti) is unique since w(Ti) < 1.

The next lemma claims that if |H∗(Tz)| ≥ 3, then an admissible set S can be
found or H∗(Tz) contains a pair of branches Ti and Tj that satisfies a certain
condition.

Lemma 8. Let T be a rooted tree which has no active 1-boundary vertices in
V1(T ). Let z be a 2-boundary vertex in V2(T ) such that there are three subtrees
T1, T2, T3 ∈ H∗(Tz), where ui denotes the root of Ti (ui ∈ V1(T ) ∩ V (Tz)),
i = 1, 2, 3. For each i = 1, 2, 3, let vi be a 1/2-boundary vertex in V1/2(Ti).
Then:

(a) For each Ti ∈ {T1, T2, T3}, there exists a branch T̃i ∈ H(ũi) ∩ H∗(Tz) − Ti

such that the root ũi ∈ V1(T ) ∩ V (Tz) of T̃i satisfies w(ui, ũi) < 2 − α.
(b) Assume that there is i ∈ {1, 2, 3} such that w(Tvi) ≥ 1/2 holds. If there exists

a minimal subtree S ⊆ B(vi) such that w(S) + w(T̃i) ≥ 1 and

w(S) + w(T̃i) + w(vi, ũi) ≤ α, (1)

then S := (V (T̃i)−{ũi})∪ (V (S)−{vi}) is admissible. Testing whether such
a subtree exists or not can be done in O(|B(vi)|) time.

(c) If (b) does not hold, then there exists {Ti, Tj} ⊆ {T1, T2, T3} (i 
= j) such
that the tuple (T, z, Ti, Tj, ui, uj , puivi , pujvj ) satisfies the following condition;
i = 1 and j = 2 are assumed without loss of generality.
Condition C
(i) For each i = 1, 2, 1/2 ≤ w(Ti) < 1 holds.
(ii) θ := ∠pu1v1zpu2v2 ≤ 120◦.
(iii) For each i = 1, 2, w(z, ui) < 2 − α holds.
(iv) For each i = 1, 2, if w(Tvi) ≥ 1/2 holds, then B̄i := B(vi)−{Bi} satisfies

w(B̄i) < 2 − α, where Bi ∈ B(vi) is the heaviest branch of vi.

Let (T, z, T1, T2, u1, u2, pu1v1 , pu2v2) denote a tuple for a 2-boundary vertex z ∈
V2(T ) in a rooted tree T , two branches T1 ∈ B(u1), T2 ∈ B(u2) rooted at u1, u2 ∈
V (Tz) (possibly u1 = z, u2 = z or u1 = u2), respectively, 1/2-boundary vertices
v1 ∈ V1/2(T1), v2 ∈ V1/2(T2), and (1/2)-distant points pu1v1 , pu2v2 of v1, v2 with
u1, u2, respectively. Assume that such a tuple (T, z, T1, T2, u1, u2, pu1v1 , pu2v2)
satisfies Condition C. The following procedure, called COMBINE returns an 1-
admissible set S, where a corresponding 1-admissible tree will be generated by
introducing an edge which is not in the tree T .
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COMBINE
Input: A tuple (T, z, T1, T2, u1, u2, pu1v1 , pu2v2) satisfying Condition C.
Output: An admissible set S in T .
1 If w(Tv1 ) < 1/2 or w(Tv2) < 1/2 hold then
2 Return S := D(v1) ∪ D(v2)
3 else /* w(Tv1 ) ≥ 1/2 and w(Tv2 ) ≥ 1/2 hold */
4 Choose a subset S ⊂ B(v1) ∪ B(v2) such that 1 ≤ w(S) < 3 − α holds;
5 Return S := S−{v1, v2}
6 end. /* if */

The correctness of COMBINE is shown by using the following two lemmas.

Lemma 9. For a tuple (T, z, T1, T2, u1, u2, pu1v1 , pu2v2) satisfying Condition C,

v1v2 < 2 (5/2 − α) sin(θ/2) + pu1v1v1 + pu2v2v2.

Lemma 10. For a tuple (T, z, T1, T2, u1, u2, pu1v1 , pu2v2) satisfying Condition
C, the following (i), (ii) and (iii) hold:

(i) For each i ∈ {1, 2} satisfying w(Tvi) < 1/2, w(Tvi) + puivivi < 1/2 holds.
(ii) For each i ∈ {1, 2} satisfying w(Tvi ) ≥ 1/2, w(Tvi ) < 5/2−α and puivivi =

0 hold.
(iii) If w(Tv1) ≥ 1/2 and w(Tv2) ≥ 1/2 hold, then there exists a subset S ⊂

B(v1) ∪ B(v2) such that 1 ≤ w(S) < 3 − α holds.

Lemma 11. Any set S output by COMBINE is an admissible set.

The proof of Theorem 5 is similar to that of Theorem 4 described above.

6 Concluding Remarks

In this paper, we have studied the balanced tree partitioning problem in the
Euclidean space R

d, and have shown that the ratio α of the maximum tree
weight to w(T ∗)/k for the weight w(T ∗) of a minimum spanning tree is at most
1.964 for d ≥ 3 and at most 1.953 for d = 2, by designing polynomial time
algorithms for finding a tree cover that attains such α. To derive these results,
we allowed for trees in a tree cover to use edges not in a minimum spanning
tree T ∗. We remark that if a tree cover is required to consist of subtrees of T ∗,
then the best possible α is at least 2 (see [8] for a tight example). It would
be interesting and challenging to improve the current upper bounds on the ra-
tio α by developing further insightful geometric arguments over the Euclidean
space.
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Abstract. In an undirected graph G = (V, E) with a weight function
w : E × V → Q+, the weighted degree dw(v; E) of a vertex v is de-
fined as

∑
{w(e, v) | e ∈ E incident with v}. In this paper, we consider

a network design problem which has upper-bounds on weighted degrees
of vertices as its constraints while the objective is to compute a mini-
mum cost graph with a prescribed connectivity. We propose bi-criteria
approximation algorithms based on the iterative rounding, which has
been successfully applied to the degree-bounded network design prob-
lem. A problem minimizing the maximum weighted degree of vertices is
also discussed.

1 Introduction

Let G = (V, E) be an undirected graph. A weight function w : E×V → Q+ is de-
fined on pairs of edges and their end vertices, where Q+ is the set of non-negative
rational numbers. Let δ(v; E) denote the set of edges in E incident with v ∈ V .
We define the weighted degree of a vertex v ∈ V in G as

∑
e∈δ(v;E) w(e, v), and

denote it by dw(v; E). The weighted degree of G is defined as maxv∈V dw(v; E).
The weighted degree of a vertex measures load on the vertex in applica-

tions. For constructing a network with balanced load, it is important to consider
weighted degree of networks. Take a communication network for example, and
suppose that w(e, v) represents the load (e.g., communication traffic, communi-
cation charge) for the communication device on a node v to use a link e incident
with v. Then the weighted degree of v indicates the total load of v for using the
network.

In this paper, we consider a network design problem which has upper-bounds
on weighted degrees of vertices as its constraints while the objective is to compute
a minimum cost graph with a prescribed connectivity. In the above example of
the communication network, this corresponds to the case in which each node has
an upper-limit on the load that can be handled on the node.

The problem introduces two types of edges. This is useful for modeling various
ways to allocating loads. For an edge e = uv of the first type, weights of e on
� This work was partially supported by Grant-in-Aid for Scientific Research from the
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u and v are given as inputs. For an edge e = uv of the second type, the sum of
weights of e on u and v is given, and we can decide how much is allocated to
end vertices u and v.

For stating our problems formally, let us define several notations related to
connectivity of graphs. For a subset U of V and a subset F of E, δ(U ; F ) denotes
the set of edges in F which join vertices in U with those in V − U , and F (U)
denotes the set of edges in F whose both end vertices are in U . Let N be the set of
natural numbers. For a given set function f : 2V → N on V , a graph G′ = (V, F )
is called f -connected when |δ(U ; F )| ≥ f(U) holds for every non-empty U ⊂ V . If
f(X)+f(Y ) ≤ f(X∩Y )+f(X∪Y ) or f(X)+f(Y ) ≤ f(X−Y )+f(Y −X) holds
for any X, Y ⊆ V , then f is called skew supermodular. With a skew supermodular
set function, f -connectivity represents a wide variety of connectivity of graphs
such as the local edge-connectivity.

Now we formulate our problem.

Weighted Degree Bounded Survivable Network Problem (WDBound-

edNetwork): Let G = (V, E) be an undirected graph where E is the union
of disjoint sets E1 and E2. For those edge sets, weights w1 : E1 × V → Q+
and μ : E2 → Q+ are respectively defined. As inputs, we are given the graph
G = (V, E = E1 ∪ E2) with the weights w1 and μ, an edge-cost c : E → Q (Q is
the set of rational numbers), a skew supermodular set function f : 2V → N, and a
degree-bound b : V → Q+. A solution consists of F ⊆ E, weights w2(e, u) ∈ Q+
and w2(e, v) ∈ Q+ for each e = uv ∈ F2, where Fi denotes F ∩ Ei. We call w2
allocation of μ when w2(e, u) + w2(e, v) = μ(e) for e = uv ∈ F2. Throughout
this paper, we let w : F × V → Q+ refer to the function that returns wi(e, v)
for e ∈ Fi and v ∈ V . The solution is defined to be feasible if G′ = (V, F ) is
f -connected, w2 is an allocation of μ, and degree constraint dw(v; F ) ≤ b(v) for
each v ∈ V is satisfied. The goal of this problem is to find a feasible solution
that minimizes its cost

∑
e∈F c(e).

If f(U) = 1 for all non-empty U ⊂ V , then the minimal solutions are spanning
trees. We particularly call such instances weighted degree bounded spanning tree
problem (WDBoundedTree).

Feasible solutions of WDBoundedTree are Hamiltonian paths when E2 = ∅,
w1(e, u) = w1(e, v) = 1 for all e = uv ∈ E1, and b(v) = 2 for all v ∈ V . This
means that it is NP-hard to test whether an instance of WDBoundedTree (and
hence WDBoundedNetwork) is feasible or not. By this reason, it is natural to
relax the degree constraints and consider bi-criteria approximation algorithms.
We say that, for an instance of WDBoundedNetwork and some α, β ≥ 1, a
solution consisting of F ⊆ E and an allocation w2 of μ is an (α, β)-approximate
solution if it satisfies

–
∑

e∈F c(e) ≤ α min{
∑

e∈F ′ c(e) | F ′ ⊆ E is in a feasible solution}, and
– dw(v; F ) ≤ βb(v) for all v ∈ V .

Define θ as max{b(u)/b(v), b(v)/b(u) | uv ∈ E2} if E2 �= ∅, and 0 otherwise.
For problems WDBoundedTree and WDBoundedNetwork, we propose al-
gorithmswhich achieve approximation ratios (1, 4+3θ) and (2, 7+5θ) respectively.



216 T. Fukunaga and H. Nagamochi

Our algorithms take the approach successfully applied to the bounded degree
spanning tree problem by Singh and Lau [18] and to the bounded-degree surviv-
able network design problem by Lau et al. [12], which correspond to instances
with uniform w1 and E2 = ∅ in our problems. Their approach is based on the
iterative rounding originally used for the generalized Steiner network problem
by Jain [8]. Roughly illustrating, they iterate rounding fractional variables in
basic optimal solutions or removing constraints of a linear programming relax-
ation. The key for guaranteeing the correctness of the algorithm is an analysis of
the structure of tight constraints which determine the basic optimal solutions.
In this paper, we show that this approach remains useful even if the weighted
degree is introduced.

In addition, we also discuss the following variation of the above problem.

Minimum weighted degree survivable network problem (MinimumWD-

Network): An undirected graph G = (V, E) with E = E1 ∪ E2, weights
w1 : E1 × V → Q+ and μ : E2 → Q+, and a skew supermodular set function
f : 2V → N are given. A feasible solution consists of a f -connected subgraph
G′ = (V, F ) of G and an allocation w2 : F2 × V → Q+ of μ. The objective is to
minimize the weighted degree maxv∈V dw(v; F ) of G′.

Similarly for problem WDBoundedNetwork, we call instances with f(U) =
1 for all non-empty U ⊂ V minimum weighted degree spanning tree problem
(MinimumWDTree).

For problems MinimumWDTree and MinimumWDNetwork, our algo-
rithms achieve approximation ratios 7 + ε and 12 + ε in polynomial time of
log(1/ε) and input size for an arbitrary ε > 0. If E2 = ∅, we can remove ε from
the ratios while the algorithms run in polynomial time of only input size.

Previous Works

The bounded degree spanning tree problem has been studied extensively in the
last two decades [2,3,10,11,16,17]. For the uniform cost (i.e., c(e) = 1 for e ∈ E),
an optimal result was given by Fürer and Raghavachari [4]. Their algorithm
computes a spanning tree which violates degree upper-bounds by at most one.
For general costs, Goemans [6] gave an algorithm to compute a spanning tree of
the minimum cost although it violates degree upper-bounds by at most two. The
algorithm obtains such a spanning tree by rounding a basic optimal solution of an
LP relaxation with the matroid intersection algorithm. Afterwards an optimal
result for general cost was presented by Singh and Lau [18]; Their algorithm
computes a spanning tree of minimum cost which violates degree upper-bounds
by at most one. As mentioned above, their result is achieved by extending the
iterative rounding due to Jain [8], who applied it for designing a 2-approximation
algorithm to the generalized Steiner network problem.

This approach is also applied to several problems with degree bounds.
Lau et al. [12] considered the survivable network problem, and proposed an
algorithm that outputs a network of cost at most twice the optimal and the
degree of v ∈ V is at most 2b(v) + 3. This result was improved in Lau and
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Singh [13]. Bansal et al. [1] considered the arborescence problem and survivable
network problem with intersecting supermodular connectivity. Kiraly et al. [9]
generalized bounded degree spanning tree to bounded degree matroid. They also
considered degree bounded submodular flow problem.

There are also several works on the network design problem with weighted de-
gree constraints. All of these correspond to the case with E2 = ∅ and w1(e, u) =
w2(e, v) for e = uv ∈ E1. Ravi [15] presented an O(log |V |, log |V |)-approximation
algorithm to problem WDBoundedTree and an O(log |V |)-approximation al-
gorithm to problem MinimumWDTree. For problem MinimumWDTree, Gh-
odsi et al. [5] presented a 4.5-approximation algorithm under the assumption
that G is a complete graph and c is a metric cost (i.e., triangle inequality holds)
while they also showed that it is NP-hard to approximate it within a factor
less than 2. Notice that our algorithm described in this paper achieves (1, 4)-
approximation to problem WDBoundedTree and 4-approximation to prob-
lem MinimumWDTree when E2 = ∅. Hence it improves these previous works.
Nutov [14] considers problem WDBoundedNetwork for digraphs.

Organization

The rest of this paper is organized as follows. Section 2 presents our algorithms
to problems WDBoundedTree and MinimumWDTree. The algorithms are
derived from a good property of polytopes that give a linear programming re-
laxation of the problems. Section 2 also shows that our analysis on the property
is tight. Section 3 gives our algorithms to problems WDBoundedNetwork

and MinimumWDNetwork, and shows that our analysis on the property of
polytopes is tight.

2 Spanning Trees with Weighted Degree Constraints

In this section, we generalize problem WDBoundedTree by defining b as a
function A → Q+ for some A ⊆ V . This means that the degree upper-bound is
defined on only the vertices in A. This is is necessary for our algorithm to work
inductively.

Let I stand for the instence of problem WDBoundedTree consisting of an
undirected graph G = (V, E) with E = E1 ∪ E2, weights w1 : E1 × V → Q+
and μ : E2 → Q+, a subset A of V , and b : A → Q+. We denote by PT(I) the
polytope that consists of vectors x ∈ Q

E and y ∈ Q
E2×V that satisfy

0 ≤ x(e) for all e ∈ E, (1)
0 ≤ y(e, u), y(e, v) for all e = uv ∈ E2, (2)

y(e, u) + y(e, v) = x(e) for all e = uv ∈ E2, (3)
x(E) = |V | − 1, (4)

x(E(U)) ≤ |U | − 1 for all U ⊂ V with 2 ≤ |U |, (5)
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and
∑

e∈δ(v;E1)

w1(e, v)x(e) +
∑

e∈δ(v;E2)

μ(e)y(e, v) ≤ b(v) for all v ∈ A, (6)

where x(F ) denotes
∑

e∈F x(e) for F ⊆ E. Remark that (5) with U = {u, v},
uv ∈ E implies

x(e) ≤ 1 for all e ∈ E. (7)

Also constraints (4) and (5) with U = V − v imply

x(δ(v; E)) ≥ 1 for all v ∈ V , (8)

since x(δ(v; E)) = x(E) − x(E(V − v)) ≥ (|V | − 1) − (|V − v| − 1) = 1.
Observe that min{cT x | (x, y) ∈ PT(I)} with A = V is a linear programming

relaxation of problem WDBoundedTree. (Variable x(e) decides whether edge
e is chosen, and variable y(e, v) decides how much of μ(e) is allocated to an end
vertex v of e.) Although (5) has an exponential number of constraints, the linear
program is solvable in polynomial time by using the ellipsoid method [2] or by
transforming it to an equivalent formulation of polynomial-size [7].

For a vector x ∈ Q
E
+, let Ex denote {e ∈ E | x(e) > 0}. We say that polytope

PT(I) is (1, β)-bounded for some β ≥ 1 if every extreme point (x∗, y∗) of the
polytope satisfies at least one of the following:

– There exists a vertex v ∈ V such that |δ(v; Ex∗)| = 1;
– There exists a vertex v ∈ A such that |δ(v; Ex∗)| ≤ β.

If |δ(v; Ex∗)| = 1, then x∗(e) = 1 holds for the edge e ∈ δ(v; Ex∗) by the equalities
x(δ(v; Ex∗)) = x(δ(v; E)) ≥ 1 and x(e) ≤ 1.

In what follows, we see that the iterative rounding can be applied to problem
WDBoundedTree when PT(I) is (1, β)-bounded. By this and the fact that
PT(I) is (1, 3)-bounded (Theorem 3), we can obtain an approximation algorithm
for problem WDBoundedTree.

Now let us describe the algorithm which works under the assumption that
PT(I) is (1, β)-bounded. Roughly illustrating, if the former condition of the
(1, β)-boundedness holds, then the algorithm rounds the variable corresponding
to e ∈ δ(v; Ex∗), and otherwise, the algorithm removes the upper-bound on the
weighted degree of v satisfying |δ(v; Ex∗)| ≤ β.

Algorithm for problem WDBoundedTree

Input: An undirected graph G = (V, E) with E = E1 ∪ E2, weights w1 :
E1 × V → Q+ and μ : E2 → Q+, an edge-cost c : E → Q, and a degree-
bound b : V → Q+.

Output: A solution consisting of a spanning tree T ⊆ E of G and an allocation
w2 : T2 × V → Q+ of μ, or message “INFEASIBLE”.

Step 1: Set A := V and T := ∅.
– Delete e = uv ∈ E1 from G if w1(e, u) > b(u) or if w1(e, v) > b(v).
– Delete e = uv ∈ E2 from G if μ(e) > b(u) + b(v).
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If PT(I) = ∅, then output “INFEASIBLE”, and terminate;
Step 2: Compute a basic solution (x∗, y∗) that minimizes

∑
e∈E c(e)x∗(e) over

(x∗, y∗) ∈ PT(I).
Step 3: Remove edges in E − Ex∗ from E;
Step 4: If there exists a vertex v ∈ V such that |δ(v; Ex∗)| = 1 (i.e., the edge

e = uv ∈ δ(v; Ex∗) satisfies x∗(e) = 1), then add e to T and delete v from
G. Moreover, execute one of the following operations according to the class
of e:
Case of e ∈ E1: If u ∈ A, then set b(u) := b(u) − w1(e, u);
Case of e ∈ E2: Set w2(e, u) := μ(e)y∗(e, u) and w2(e, v) := μ(e)y∗(e, v). If

u ∈ A, then set b(u) := b(u) − w2(e, u).
Step 5: If there exists a vertex v ∈ A such that |δ(v; Ex∗)| ≤ β, then remove v

from A;
Step 6: If |V | = 1, then output (T, w2) as a solution, and terminate. Otherwise,

return to Step 2.

Define θ = max{b(u)/b(v), b(v)/b(u) | uv ∈ E2} if E2 �= ∅, and θ = 0 otherwise.

Theorem 1. If each PT(I) constructed in Step 2 of the algorithm is (1, β)-
bounded, then problem WDBoundedTree is (1, 1 + β(1 + θ))-approximable in
polynomial time.

Proof. It is clear that the algorithm described above runs in polynomial time. In
what follows, we see that the algorithm computes a (1, 1+β(1+θ))-approximate
solution.

Observe that the linear program over PT(I) is still a relaxation of the given
instance after Step 1. Hence the original instance has no feasible solutions when
the algorithm outputs “INFEASIBLE”. Each edge e = uv ∈ E satisfies the
following properties after Step 1:

– If e = uv ∈ E1, then w1(e, u) ≤ b(u) and w1(e, v) ≤ b(v);
– If e = uv ∈ E2, then μ(e) ≤ b(u)+b(v) ≤ (1+θ)b(u) and μ(e) ≤ b(u)+b(v) ≤

(1 + θ)b(v);

Now suppose that PT(I) �= ∅ after Step 1. We then prove that PT(I) �= ∅ also
throughout the subsequent iterations and that the spanning tree T outputted
by the algorithm satisfies c(T ) ≤ min{cT x | (x, y) ∈ PT(I)} and dw(v; T ) ≤
(1 + β(1 + θ))b(v) for all v ∈ V .

Let ei = uivi denote the i-th edge added to T , Ii =(Gi =(Vi, E
i), w1, μ, Ai, bi)

denote I at the beginning of the iteration in which ei is added to T , and (x∗
i , y

∗
i )

denote the basic solution computed in Step 2 of that iteration. We also let I0
stand for I immediately after Step 1 of the algorithm. Assume that ei is chosen
by |δ(vi; Ex∗

i
)| = 1 in Step 4 (i.e., Vi+1 − Vi = {vi}).

By Steps 4 and 5, Ai+1 ⊆ Ai holds, and

bi+1(v) =

⎧
⎪⎨

⎪⎩

bi(v) − w1(ei, v) if v = ui ∈ A and ei ∈ E1,
bi(v) − μ(ei)y∗

i (ei, v) if v = ui ∈ A and ei ∈ E2,
bi(v) otherwise.

(9)
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also holds for i ≥ 1. Moreover, each edge in Ei − (Ei+1 ∪ {ei}) is the one such
that the corresponding variable of x∗ becomes 0 in some iteration before ei+1 is
chosen in Step 4. These facts indicate that the projection of (x∗

i , y
∗
i ) satisfies all

constraints in PT(Ii+1). Hence we have the following:

If PT(Ii) �= ∅, then PT(Ii+1) �= ∅ for i ≥ 0; (10)

cT x∗
i ≥ c(ei) + min{cT x | (x, y) ∈ PT(Ii+1)} = c(ei) + cT x∗

i+1 for i ≥ 1. (11)

(i) We first see that the algorithm outputs a solution. Recall that we are
assuming that PT(I0) �= ∅. By this and (10), PT(Ii) �= ∅ for all i ≥ 1. The
algorithm then terminates with outputting a spanning tree T = {e1, . . . , e|V |−1}
and an allocation w2 : T2 × V → Q+ of μ by the way of the construction.

(ii) Next we see the optimality of c(T ). By applying (11) repeatedly, we obtain

cT x∗
1 ≥ c(e1) + cT x∗

2 ≥ · · · ≥
|V |−2∑

i=1

c(ei) + cT x∗
|V |−1.

Since |V|V |−1| = 2, x∗
|V |−1(e|V |−1) = 1 and x∗

|V |−1(e) = 0 for e ∈ E|V |−1 −
{e|V |−1} obviously hold, and hence

∑|V |−2
i=1 c(ei) + cT x∗

|V |−1 =
∑|V |−1

i=1 c(ei) =
c(T ). Notice that the algorithm constructs I1 from I0 by relaxing the degree
constraints (i.e., A1 ⊆ A0). Hence min{cT x | (x, y) ∈ PT(I0)} ≥ cT x∗

1 holds.
Hence we have min{cT x | (x, y) ∈ PT(I0)} ≥ c(T ), as required.

(iii) Fix v as an arbitrary vertex. Now we prove that dw(v; T ) ≤ (1 + β(1 +
θ))b(v) holds.

Consider Step 4 of the iterations during v ∈ A. Let T ′ be the set of edges that
are added to T during those iterations. By applying (9) repeatedly, we obtain

b(v) ≥
∑

ei∈δ(v;T ′
1)

w1(ei, v) +
∑

ei∈δ(v;T ′
2)

μ(ei)y∗
i (ei, v).

If ei ∈ δ(v; T2), then the algorithm set w2(ei, v) to μ(ei)y∗
i (ei, v). Therefore,

∑

ei∈δ(v;T ′
1)

w1(ei, v) +
∑

ei∈δ(v;T ′
2)

μ(ei)y∗
i (ei, v) = dw1(v; T ′

1) + dw2(v; T ′
2).

It implies that dw(v; T ′) ≤ b(v) holds.
Consider the iterations after v is removed from A. Let T ′′ denote the set of

edges that are added to T during those iterations. When v is removed from A
in Step 5, the number of remaining edges incident with v is at most β by the
condition in Step 5. Hence |δ(v; T ′′)| ≤ β holds. We have already seen that,
after Step 1, each e = uv ∈ E1 satisfies w1(e, v) ≤ b(v) and each e = uv ∈ E2
satisfies w2(e, v) ≤ μ(e) ≤ (1 + θ)b(v). So dw(v; T ′′) ≤ β(1 + θ)b(v). Because
dw(v; T ) = dw(v; T ′) + dw(v; T ′′), we have dw(v; T ) ≤ (1 + β(1 + θ))b(v).
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The following theorem shows that the algorithm to problem WDBoundedTree

gives an algorithm to problem MinimumWDTree.

Theorem 2. Suppose that problem WDBoundedTree with uniform b is
(α′, β′)-approximable for some α′ and β′. For an arbitrary ε > 0, problem Mini-

mumWDTree is (β′+ε)-approximable in polynomial time of log(1/ε) and input
size. If E2 = ∅, then it is β′-approximable in polynomial time of only input size.

Proof. For an r ∈ Q, define Gr as the subgraph obtained from G by deleting each
edge e = uv ∈ E1 such that max{w1(e, u), w1(e, v)} > r and each edge e ∈ E2
such that μ(e) > 2r. Let br : V → Q+ be the function such that br(v) = r for
all v ∈ V , and Ir = (Gr, w1, μ, A = V, br).

We denote min{r ∈ Q+ | PT(Ir) �= ∅} by R, and the minimum weighted
degree of the given instance by OPT. Let ω and W stand for the minimum and
maximum entry of w1 and μ, respectively. For given ε, define ε′ = εω/(2β′).
Since ω/2 ≤ OPT, we have ε′ ≤ εOPT/β′. Since the characteristic vector of an
optimal solution to the given instance of problem MinimumWDTree satisfies
all constraints of PT(IOPT ), we have R ≤ OPT. It is possible to compute a value
R′ such that R ≤ R′ ≤ R + ε′ by the binary search on interval [0, W ], which
needs to solve the linear program over PT(Ir) log(W/ε′) times.

Let T be an (α′, β′)-approximate solution to the instance of problem WD-

BoundedTree consisting of IR′ and an arbitrary edge-cost c. We then have
dw(v; T ) ≤ β′bR′(v) ≤ β′(R + ε′) ≤ (β′ + ε)OPT for any v ∈ V . This implies
that T is a (β′ + ε)-approximate solution to problem MinimumWDTree.

When E2 = ∅, set ε so that 1/(ψ + 1) ≤ ε′ < 1/ψ holds, where ψ is the
maximum deliminator of all enteries in w1 and μ. In this case, if R′ satisfies
R ≤ R′ ≤ R + ε′, then R′ ≤ OPT. Such R′ can be computed by solving the
linear program over log(W/ε′) ≤ log(W (ψ +1)) times. Then we have dw(v; T ) ≤
β′bR′(v) ≤ β′OPT for any v ∈ V , which implies that T is a β′-approximate
solution. �


Now we see that PT(I) is (1, 3)-bounded. First let us observe that the key
property of tight constraints observed in [18] also holds in our setting.

Lemma 1. For any extreme point (x∗, y∗) of PT(I), there exists a laminar fam-
ily L ⊆ {U ⊆ V | |U | ≥ 2} (i.e., any U, U ′ ∈ L satisfy either U ⊆ U ′, U ′ ⊆ U ,
or U ∩ U ′ �= ∅) and a subset X of A such that |Ex∗ | ≤ |L| + |X |.

Proof. By the definitions of x∗ and y∗, the number of variables is equal to the
dimension of the vector space spanned by the coefficients vectors of tight con-
straints in PT(I). If x∗(e) = 0 (resp., y∗(e, v)), then fix the variable x(e) (resp.,
y(e, v)) to 0 and remove the corresponding tight constraint of (1) (resp., (2)).
We can also remove tight constraints of (3) by fixing y(e, u) to x(e) − y(e, v).
Then the number of remaining variables, which is at least |Ex∗ |, is equal to
the dimension of the vector space spanned by the tight constraints of (4), (5)
and (6).

Let F = {U ⊆ V | |U | ≥ 2, x∗(E(U)) = |U | − 1} (i.e., family of ver-
tex subsets defining tight constraints of (4) and (5)) and X = {v ∈ A |
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∑
e∈δ(v;E1) w1(e, v)x∗(e) +

∑
e∈δ(v;E2) μ(e)y∗(e, v) = b(v)} (i.e., set of vertices

defining tight constraints of (6)).
For a subfamily F ′ of F , we denote by span(F ′∪X) the vector space spanned

by the coefficient vectors of constraints corresponding to F ′ and X . (Notice that
coefficient vectors corresponding to X are changed from the original by the
above operations.) In [18], it is proven that a maximal laminar subfamily L of
F satisfies span(L ∪ X) = span(F ∪ X). Since the dimension of span(L ∪ X) is
at most |L| + |X |, we have |Ex∗ | ≤ |L| + |X |, as required. �


Theorem 3. Polytope PT(I) is (1, 3)-bounded for any I.

Proof. It can be derived from Lemma 1 although we omit the detail here.

Corollary 1. Problem WDBoundedTree is (1, 4 + 3θ)-approximable in poly-
nomial time. Problem MinimumWDTree is 4-approximable in polynomial time
if E2 = ∅, and is (7 + ε)-approximable in polynomial time of log(1/ε) and input
size for any ε > 0 otherwise.

Proof. Immediate from Theorems 1, 2 and 3. �


It is a natural question to ask whether the (1, 3)-boundedness of PT(I) can
be improved to (1, 2)-boundedness. Let us discuss this assuming that E2 = ∅.
Unfortunately (1, 2)-boundedness does not hold even if w1(e, u) = w1(e, v) = 1
for all e = uv ∈ E1 as mentioned in [18]. Singh and Lau [18] weakened the (1, 2)-
boundedness by replacing its first condition with “There exists an edge e ∈ E
such that x∗(e) = 1.” They then designed their algorithm by observing that
the property holds for more general polytopes than PT(I). This approach does
not work in our setting because there exists a counterexample for the weakened
(1, 2)-boundedness, which we will give in the rest of this section.

Let G be the graph in Figure 1. We let w1(e, u) = w1(e, v) for all e = uv ∈ E1
and integers beside edges in the figure represent their weights. Rational numbers
beside vertices represent the values of b for them. Let A = V , and the set of
|E| = 6 tight constraints consist of constraints (4), (5) for the set of white
vertices and for the set of black vertices, and (6) for all vertices. Then these
tight constraints determine an extreme point x∗ of PT(I) such that

x∗(e) =

{
2/3 for edges represented by solid lines,
1/3 for edges represented by dotted lines.

Clearly, x∗(e) < 1 for any edge e ∈ E and minv∈A=V |δ(v; Ex∗)| = 3.

3 Survivable Network with Weighted Degree Constraints

Similarly for the previous section, we introduce a general form of problem WD-

BoundedNetwork by defining b : A → Q+ on a subset A of V . Moreover
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Fig. 1. A counterexample for (1, 2)-boundedness of PT(I)

we let I stand for an instence of the problem consisting of an undirected graph
G = (V, E) with E = E1 ∪ E2, weights w1 : E1 × V → Q+ and μ : E2 → Q+ a
skew supermodular set function f : 2V → N, a subset A of V , and b : A → Q+.
We denote by PN(I) the polytope that consists of vectors x ∈ Q

E and y ∈ Q
E2×V

that satisfy

0 ≤ x(e) ≤ 1 for all e ∈ E, (12)
0 ≤ y(e, u), y(e, v) for all e = uv ∈ E2, (13)

y(e, u) + y(e, v) = x(e) for all e = uv ∈ E2, (14)
x(δ(U)) ≥ f(U) for all non-empty U ⊂ V, (15)

and
∑

e∈δ(v;E1)

w1(e, v)x(e) +
∑

e∈δ(v;E2)

μ(e)y(e, v) ≤ b(v) for all v ∈ A. (16)

Observe that min{cT x | (x, y) ∈ PN(I)} with A = V is a linear programming
relaxation of problem WDBoundedNetwork.

We say that PN(I) is (α, β)-bounded for some α, β ≥ 1 if every extreme point
(x∗, y∗) of the polytope satisfies at least one of the following:

– There exists an edge e ∈ Ex∗ such that x∗(e) ≥ 1/α;
– There exists a vertex v ∈ A such that |δ(v; Ex∗)| ≤ β.

Notice that (1, β)-boundedness of PN(I) is weaker than that of PT(I).
In this section, we show that polytope PN(I) is (2, 5)-bounded. From this

result, we can derive approximation algorithms to problems WDBoundedNet-

work and MinimumWDNetwork as in Section 2. Here we only mention the
result due to the space limitation.

Theorem 4. Let θ denote max{b(u)/b(v), b(v)/b(u) | uv ∈ E2} if E2 �= ∅, and 0
otherwise. Problem WDBoundedNetwork is (2, 7+5θ)-approximable in poly-
nomial time. Problem MinimumWDNetwork is 7-approximable in polynomial
time if E2 = ∅, and is (12 + ε)-approximable in polynomial time of log(1/ε) and
input size for any ε > 0 otherwise. �


For proving the (2, 5)-boundedness of PN(I), let us see that the key property of
tight constraints observed in [8] also holds in our setting.
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Lemma 2. Let (x∗, y∗) be any extreme point of PN(I) and suppose that x∗(e) <
1 for all e ∈ E. There exists a laminar family L ⊆ 2V and a subset X of A such
that characteristic vectors of δ(U ; Ex∗) for U ∈ L are linearly independent and
|Ex∗ | ≤ |L| + |X |.

Proof. Omitted due to the space limitation. �


Theorem 5. Polytope PN(I) is (2, 5)-bounded for any I.

Proof. Suppose the contrary, i.e., all edges e ∈ Ex∗ satisfy x∗(e) < 1/2, and all
vertices v ∈ A satisfy |δ(v; Ex∗)| ≥ 6.

Let L and X be those in Lemma 2. We define a child-parent relationship
between all elements in L and X as follows: For U ∈ L or v ∈ X , define its
parent as the inclusion-wise minimal element in L that contains it if any. Note
that when v ∈ X and {v} ∈ L, {v} is the parent of v.

We assign one token to each end vertex of edges in Ex∗ . Define the co-
requirement of U ∈ L as |δ(U ; Ex∗)|/2 − f(U). Following the approach in [8],
we observe that it is possible to distribute these tokens to all elements in L and
in X so that

– each element having the parent owns two tokens,
– each element having no parent owns at least three tokens,
– and it owns exactly three only if its co-requirement equals to 1/2.

First two of these mean that the number of all tokens is more than 2(|L| + |X |).
Since the number of tokens is exactly 2|Ex∗ |, this indicates that |Ex∗ | > |L|+|X |,
which contradicts |Ex∗ | ≤ |L| + |X |.

We prove the claim inductively. The base case is when the elements have no
child. An element v ∈ X owns at least six tokens by |δ(v; Ex∗)| ≥ 6. An element
U ∈ L with no child owns at least three tokens because |δ(U ; Ex∗)| ≥ 3 by
x∗(e) < 1/2 for each e ∈ δ(U ; Ex∗) and f(U) ≥ 1. It owns exactly three tokens
if and only if |δ(U ; Ex∗)| = 3. Since |δ(U ; Ex∗)| = 3 indicates that f(U) = 1, it
means the co-requirement |δ(U ; Ex∗)|/2 − f(U) equals to 1/2 .

Let us consider the case in which an element U ∈ {L} has some children. If
U has children from X , then it is possible to redistribute tokens so that U owns
at least four tokens, and each child owns two tokens. If the children of U are all
from L, then the argument is proven in [8]. �


Lau et. al. [12] designed their algorithm for w1(e, u) = w1(e, v) = 1, e = uv ∈ E1
and E2 = ∅ by observing that PN(I) is (2, 4)-bounded with such instances.
However, an example indicates that this does not hold in our problem even if
w1(e, u) = w1(e, v) for all e = uv ∈ E1 and E2 = ∅ although we do not present
it here due to the space limitation.
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Abstract. In this paper we prove, that the minimum cut algorithm
presented previously by the author (Brinkmeier 07), requires only linear
time with high probability, if the input graph if chosen randomly from the
graphs with constant expected degree. In fact a more general lower bound
for the probability of a low runtime depending on several parameters is
given.

1 Introduction

The problem of finding a minimum cut of a graph appears in many applications,
for example, in network reliability, clustering, information retrieval and chip
design. More precisely, a minimum cut of an undirected graph with edge weights,
is a set of edges with minimum sum of weights, such that its removal would cause
the graph to become unconnected. The total weight of edges in a minimum cut
of G is denoted by λG and called (edge-)connectivity of G.

In the literature many algorithms can be found that apply various methods.
One group of algorithms is based on the well-known result of Ford and Fulk-
erson [4] regarding the duality of maximum s-t-flows and minimum s-t-cuts for
arbitrary vertices s and t. In [7] Gomory and Hu presented an algorithm which
calculated n− 1 maximum s-t-flows from a given source s to all other vertices t.
Hao and Orlin adapted the maximum flow algorithm of Goldberg and Tarjan [6]
and were able to construct a minimum cut of a directed graph with nonnegative
real numbers as edge weights in time O(nm log(n2/m)). Two other algorithms
are related to an approach of Gabow [5] based on matroids.

Nagamochi and Ibaraki [13,17,12] described an algorithm without using maxi-
mum flows. Instead they constructed spanning forests and iteratively contracted
edges with high weights. This leads to an asymptotic runtime of O(nm+n2 log n)
on undirected graphs with nonnegative real edge weights. On undirected, un-
weighted multigraphs they obtained a runtime of O(n(n + m)). Translated to
integer weighted graphs without parallel edges, this corresponds to a runtime
of O(n(n + M)) where M is the sum of all edge weights. Using a ‘searching’
technique, they improved this to O(M + λGn2).

Karger and Stein [10] used the contraction technique for a randomized algo-
rithm calculating the minimum cut of undirected graphs in O(n2 log3 n) expected

S. Das and R. Uehara (Eds.): WALCOM 2009, LNCS 5431, pp. 226–237, 2009.
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time. Later Karger [8,9] presented two related algorithms using expected time
O(m log3 n) and O(n2 log n).

Nagamochi and Ibaraki’s approach was refined in [19] by Stoer and Wag-
ner. They replaced the construction of spanning forests with the construction
of Maximum Adjacency Orders (MA-order) but the asymptotic runtime stayed
unchanged. In [2], the author introduced Lax Adjacency Orders (LA-order), a
relaxed version of MA-orders. These orderings can be constructed faster and
lead to an asymptotic worst case runtime O(δGn2) for graphs with non-negative
integer edge weights, with δG is the minimum degree of G. But as simple exper-
iments already indicated in [2], the average runtime on random graphs is even
lower.

In this paper, we prove, that for random graphs of constant expected degree
the algorithm presented in [2] requires time O(n + m) with high probability.
To be slightly more precise, we obtain an lower bound for the probability that
the algorithm requires only a certain time, if the input is chosen randomly from
G(n, pn), ie. the graphs with n vertices and edge probability pn. This bound is
then used to prove, that for a constant ω ≥ 2 and pn = ω

n−1 the probability,
that the algorithm requires linear time, converges to 1 as n → ∞. Furthermore,
we prove that if pn ∈ o(

√
n) and pn · (n − 1) → ∞, the time required by the

algorithm is subquadratic in n. The precise formulation is given in Theorem 3.
The relevance of this result does not rely on the fact, that the minimum cut on

random graphs can be solved fast, since this is quite easy. With high probability,
the vertex of minimum degree is a minimum cut, resulting in a very simple,
linear time approximation algorithm, giving almost always the correct result.
But the analysis strengthens the impression, that the worst case bound in fact
is much too conservative. Furthermore, it is the first analysis of the ‘expected’
runtime of a minimum cut algorithm – at least as far as the author knows.

2 Definitions

In the following let G = (V, E) be an unweighted, undirected multi-graph, ie. it
may contain parallel edges, but no loops. Let n = |V | be its number of vertices
and m = |E| its number of edges. For an edge e ∈ E let denote ends(e) the set of
both ends of e. The degree deg(v) of a vertex v is the number of edges incident
to it. The minimum degree over all vertices of G is denoted by δG. Obviously we
have m ≥ 1

2 · δG · n.
A cut of G is an (unordered) partition (C, V \ C) of the vertex set into two

parts. For shorter notation the cut will often be written as C. The weight w(C)
of the cut C is the number of “cut” edges. For two vertices u and v a u-v-cut
is a cut C such that u ∈ C and v �∈ C or vice versa, ie. C separates u and v.
A minimum u-v-cut is a u-v-cut, whose weight is minimal amongst all u-v-cuts
of G. The weight of a minimum u-v-cut is denoted by λG(u, v). A minimum cut
is a cut C with minimal weight among all cuts of G. Its weight λG is called the
edge-connectivity of G.
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For a subset U ⊆ V of vertices G[U ] denotes the induced subgraph of G,
ie. the graph consisting of the vertices in U and all edges of G between them,
ie. E(G[U ]) = {e ∈ E | ends(e) ⊆ U}. If U = {v1, . . . , vm} we also write
G[v1, . . . , vm].

Let u and v be two vertices of G = (V, E). The graph G/u ∼ v is obtained
from G by identifying u and v, this means that u and v are replaced by a new
vertex [u] = [v] and that edges incident to u and/or v are now incident to [u].
Edges which become loops are removed.

This construction can be generalized to an arbitrary equivalence relation ∼
on the vertices. Let [u] be the equivalence class of u according to v. Then G/ ∼=
(V ′, E′) is given by V ′ = {[u] | u ∈ V } and the edges are adapted apropriately.
The graph G/ ∼ is called a contraction of G. Obviously the contracted graph
G/u ∼ v is a special case of the more general quotient.

3 The Algorithm

The main tool for our algorithm are Lax Adjacency Orderings, which are a gen-
eralization of the Maximum Adjacency Ordering as introduced by Stoer and
Wagner in [19].

Definition 1 (Lax Adjacency Order; [2], Definition 2). Let G = (V, E)
be an undirected, unweighted multi-graph and τ ≥ 0. An order v1, v2, . . . , vn on
the vertices of G is a lax adjacency order or LA-order for threshold τ , if

min (τ, w(v1, . . . , vi−1; vi)) ≥ min (τ, w(v1, . . . , vi−1; vk))

for all k ≥ i, where w(v1, . . . , vi−1; vi) is the number of edges adjacent to vi and
the set {v1, . . . , vi−1. These values are called adjacencies.

Assume that v1, . . . , vn is an arbitrary LA-order with threshold τ . Let Gτ be the
contraction of G by the equivalence relation ∼ induced by

vi−1 ∼ vi :⇔ w(v1, . . . , vi−1; vi) ≥ τ.

In other words we contract sequences of vertices with adjacencies ≥ τ into a
single vertices. The usefulness of this construction in the context of connectivity
is caused by the following result.

Theorem 1 ([2], Theorem 3). For an LA-order v1, . . . , vn with threshold τ >
0 on G = (V, E) the following equation holds for 1 ≤ i ≤ n

min (λG, τ) = min (δG, λGτ , τ) .

The contraction Gτ has an important property, which is a consequence of Lemma
3 and Lemma 4 of [2].

Lemma 1. Gτ has at most (τ − 1) · n edges, which are not loops (i.e. starting
and ending in the same vertex).
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Using a Priority Queue with Threshold, as described in [2], we can construct a
Lax Adjacency Ordering with threshold τ in time O(τ · n + m).

Theorem 2 ([2]). A Lax-Adjacency order with threshold τ on G = (V, E) with
edge weights from N can be computed in O(τ · n + m) time.

Theorem 1 provides us with a simple algorithm for the determination of a min-
imum cut. Algorithm 1 is a description of the algorithm given in [2] at a quite
high-level of abstraction.

The notation [v] has two meanings. In line 3, [v] is a specific vertex in Gi,
which in turn represents a set of original vertices in G, which is also denoted by
[v] in all other situations.

Algorithm 1. The Minimum Cut Algorithm
Input: An undirected graph G = (V, E)
Output: A minimum cut C

Set G0 := G, i := 0, τ := ∞ and C := ∅1

while Gi contains two or more vertices do2

Determine a vertex [v] of Gi with w([v]) = δGi3

if δGi < τ then4

Set C := [v]5

τ := min(τ, δGi)6

Gi+1 := Gτ
i for some LA-order with threshold τ .7

if vi, i > 1, had adjacency 0 during the construction of the LA-order then8

C := {v1, . . . , vi−1}9

τ := 010

return11

i := i + 112

The cut is given by the vertices in [v] and has weight τ .13

In addition, the occurence of adjacencies of value 0 is treated differently. It
is easily checked, that G is unconnected if and only if the first LA-ordering
contains at least one vertex with adjacency 0. If vi is one of these vertices, then
it is clear, that the set {v1, . . . , vi−1} is a union of components of G. Hence, we
may terminate after the first round, if G is unconnected. This is done in lines
9-13.

As proven in [2], the construction of Gτ reduces the number of vertices by at
least one, since the last vertex has an adjacecy ≥ δG ≥ τ . Hence the algorithm
requres at most (n−1) executions of the while-loop. Gi is the graph constructed
at the end of the i-th execution of the while-loop. ni is its number of vertices
and mi its number of edges. Furthermore, let τi be the value of τ used for the
construction of Gi+1.

The detection of a class [v] of minimum incident weight in Gi requires O(ni +
mi) time, as does the construction of the contraction Gi+1 = Gτ

i . Hence, the i-th
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execution of the body of the loop requires at most time O(δGi−1 · ni−1 + mi−1),
since τi−1 ≤ δG. Because 2 · δGi−1 · ni−1 ≤ mi−1, this implies, that the i-th
execution of the loop requires at most O(ni−1 + mi−1) time.

Lemma 2. Algorithm 1 requires at most O(ni−1 +mi−1) time for the execution
of the i-th round, i ≥ 1. Furthermore, observe that if G is unconnected, Algorithm
1 only requires one round.

4 The Runtime

The proofs of the worst case runtimes in Theorem 1 and Lemma 2 assume, that
during each round at most one contraction is conducted. But as experiments [1]
and several examples (eg. trees) indicate, the average number of contractions
per round is higher and hence the runtime lower.

We assume, that the graph G is constructed by a classical random process.
Let G(n, p) be the set of all (unweighted) undirected graphs with n vertices and
edge probability p, 0 ≤ p ≤ 1. Ie. for every pair (u, v) of vertices the edge (u, v)
is added to G with probability p.

Let Gi be the graph obtained after the i-th round, starting with G = G0. Let
Ni be the number of vertices/classes in Gi and Mi the number of edges of G, that
‘survived’ the contractions (i.e. those edges with ends in two different classes of
the contraction). Let δi be the minimum degree of Gi and Di the average degree
of Gi, ie

δi ≤ Di =
2 · Mi

Ni
. (1)

τi−1 is the threshold during the i-th round, ie. we have τ0 = δ0 and τi ≤ δj for
j ≤ i. Due to Lemma 1 we have Mi+1 ≤ τi · Ni for i ≥ 0.

Let Ti be the time required by the i-th round of Algorithm 1, i ≥ 1, and
T =

∑n−1
i=1 Ti the total time. Following Theorem 1, there exist constants C̃ > 0

and C = 2C̃, such that

Ti+1 ≤ C̃ · (Mi + (δi + 1)Ni) ≤ C̃ ·
(

Mi + Ni + 2
Mi

Ni
Ni

)

= C · (Mi + Ni).

We assume Ti = 0 if the algorithm requires less than i rounds.
If G is unconnected, Algorithm 1 terminates after one round and its runtime

satisfies T ≤ Cu · (M0 + n) for some constant Cu > 0. If G is connected, we
always have Mi ≥ Ni − 1 and hence Ti+1 ≤ Cc · Mi for some constant Cc > 0.
For simplicity we assume C = Cu = Cc and assume G to be connected in the
following.

Since the number of classes decreases every round, Ni ≤
√

n holds from some
point on. Let L be the first round after which at most

√
n vertices remain, ie.

L = min{i | Ni ≤
√

n} and hence NL ≤
√

n and NL−1 >
√

n. For i ≥ L, we
obtain Mi+1 ≤ τi · Ni ≤ δ0 ·

√
n. If G is connected the rounds following the L-th

round, require time
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T>L =
n−1∑

i=L+1

Ti ≤ C ·
√

n · ML ≤ C ·
√

n · δ0 ·
√

n = C · δ0 · n,

where we used, that at most
√

n rounds can follow the L-th round, and that the
sequences Mi and Ni are monotone decreasing. Since δo is at most the average
degree of G, we obtain

T>L ≤ C · n · 2 · M0

n
= 2 · C · M0, (2)

if G is connected.
Now we examine the time T≤L required for the first L rounds. Assume, that

during these rounds in k rounds the inequality

Mi ≤ (1 − ε) · Mi−1 (3)

is satisfied. Let 1 ≤ j1 < · · · < jk ≤ L be the indices of these rounds. Then
Mi ≤ (1 − ε)h · M0 for i ≥ jh, and hence the total time required for the first L
rounds is bounded by

T≤L =
L∑

i=1

Ti ≤ C ·
L∑

i=1

Mi−1 (4)

≤ C · M0 ·
k∑

i=1

(1 − ε)i−1 + (L − k) · C · M0 ≤ C · M0 ·
(

1
ε

+ (L − k)
)

.

Since in a connected graph Mi <
√

n implies Ni <
√

n, and since

M0 · (1 − ε)i <
√

n − 1 ⇔ i < −
log(M0) − 1

2 log(n)
log(1 − ε)

at most kn rounds with
⌊

−
log(M0) − 1

2 log(n)
log(1 − ε)

⌋

≤
⌊

−
3
2 log(n)

log(1 − ε)

⌋

=: kn,

have to satisfy condition (3), to reach the second phase. Let Kl be the number
of rounds among the l first, satisfying either (3) or Ni <

√
n. Then Kl ≥ kn

implies L ≤ l and hence

P

(

T ≤
(

2 +
1
ε

+ (l − kn)
)

· C · (M0 + n)
)

≥ P (Kl ≥ kn), (5)

because at least kn of the first l rounds require at most C·(M0+n)
ε time, while the

remaining l − kn of these rounds require at most C · (M0 +n) each. Every round
following the l-th, satisfies Ni <

√
n and hence, T>l ≤ 2 · C · (M0 + n) time.
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To obtain estimates for P (Kl ≥ kn), we consider conditions, which imply (3).
Assume that for a constant 0 < ε < 1, the inequality

τ0 = δ0 ≤ (1 − ε) · Mi

Ni
(6)

holds. Then Lemma 1 implies Mi+1 ≤ τi · Ni ≤ δ0 · Ni ≤ (1 − ε) · Mi. One way
to achieve (6) is to require

δ0 ≤ γ · p · (n − 1) and
γ · p · (n − 1)

1 − ε
≤ Mi

Ni
(7)

for a chosen constant 0 < γ < 1. For i ≥ 0 and τ := γ · p · (n − 1) the following
events are defined:

A : δ0 ≤ τ and Bi :
τ

1 − ε
≤ Mi

Ni
and Ci : Ni <

√
n. (8)

Furthermore, let D1
i be the union of Bi and Ci and D0

i its complement. Addition-
ally, let Σl := {0, 1}l be the set of all binary strings of length l, and Σl,k ⊆ Σl

the subset of all those strings with at least k ‘ones’, ie.

Σl,k :=

{

(x1, . . . , xl) ∈ {0, 1}l |
l∑

i=1

xi ≥ k

}

.

For x ∈ Σl,k, let xi denote the i-th component of x. With D(x) :=
⋂l

i=1 Dxi

i

we get

P

(

T ≤
(

2 +
1
ε

+ (l − kn)
)

· C · (M0 + n)
)

≥
∑

x∈Σl,k

P (A ∩ D(x)) (9)

4.1 The Minimum Degree

In this subsection we only consider the input graph G = G0. Hence we may omit
the index 0. For two distinct vertices u and v, let Eu,v be the random variable
indicating, whether the edge (u, v) exists, and let M be the number of edges:

Eu,v =

{
1 if (u, v) ∈ E(G)
0 otherwise.

and M =
∑

v �=u

Ev,u. (10)

For two distinct vertices v, u ∈ {1, . . . , n}, let Dv be the random variable des-
ignating the degree of v, and Dv,u the degree of v, without counting the edge
(u, v), ie.

Dv =
∑

u�=v

Ev,u and Dv,u = Dv − Ev,u. (11)

Furthermore, let D be the average degree of G and δ the minimum degree, ie.

D =
1
n

∑

v

Dv = 2
M

n
and δ = min {Dv | v ∈ V (G)} . (12)
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Obviously, Dv is binomially distributed with success probability p and n tries.
Ie. we have

P (Dv = k) = b(k; n − 1, p) :=
(

n − 1
k

)

pk(1 − p)n−1−k (13)

P (Dv ≤ k) = B(k; n − 1, p) :=
k∑

i=0

b(i; n − 1, p). (14)

Application of the Cauchy-Schwarz Inequality leads to the following result.

Lemma 3. In G(n, p) with 0 < p < 1 and 0 ≤ τ ≤ n − 1 we have

1
P (δ ≤ τ)

≤ 1
nB(
τ�; n − 1, p)

+
(

1 − 1
n

)

· B(
τ�; n − 2, p)2

B(
τ�; n − 1, p)2
=: ϕ(n, p, τ).

In other words, for the event A, as defined in (8), we have

P (A) ≥ ϕ(n, p, γ · p · (n − 1))−1, (15)

4.2 The Average Degree of a Contraction

Let U be an arbitrary partition of the vertices of G into N >
√

n classes, and let
H = G/U be the contraction of the random graph G by this partition. Further-
more, let M be the number of edges in H . With 0 < γ < 1, the second condition
of (7) is equivalent to

γ

1 − ε
· p · (n − 1) · N ≤ M.

Let R1, . . . , RN be the sizes of the classes of H and set

S :=
N∑

j=1

Rj · (n − Rj) = n2 −
N∑

j=1

(Rj)2,

ie. S is the number of possible edges in H . Consequently, we we have E(M) =
S · p. To obtain useful bounds for S, we use the following result.

Lemma 4. Let r1, . . . rk be given, such that
∑k

i=1 ri = n and 1 ≤ ri for i =
1, . . . , k. Then

n2

k
≤

k∑

i=1

r2
i ≤ (k − 1) + (n − k + 1)2

Due to this lemma, we have (N − 1) · (2n − N) ≤ S ≤ n2
(
1 − 1

N

)
and since

n − N ≥ 0, we obtain N · (n − 1) ≤ S ≤ n2
(
1 − 1

N

)
if N ≥ 2 (which is the case

for n > 4). Hence, M ≥ γ
1−ε · p · S implies M ≥ γ

1−ε · p · (n − 1) · N , and thus,
for a given partition U , we have
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P

(
γ

1 − ε
· p · (n − 1) · N ≤ M | U

)

≥ P

(
γ

1 − ε
· p · S ≤ M | U

)

= P

(
γ

1 − ε
· E(M) ≤ M | U

)

, (16)

leading to the follwoing result.

Lemma 5. Let G be chosen randomly from G(n, p) with 0 < p < 1 and let U be
a partition of the vertices of G chosen with probability distribution P (U) from all
partitions with more than

√
n classes. Furthermore, let ε and γ be two constants

with 0 < γ, ε and γ + ε < 1. Then

P
(

γ
1−ε · p · (n − 1) ≤ M

N | N >
√

n
)

≥
∑

U||U|>√
n

P

(
γ

1 − ε
· E(M) ≤ M | U

)

· P (U),

where M is the number of edges in G/U and N the number of classes. In addition,

P

(
γ

1 − ε
· p · (n − 1) ≤ M

N
| N >

√
n

)

≥ 1 −
n2−n∑

s=
√

n·(n−1)

B

(⌈
γ

1 − ε
· s · p

⌉

− 1; s, p
)

· P (S = s),

where S is the number of possible edges in G/U .

A Bound Based on the Chernoff-Inequality. Another bound can be re-
trieved from the Chernoff-inequality

P ((1 − κ) · E(X) ≥ X) ≤ e−
κ2
2 E(X) (17)

for a binomial distributed random variable X and 0 < κ < 1. In our situation it
implies

P

(
γ

1 − ε
· E(M) > M | U

)

≤ P

(
γ

1 − ε
· E(M) ≥ M | U

)

≤ e−(1− γ
1−ε )2·E(M)

2

for a partition U with at least
√

n classes. Since E(M) = p · S ≥ p · (n − 1) · N ,

P

(
γ

1 − ε
· p · (n − 1) ≤ M

N
| N >

√
n

)

≥ 1 − e−(1− γ
1−ε )2· p·(n−1)·

√
n

2

if 0 < γ
1−ε < 1, which is equivalent to 0 < γ, ε and γ + ε < 1.
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Lemma 6. Let G be chosen randomly from G(n, p) with 0 < p < 1 and U a
partition chosen with probability distribution P (U) from the set of all partitions
with more than

√
n classes. Furthermore let ε and γ be two constants with 0 <

γ, ε and γ + ε < 1, then

P

(
γ

1 − ε
· p · (n − 1) ≤ M

N
| N >

√
n

)

≥ 1−e−(1− γ
1−ε )2· p(n−1)·

√
n

2 =: ψ(n, p, ε, γ),

where M is the number of edges in G/U and N the number of classes.

Corollary 1. Let G be chosen randomly from G(n, p) with 0 < p < 1. Further-
more let ε and γ be two constants with 0 < γ, ε and γ + ε < 1, then

P
(
D1

i

)
≥ ψ(n, p, ε, γ).

The Number of ‘Good’ Rounds. Let the random variables Xi with 1 ≤ i ≤ l
be given by

Xi :=

{
0 if Ni ≥

√
n and γ·p·(n−1)

1−ε > Mi

Ni

1 if Ni <
√

n or γ·p·(n−1)
1−ε ≤ Mi

Ni

for two constants 0 < ε, γ with ε + γ < 1. Obviously Xi = 1 if and only if the
event D1

i occurs, and hence

E(Xi) = P (Xi = 1) = P (D1
i ).

The number X(l) of the first l rounds in which D1
i is satisfied is the sum of the

Xi, ie.

X(l) :=
l∑

i=1

Xi and hence E(X(l)) =
l∑

i=1

E(Xi) =
l∑

i=1

P (D1
i ).

This immediately leads to the following lower bounds for E(X).

Lemma 7. Let G be chosen randomly from G(n, p) with 0 < p < 1. Furthermore
let ε and γ be two constants with 0 < γ, ε and γ + ε < 1. Then

E(X(l)) ≥ l · ψ(n, p, ε, γ).

If γ
1−ε ≤ 1 − 1

p·(n−1)·√n
, then

E(X(l)) ≥ 1
2

· l.

4.3 Asymptotic Bounds for the Running Time

In this section, we consider the asymptotic probability, as the number n of ver-
tices increases. We assume that every parameter, i.e. the constants ε and γ, the
probability p, and the number ln of rounds, varies with n. As seen above (9),

P

(

T ≤
(

2 +
1
ε

+ (ln − kn)
)

· C · (M0 + n)
)

≥
∑

x∈Σln,kn

P (A ∩ D(x))
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with kn =
⌊
−

3
2 log(n)
log(1−ε)

⌋
and Σln,kn the set of all {0, 1}-tuples of length ln con-

taining 1 at least kn times. Since for x ∈ Σln,kn the event union of all events
D(x) is equivalent to X(ln) ≥ kn, we get

P

(

T ≤
(

2 +
1
εn

+ (ln − kn)
)

· C · (M0 + n)
)

≥ P
(
A ∩ (X(ln) ≥ kn)

)
. (18)

Now our aim is to describe a situation, under which the probability on the
right side approximates 1, resulting in an almost always satisfied bound for the
running time of Algorithm 1. (18) provides two hooks to achieve this. The first
is the number of “bad” rounds, namely ln − kn. If this difference is not too high
(ie. significantly below n), the runtime might be subquadratic. Secondly, the
“constant” ε has to behave properly with growing n, ie. it may not be of the
type 1

n , because then our time bound will be quadratic again. In the best case,
ε really is constant, ie. does not depend on n. Hence, our main task is the choice
of ε = εn and ln, such that in addition P (A ∩ (X(ln) ≥ kn)) converges to 1.

Using the theorem of de Moivre-Laplace, we can obtain the following result
about the time required by Algorithm 1. The proof is omitted due to space
restrictions.

Lemma 8. Let G = (V, E) be chosen randomly from G(n, pn) with n ∈ N, pn =
ωn

n−1 and ln > kn. If P (A) → 1 and limn→∞
(
ln − E

(
X(ln)

))
= 0, then

P (T ≤ (3 + ωn + (ln − kn)) · C · (M0 + n)) → 1.

Combining the preceeding results, we obtain two theorems giving two time
bounds with high probability.

Theorem 3. Let G = (V, E) be chosen randomly from G(n, p) with n ∈ N and
p = ωn

n−1 . And let C > 0 be a constant, such that a round of Algorithm 1 requires
at most C · (|V | + |E|) time.

1. If ωn = ω for a given constant ω ≥ 2, then

P (T ≤ (2 + ω) · C · (M0 + n)) → 1.

2. If ωn = o(
√

n and ωn → ∞, then

P (T ≤ (3 + ωn) · C · (|E| + n)) → 1.
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Abstract. We introduce and study the generalized stable allocation
problem, an “ordinal” variant of the well-studied generalized assignment
problem in which we seek a fractional assignment that is stable (in the
same sense as in the classical stable marriage problem) with respect to
a two-sided set of ranked preference lists. We develop an O(m log n) al-
gorithm for solving this problem in a bipartite assignment graph with
n nodes and m edges. When edge costs are present, we show that it is
NP-hard to compute a stable assignment of minimum cost, a result that
stands in stark contrast with most other stable matching problems (e.g.,
the stable marriage and stable allocation problems) for which we can
efficiently optimize over the set of all stable assignments.

1 Introduction

The generalized assignment problem (GAP) is a well-studied classical optimiza-
tion problem that commonly appears in areas of application such as scheduling
and load balancing. Using scheduling notation for convenience, consider a set of
I jobs indexed by [I] := {1, . . . , n} and J machines indexed by [J ] = {1, . . . , J},
and let us form a bipartite assignment graph G = ([I] ∪ [J ], E) with n = I + J
nodes and m = |E| edges, where each edge (i, j) ∈ E has an associated cost
c(i, j) ≥ 0, capacity u(i, j) > 0, and multiplier μ(i, j) > 0. We can then state
the GAP as the following linear program:

Minimize
∑

(i,j)∈E

c(i, j)x(i, j)

Subject to
∑

j∈[J]
x(i, j) = 1 ∀i ∈ [I]

∑

i∈[I]
x(i, j)μ(i, j) ≤ 1 ∀j ∈ [J ]

0 ≤ x(i, j) ≤ u(i, j) ∀(i, j) ∈ E.

The multiplier μ(i, j) tells us that one unit of job i uses up μ(i, j) units of capacity
when assigned to machine j. It is these multipliers that differentiate a generalized
assignment problem from a traditional linear assignment problem, and these give
us quite a bit of flexibility in modeling a variety of different scenarios. Multipliers
allow us to convert between different units of measurement or currency, and lossy
multipliers (less than one) allow us to account for spoilage of goods or other forms
of leakage or loss during transportation. In the scheduling context above, we can
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scale our multipliers appropriately to assign non-uniform processing times to
jobs and non-uniform capacities to machines.

In this paper, we introduce and study the generalized stable allocation problem
(GSAP), an ordinal analog of the GAP where we express the quality of an as-
signment in terms of ranked preference lists submitted by the jobs and machines,
rather than by numeric costs.

1.1 Previous Work

The fundamental underlying problem in our domain of interest is the classical
bipartite stable matching (or stable marriage) problem, where we seek to match
n men with n women, and each (man, woman) submits a ranked preference list
over all of the (women, men). Here, we seek a matching M between the men and
women that is stable, in the sense that it there is no man-woman pair (m, w) /∈ M
who both prefer each-other to their partners in M . Gale and Shapley showed in
1962 how to solve any instance of the stable matching problem with a simple
O(m) algorithm [6]. Building on this work, a series of “high multiplicity” variants
of the stable matching problem have been considered in the past few decades:

– Roth [9] studied the many-to-one bipartite stable admission problem, where
we wish to match unit-sized entities with non-unit-sized entities. The most
prominent application of this problem is the National Residency Matching
Program (NRMP), a centralized program in the USA used to assign medical
school graduates to hospitals, where each hospital has a quota governing the
number of graduates it can accept.

– Baiou and Balinski [1] introduced what we call the bipartite stable b-matching
problem, where we are matching non-unit-sized elements with non-unit-sized
elements, and each element i in our biparite assignment graph has a specified
quota b(i) governing the number of elements on the other side of the graph to
which it should be matched.

– A more recent paper of Baiou and Balinski [2] introduced the bipartite stable
allocation problem, which is similar to the bipartite stable b-matching prob-
lem except that the quotas b(i) can now be arbitrary real numbers. This
problem is also known as the ordinal transportation problem, since it is a
direct analog of the classical cost-based transportation problem. The gen-
eralized stable allocation problem is an extension of the stable allocation
problem to allow for edge multipliers.

In terms of algorithmic complexity, the stable admissions and stable b-matching
problems are not much different from the simpler stable matching problem; they
all can be solved using the Gale-Shapley algorithm in O(m) time by first expand-
ing each element i of non-unit size b(i) into b(i) unit elements, each with the same
preference list as i. However, the stable allocation problem is somewhat harder:
the Gale-Shapley algorithm solves the problem but with exponential worst-case
time, an algorithm of Baiou and Balinski [2] runs in O(mn) time, and a more
recent algorithm of Dean and Munshi [5] unifies these techniques and employs
sophisticated data structures to achieve an O(m log n) running time.
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1.2 Our Results

In this paper we discuss the algorithmic ramifications of adding edge multipliers
to the stable allocation problem. Our first result is a positive one: we show that
the Dean-Munshi algorithm can be appropriately enhanced to solve the gener-
alized stable allocation problem while maintaining its fast O(m log n) running
time. Our second result, however, is negative: we show that the if edges are also
given associated costs, then the problem of finding a generalized stable assign-
ment of minimum cost is NP-hard. This highlights a strong distinction between
the generalized and non-generalized stable allocation problems, since with the
non-generalized stable allocation problem, it is possible to optimize over the set
of all stable assignments in an efficient fashion.

2 Preliminaries

Let N(i) denote the set of machines adjacent to job i in our bipartite assignment
graph, and let N(j) be all the jobs adjacent to machine j. Each job i submits
a ranked preference list over machines in N(i) and each machine j submits a
ranked preference list over jobs in N(j). If job i prefers machine j ∈ N(i) to
machine j′ ∈ N(i) , then we write j >i j′. If machine j prefers job i to job i′

in N(j), then we similarly write i >j i′. Preference lists are strict, containing
no ties. As with the GAP, each edge (i, j) ∈ E has an associated multiplier
μ(i, j) > 0 and an upper capacity u(i, j) > 0. Later on, when we consider the
“optimal” variant of the GSAP, we will also associate a cost c(i, j) with each
edge. Let x(i, j) denote the amount of assignment from job i to machine j,
and let x ∈ Rm denote the vector representing an entire assignment. We use
set notation in the standard way to describe aggregate quantities; for example,
x(i, N(i)) =

∑
j∈N(i) x(i, j).

In order for an assignment x to be feasible, every job i must be fully as-
signed (i.e., x(i, N(i)) = 1). It is typically not necessary for every machine to
be fully assigned. However, it will simplify our model considerably to make this
assumption as well, which we can do by introducing a “dummy” job (which we
assign index 1), such that the dummy assignment x(1, j) to machine j indicates
the amount of machine j that is in reality unassigned. We set μ(1, j) = J and
u(1, j) = 1/J for each j ∈ [J ], so that the dummy job can simultaneously provide
any amount of “slack” assignment required at each machine j. To balance out
the dummy job, we also introduce a dummy machine (also assigned index 1).
The dummy job and machine appear last in the preference lists of the remaining
jobs and machines, including the dummies themselves. The remaining entries in
the preference lists of the dummy job and machine are arbitrarily ordered.

We now say that an assignment x is feasible if
∑

j∈[J]
x(i, j) = 1 ∀i ∈ [I]

∑

i∈[I]
x(i, j)μ(i, j) = 1 ∀j ∈ [J ] − {1}

0 ≤ x(i, j) ≤ u(i, j) ∀(i, j) ∈ E.
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Note that the dummy machine is the only machine whose incoming assignment
is unconstrained; all other machines are constrained to be fully assigned in any
feasible assignment.

An assignment x is stable if it is feasible and contains no blocking pair, where a
blocking pair is a pair (i, j) ∈ E such that x(i, j) < u(i, j), there exists a machine
j′ < j for which x(i, j′) > 0, and there exists a job i′ < i for which x(i′, j) > 0.
Intuitively, (i, j) is a blocking pair if i and j would both be happier switching
some of their less-preferred assignments to the edge (i, j), and if there is room
to increase x(i, j). Note that traditionally, stable matching problems are defined
with complete preference lists, with E = [I] × [J ]. In our case, we can conceive
of extending every preference list so it is complete — for example, by appending
the entries in [J ] − N(i) to the end of job i’s preference list in arbitrary order.
However, we note that this is unnecessary, since any assignment that utilizes one
of these additional edges will be unstable due to a blocking pair formed with
the dummy machine. Hence, we can think of our instance has having complete
preference lists, but for all practical purposes we can ignore the extra edges not
in E.

An assignment x is job-optimal if, for every job i, the vector describing i’s
assignments (ordered by i’s preference list) is lexicographically maximal over
all stable assignments. As we will see shortly, a stable, job-optimal assignment
exists for every instance of the GSAP.

3 Algorithmic Results

In this section, we develop our O(m log n) algorithm for the GSAP. We begin with
the much simpler Gale-Shapley (GS) algorithm, which solves the problem with
worst-case exponential time, and whose analysis provides many of the underlying
theoretical properties we need for our later analysis. We then describe the Dean-
Munshi (DM) algorithm for the stable allocation problem, on which our approach
is based.

3.1 The Gale-Shapley Algorithm

To generalize the classical Gale-Shapley (GS) algorithm so it solves the GSAP,
we introduce a small amount of additional notation. Fixing an assignment x,
we define rj to be the job i ∈ N(j) with x(i, j) > 0 that is least-preferred by
j. We refer to rj as the “rejection pointer” of j, since it points to the job that
j would prefer to reject first, given a choice amongst its current assignments.
We also define the “proposal pointer” of job i, qi

1, to be the machine j most
preferred by i such that x(i, j) < u(i, j) and i >j rj . Informally, qi points to the
first machine on i’s preference list that would be willing to receive additional
assignment from i.

1 We use qi rather than pi for i’s proposal pointer to maintain consistency with the
notation in [5].
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The GS algorithm begins with an empty assignment. In our case, we start
with all machines being assigned to the dummy job: x(1, j) = 1 for all j ∈ [J ].
The algorithm will terminate when all jobs are fully assigned: x(i, N(i)) = 1 for
all i ∈ [I]. In each iteration, we select a job i that is not fully assigned and have
it propose all b = 1 − x(i, N(i)) units of unassigned load to machine j = qi.
Machine j accepts, thereby sending it over capacity, after which it proceeds to
reject load from machine rj until j’s incoming assignment once again satisfies∑

i x(i, j)μ(i, j) = 1. Note that the rejection pointer rj can move up j’s pref-
erence list during this process, as edges become emptied out due to rejection,
and that this in turn can cause proposal pointers to advance. More precisely,
whenever x(rj , j) drops to zero due to rejection, we advance rj up j’s preference
list until x(rj , j) > 0. Any time a proposal pointer qi becomes invalid due to
either x(i, j) reaching u(i, j) or i ≤j rqi , we advance qi down i’s preference list
until it becomes valid. In total, since the proposal and rejection pointers move in
a monotonic fashion, their maintenance requires only O(m) time over the entire
algorithm (note that this is exactly the same pointer management as used with
the DM algorithm). Unfortunately, the GS algorithm can take exponential time
in the worst case, as originally shown in [2].

Just as the GS algorithm itself generalizes readily to solve the GSAP, most of
its well-known properties also generalize in a straightforward fashion. Proofs of
the following lemmas are omitted in the interest of brevity, as they are straight-
forward to obtain by generalizing the corresponding results from the stable
allocation problem (see [3,5]).

Lemma 1. Irrespective of proposal order, the GS algorithm for the GSAP al-
ways terminates in finite time (even with irrational problem data), and it does
so with a stable job-optimal assignment.

Lemma 2. For each edge (i, j), as the GS algorithm executes, x(i, j) will never
increase again after it experiences a decrease.

Corollary 1. During the execution of the GS algorithm, each edge (i, j) becomes
saturated at most once, and it also becomes empty at most once.

We also note that the “integral” variant of the GS algorithm developed in [4]
for the unsplittable variant of the stable allocation problem also generalizes in a
straightforward manner to the generalized case with edge multipliers.

3.2 The (Generalized) Dean-Munshi Algorithm

Baiou and Balinski were the first to propose a polynomial-time (O(mn) time)
algorithm for the stable allocation problem; one can think of their algorithm as
an “end-to-end” variant of the GS algorithm, which makes a series of proposals
and rejections along “augmenting paths”. The Dean-Munshi (DM) algorithm is
an enhancement of this approach that uses additional structural insight coupled
with dynamic tree data structures to improve the running time for each aug-
mentation from O(n) to O(log n), thereby resulting in an overall running time
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of O(m log n). We now describe how this algorithm should be modified in the
context of the GSAP; the reader is referred to [5] for a more detailed discussion
of the DM algorithm.

For any assignment x, we define G(x) to be a bipartite graph on the same set
of nodes as our original instance, having “proposal” edges (i, qi) for all i ∈ [I]
and “rejection” edges (rj , j) for all j ∈ [J ]−{1} (note that the dummy machine
is the only node that lacks a proposal or rejection pointer). The graph G(x)
has a relatively simple structure: each of its connected components is either a
tree or a tree plus one edge, forming a single cycle with paths branching off it.
Moreover, there is only one “tree” component — the one containing the dummy
machine; all remaining components are “cycle” components.

The DM algorithm maintains the structure of each component in G(x), along
with a list of the jobs in each component that are not yet fully assigned. In
each iteration, a component C with some unassigned job i is selected, and an
augmentation is performed within C. If C is the tree component, then the aug-
mentation is straightforward: job i proposes ε units to machine j = qi (which
arrive as εμ(i, j) units at machine j), then machine j accordingly rejects εμ(i, j)
units from job i′ = rj (which arrive as εμ(i, j)/μ(i′, j) units at i′), after which i′

proposes to machine j′ = qi′ , and so on, until some job eventually proposes to the
dummy machine, which accepts and does not issue a subsequent rejection. The
quantities being proposed and rejected along this path vary in accordance with
the initial amount being proposed, ε, and the aggregate product of the multipli-
ers along the path (treating the multiplier of a rejection edge as the reciprocal of
its forward multiplier). By traversing the path and accumulating this multiplier
product, we can easily compute the maximum amount ε that job i can initially
propose so that either a proposal edge along the path becomes saturated, some
rejection edge becomes empty, or i becomes fully assigned. To be somewhat more
precise, suppose C is the tree component of G(x), and let π(s) = π+(s) ∪ π−(s)
denote the unique augmenting path through C from source job s to machine 1,
where π+(s) is the set of proposal edges along the path and π−(s) is the set of
rejection edges. Let us define the potential of job s with respect to machine 1 as

α(s) =

∏

(i,j)∈π+(s)
μ(i, j)

∏

(i,j)∈π−(s)
μ(i, j)

.

For any source machine t �= 1 in C, we similarly define its potential as β(t) =
α(rt)/μ(rt, t), and we define β(1) = 1. Note that if we initially propose ε units
from job s ∈ C, then εα(s) units will eventually reach machine 1, assuming no
edge on π(i) becomes saturated or empty in the process. Similarly, a rejection
of ε units from machine t ∈ C will eventually arrive at machine 1 as εβ(t) units.

Consider now some edge (i, j) along the augmenting path π(s) in C, and
suppose we initially propose ε/α(s) units from job s. If (i, j) is a proposal edge,
then ε/α(i) units arrive at job i and are proposed along (i, j), and if (i, j) is a
rejection edge, then ε/β(j) units arrive at j and are then rejected along (i, j), so
ε/α(i) rejected units arrive at i. We define the scaled assignments and capacities
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of edge (i, j) as x′(i, j) = x(i, j)α(i) and u′(i, j) = u(i, j)α(i), and we define the
scaled residual capacity of a proposal edge (i, qi) in C as r(i, qi) = u′(i, qi) −
x′(i, qi), and of a rejection edge (rj , j) in C as r(rj , j) = x′(rj , j). Finally, we
define the residual capacity of the path π(s) as r(π(s)) = min{r(i, j) : (i, j) ∈
π(s)}/α(s). The quantity r(π(s)) tells us exactly how large we can set ε so
that some edge along π(s) becomes saturated or empty. We therefore augment
min(1−x(s, N(s)), r(π(s))) units from s, since this is sufficient to either saturate
or empty an edge, or to make s fully assigned. We call such an augmentation
within the tree component a type I augmentation.

If our algorithm chooses to augment within a cycle component C, the details
are slightly more involved. Let πC denote the unique cycle in C, and let μ(πC)
denote the product of the multipliers on the proposal edges in πC divided by the
product of the multipliers on the rejection edges in πC . As with other generalized
assignment problems, we can classify πC as being gainy if μ(πC) > 1, lossy if
μ(πC) < 1 or break-even if μ(πC) = 1. Suppose some job i ∈ πC is not fully
assigned, and that we augment around πC by initially proposing ε units from
job i, so εμ(πC) rejected units eventually arrive back at job i after propagating
the augmentation all the way around πC . If πC is gainy, then job i will end
up seeing more than ε units returned to it, so augmenting from job i around a
gainy cycle results in a net decrease in i’s total assignment. Similarly, augmenting
around a lossy cycle results in a net increase in i’s assignment. In either case,
we augment, as before, until some edge along πC becomes either saturated or
empty, or until job i is fully assigned. We call this a type II augmentation.

The final case to consider is the type III augmentation — when we augment a
cycle component C, but where all jobs along πC are fully assigned, so in this case
we are starting our augmentation from a source job s /∈ πC . Let s′ be the first job
in πC we reach when we follow an augmenting path from s. Here, we augment
along the path only from s to s′, again proposing the maximum possible amount
from s so that some edge on our path becomes either saturated or empty, or
so that s becomes fully assigned. As a result of this augmentation, s′ will now
no longer be fully assigned, so this triggers a subsequent type II augmentation
within πC .

It is easy to justify termination and correctness of our algorithm. Since it is
performing a series of proposals and rejections (in a batch fashion) that the GS
algorithm could have performed, Lemma 1 asserts that we must terminate with
a stable job-optimal assignment. Running time analysis is fairly straightforward.
Without using any sophisticated machinery, we can perform each augmentation
in O(n) time (we show how to reduce this to O(log n) time in a moment). To
bound the number of augmentations, note that each one either saturates an
edge, empties out an edge, or fully assigns some job. Corollary 1 tells us that
each edge can be saturated or emptied out at most once, so there are at most
O(m) augmentations that saturate or empty an edge. We must take slightly
more care with the augmentations that end up fully assigning a job. For the
simpler stable allocation problem, the DM algorithm ensures that a job, once
fully assigned, remains fully assigned. In the generalized case, however, this is
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no longer necessarily true. Note that we never perform type-II augmentations
in a cycle whose jobs are all fully-assigned, so a type-II augmentation can never
cause a fully-assigned job to become not fully assigned (and of course, a type-I
augmentation cannot cause this to happen either). Only a type III augmentation
can result in a fully-assigned job becoming not fully assigned. However, every
type III augmentation that causes some job i to become not fully assigned is
followed by a subsequent type II augmentation that either saturates/empties an
edge or fully assigns job i. Hence a type III followed by type II augmentation
either saturates/empties an edge, or results in a net increase in the number of
fully-assigned jobs. We therefore have O(m + n) total augmentations.

3.3 Fast Augmentation with Dynamic Trees

In order to augment in O(log n) time, we use dynamic trees [10,11]. Each com-
ponent of G(x) is stored in a single dynamic tree, and each cycle component is
stored as a dynamic tree plus one additional edge, arbitrarily chosen. A dynamic
tree data structure maintains an edge-weighted and/or node-weighted free tree
and supports a host of useful operations all in O(log n) amortized time. The
main operations we need are the following:

– Split/join: Split a tree into two trees by deleting an edge, or join two trees
by adding an edge.

– Global-update: Modify the weight on every edge or node in a tree by a given
additive or multiplicative factor.

– Path-min: Find the minimum edge or node weight along the unique tree
path joining two specified nodes i and j.

– Path-update: Update the edge or node weights along the unique tree path
from i to j by a given additive offset.

For simplicity, we describe augmentation in the context of the tree component.
The same general approach also works for cycle components, except there we
must also account for the extra edge separately (i.e., augmentation on a cycle is
equivalent to augmentation on a path through a tree, plus augmentation on a
single edge).

Along with every edge (i, j) in our dynamic trees we store two weights: the
scaled assignment x′(i, j) and the scaled residual capacity r(i, j). Every job node
i in one of our dynamic trees is weighted with its potential α(i), and each ma-
chine node j is weighted with its potential β(j). For the tree component, recall
that these potentials are defined relative to the dummy machine. For a cycle
component, we define potentials relative to an arbitrarily-chosen “reference”
node within the component. Note that we can change the reference node in only
O(log n) time; for example, we can change from reference node s to reference
node t by applying a global-update to multiply all node potentials and divide all
edge weights in the component by the ratio of the potential of t to that of s.

Augmentation from some source job s uses the path-min operation to com-
pute r(π(s)) = min{r(i, j) : (i, j) ∈ π(i)}α(s), followed by the path-update op-
eration to decrease the residual capacity of every edge in π(s) by ε = min
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Fig. 1. Illustrations of (a) a “gainy” component Ci (left, with edge multipliers indi-
cated) along with its two stable configurations (right, with edge assignments indicated),
and (b) the “lossy” component C0 along with its two stable configurations. In configu-
ration II, the external edge incoming to a′

0 can carry any amount of assignment in the
range 0 . . . T .

(1−x(s, N(s)), r(π(s)))/α(s), and to adjust the scaled assignment x′(i, j) of ev-
ery edge (i, j) ∈ π(s) by ε. Note that proposal edges and rejection edges must be
treated slightly differently during the path update, since x′(i, j) must increase by
ε for a proposal edge and decrease by ε for a rejection edge; however, this is easy
to accommodate by introducing some relatively standard extra machinery into
the dynamic tree infrastructure. The fact that we use scaled residual capacity,
where the weight of each edge (i, j) is scaled relative to the potential α(i), is
absolutely crucial, since this “normalizes” all of the edge weights along a path
so they are effectively in the same unit of measurement (relative to an endpoint
of the path), allowing us to apply the path-min and path-update operations in a
uniform fashion across a path.

Augmentations often cause some subset of edges to become saturated or
empty. These edges leave G(x), while other edges (due to advancement of pro-
posal or rejection pointers) may enter, thereby changing the structure of the
connected components of G(x). Each leaving edge results in a split operation,
and each entering edge result in a join. Since each edge leaves or enters at most
a constant number of times, this accounts for at most O(m log n) work through-
out the entire algorithm. Finally, whenever we perform a split or join, we must
call global-update to update node potentials appropriately; for example, when a
component with reference node s is split into two components by removing edge
(i, j), we need to re-weight the potentials in the newly-created component not
containing s relative to an arbitrarily-chosen reference node in that component.
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4 The Optimal Generalized Stable Allocation Problem

If the edges in our bipartite assignment instance have associated costs, we can
consider the optimal generalized stable assignment problem: among all stable
assignments, find one having minimum total cost. In this section, we show that
this problem is NP-hard. This result highlights a major distinction between the
generalized stable assignment problem and its simpler variants, since the “op-
timal” variants of the both the stable matching and stable allocation problems
can be solved in polynomial time [8,5]. For both of these simpler variants, there
exists a convenient combinatorial description of the set of all stable assignments
in terms of closed subsets of a carefully crafted “rotation DAG” (and for the
stable matching problem, one can also write a linear program whose extreme
points correspond to stable solutions). However, since the optimal generalized
stable assignment problem is NP-hard, this strongly suggests that there is no
convenient mathematical characterization of the set of all stable solutions.

Theorem 1. The optimal generalized stable allocation problem is NP-hard.

The proof of this theorem uses a reduction from the well-known NP-complete
SUBSET-SUM problem [7], which takes as input a set of positive numbers
s1 . . . sn and a target T , and asks whether or not there exists a subset S ⊆
{1, . . . , n} such that

∑
i∈S si = T . Given an instance I of SUBSET-SUM, we

show how to construct an instance I ′ of the optimal generalized stable allocation
problem such that I has a YES answer if and only if I ′ has a stable solution of
cost at most

∑
i si − T . Without loss of generality, we assume by rescaling that

s1 . . . sn and T all lie in the range (0, 1/2).
To build I ′, we construct a bipartite assignment graph with 2n + 2 elements

on each side, comprised of n “gainy” components C1 . . . Cn and one “lossy”
component C0. Each gainy components Ci is constructed as shown in Figure 1(a),
with two jobs ai and bi and two machines a′

i and b′i. Preference lists are as shown
in the figure, with elements external to Ci placed last on each preference list in
arbitrary order. Edge multipliers are given by μ(ai, a

′
i) = 2/(1− 2si), μ(bi, b

′
i) =

1/2, and μ(ai, b
′
i) = μ(bi, a

′
i) = 1. The lossy component is similarly constructed,

as shown in Figure 1(b). All remaining edges crossing between components are
assigned unit multipliers. For each gainy component i = 1 . . . n, we assign the
cost of edge (bi, a

′
i) to si. All other edges have zero cost. For simplicity, we do not

explicitly include the dummy job and machine in our construction, since these
were introduced primarily to simplify our algorithms; rather, we simply allow
each machine to be only partially assigned (which is equivalent to its assignment
to a dummy job).

For the gainy component Ci, we define two specific assignment configurations,
also shown in Figure 1(a). Configuration I has x(ai, a

′
i) = x(bi, b

′
i) = 0 and

x(ai, b
′
i) = x(bi, a

′
i) = 1, and configuration II has x(ai, a

′
i) = 1/2− si, x(ai, b

′
i) =

1/2, x(bi, b
′
i) = 1, with ai having si units assigned to some machine external to

Ci. We similarly define two assignment configurations for the lossy component
C0, shown in Figure 1(b).
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Lemma 3. For each gainy component Ci, any assignment pattern involving the
edges incident to Ci other than configuration I and II is unstable.

Proof. Let us say that an element is externally assigned if it has some positive
allocation to an element outside Ci; otherwise, we say it is internally assigned.
We note that job bi and machines a′

i and b′i cannot be externally assigned in
any stable assignment: if job bi were externally assigned, then (bi, b

′
i) would be a

blocking pair, if machine a′
i were externally assigned, (bi, a

′
i) would be a blocking

pair, and if machine b′i were externally assigned, then (ai, b
′
i) would be a blocking

pair. Both ai and bi must be fully assigned, since this is a requirement of any
feasible assignment. Although a′

i and b′i are not explicitly required to be fully
assigned, this must still be the case in any stable solution: if a′

i is not fully
assigned, then (bi, a

′
i) is a blocking pair, and if b′i is not fully assigned, then

(ai, b
′
i) is a blocking pair.

Now consider the following two cases: (i) if job ai is internally assigned, then
all of the elements in Ci are assigned internally, and it is easy to show that as a
consequence of our multipliers (and the fact that every element is fully assigned),
the only possible stable feasible assignment is configuration I. On the other hand
(ii) if job ai is externally assigned, then (ai, a

′
i) will be a blocking pair unless a′

i

is assigned only to ai, so x(ai, a
′
i) = 1/2 − si. Moreover, since bi can now only

be assigned to b′i, we have x(bi, b
′
i) = 1, and since b′i needs exactly one unit of

incoming assignment we must have x(ai, b
′
i) = 1/2. Therefore, ai must have si of

its units assigned externally in order for it to have exactly one unit of outgoing
assignment. This is configuration II.

Lemma 4. For the lossy component C0, any assignment pattern involving the
edges incident to C0 other than configuration I and II shown in Figure 1(b) is
unstable.

Proof. The argument in this case is quite similar to the preceding proof. We
begin by arguing that in any stable assignment, jobs a0 and b0 and machine b′0
must be internally assigned: if job a0 is externally assigned, then (a0, b

′
0) is a

blocking pair, if job b0 is externally assigned, then (b0, a
′
0) is a blocking pair, and

if machine b′0 is externally assigned, then (b0, b
′
0) is a blocking pair. Moreover,

a0 and b0 are explicitly constrained to be fully assigned, and b′0 must be fully
assigned or else (b0, b

′
0) is a blocking pair. We now argue, just as before, that if

machine a′
0 is internally assigned, then we must be in configuration I, otherwise

we must be in configuration II.

Lemma 5. Given an instance I of SUBSET-SUM, the corresponding instance
I ′ of the optimal generalized stable allocation instance I ′ has a stable allocation
of cost at most

∑
i si − T if and only if I has a YES answer.

Proof. If I admits a set S such that
∑

i∈S si = T , then we can obtain a stable
solution for I ′ by placing C0 and each Ci for i ∈ S in configuration II, and the
remaining components in configuration I. For each i ∈ S, the external assignment
of si units from job ai is directed to machine a′

0, thereby exactly matching the
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T units of external assignment needed at a′
0. The total cost of this solution is∑

i si−T . On the other hand, if I ′ has a stable solution of cost at most
∑

i si−T ,
then we must have in aggregate at least T units of external assignment from
a1 . . . an, and a′

0 can accept at most T units. Hence, we must have exactly T
units of external assignment, and these T units must come from a subset of gainy
components (in configuration II) corresponding to a solution for the SUBSET-
SUM instance I.
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Abstract. Given an embedded planar acyclic digraph G, we define the
problem of acyclic hamiltonian path completion with crossing minimiza-
tion (Acyclic-HPCCM) to be the problem of determining a hamiltonian
path completion set of edges such that, when these edges are embedded
on G, they create the smallest possible number of edge crossings and
turn G to an acyclic hamiltonian digraph. Our results include:
1. We provide a characterization under which a triangulated st-digraph

G is hamiltonian.
2. For the class of planar st-digraphs, we establish an equivalence be-

tween the Acyclic-HPCCM problem and the problem of determining
an upward 2-page topological book embedding with minimum num-
ber of spine crossings. Based on this equivalence we infer for the
class of outerplanar triangulated st-digraphs an upward topological
2-page book embedding with minimum number of spine crossings
and at most one spine crossing per edge.

1 Introduction

In the hamiltonian path completion problem (for short, HP-completion) we are
given a graph G (directed or undirected) and we are asked to identify a set of
edges (refereed to as an HP-completion set) such that, when these edges are
embedded on G they turn it to a hamiltonian graph, that is, a graph containing
a hamiltonian path1. The resulting hamiltonian graph G′ is referred to as the
HP-completed graph of G. When we treat the HP-completion problem as an
optimization problem, we are interested in an HP-completion set of minimum
size.

When the input graph G is a planar embedded digraph, an HP-completion
set for G must be naturally extended to include an embedding of its edges on
the plane, yielding to an embedded HP-completed digraph G′. In general, G′ is
not planar, and thus, it is natural to attempt to minimize the number of edge
crossings of the embedding of the HP-completed digraph G′ instead of the size
1 In the literature, a hamiltonian graph is traditionally referred to as a graph contain-

ing a hamiltonian cycle. In this paper, we refer to a hamiltonian graph as a graph
containing a hamiltonian path.

S. Das and R. Uehara (Eds.): WALCOM 2009, LNCS 5431, pp. 250–261, 2009.
c© Springer-Verlag Berlin Heidelberg 2009
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of the HP-completion set. We refer to this problem as the HP-completion with
crossing minimization problem (for short, HPCCM ). The HPCCM problem can
be further refined by placing restrictions on the maximum number of permitted
crossings per edge of G.

When the input digraph G is acyclic, we can insist on HP-completion sets
which leave the HP-completed digraph G′ also acyclic. We refer to this version
of the problem as the acyclic HP-completion problem.

A k-page book is a structure consisting of a line, referred to as spine, and of k
half-planes, referred to as pages, that have the spine as their common boundary.
A book embedding of a graph G is a drawing of G on a book such that the
vertices are aligned along the spine, each edge is entirely drawn on a single page,
and edges do not cross each other. If we are interested only in two-dimensional
structures we have to concentrate on 2-page book embeddings and to allow
spine crossings. These embeddings are also referred to as 2-page topological book
embeddings.

For acyclic digraphs, an upward book embedding can be considered to be a
book embedding in which the spine is vertical and all edges are drawn mono-
tonically increasing in the upward direction. As a consequence, in an upward
book embedding of an acyclic digraph the vertices appear along the spine in
topological order.

The results on topological book embedding that appear in the literature focus
on the number of spine crossings per edge required to book-embed a graph on
a 2-page book. However, approaching the topological book embedding problem
as an optimization problem, it makes sense to also try to minimize the number
of spine crossings.

In this paper, we introduce the problem of acyclic hamiltonian path completion
with crossing minimization (for short, Acyclic-HPCCM ) for planar embedded
acyclic digraphs. To the best of our knowledge, this is the first time that edge-
crossing minimization is studied in conjunction with the acyclic HP-completion
problem. Then, we provide a characterization under which a triangulated st-
digraph is hamiltonian. For the class of planar st-digraphs, we establish an
equivalence between the acyclic-HPCCM problem and the problem of deter-
mining an upward 2-page topological book embedding with a minimal number
of spine crossings. In [21] we describe a linear-time algorithm that solves the
Acyclic-HPCCM problem for the class of triangulated outerplanar st-digrpahs
with at most one crossing per edge of G. Based on the equivalence and this algo-
rithm, we infer for the class of triangulated outerplanar st-digraphs an upward
topological 2-page book embedding with minimum number of spine crossings
and at most one spine crossing per edge.

1.1 Problem Definition

Let G = (V, E) be a graph. Throughout the paper, when we use the term “graph”
we refer to both directed and undirected graphs. We use the term “digraph”
when we want to restict our attention to directed graphs. We assume familiarity
with basic graph theory [14]. A hamiltonian path of G is a path that visits every
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vertex of G exactly once. Determining whether a graph has a hamiltonian path or
circuit is NP-complete [12]. The problem remains NP-complete for cubic planar
graphs [12], for maximal planar graphs [31] and for planar digraphs [12]. It can
be trivially solved in polynomial time for acyclic digraphs.

Given a graph G = (V, E), a non-negative integer k ≤ |V | and two vertices
s, t ∈ V , the hamiltonian path completion (HPC) problem asks whether there
exists a superset E′ containing E such that |E′ − E| ≤ k and the graph G′ =
(V, E′) has a hamiltonian path from vertex s to vertex t. We refer to G′ and to
the set of edges |E′ − E| as the HP-completed graph and the HP-completion set
of graph G, respectively. We assume that all edges of a HP-completion set are
part of the Hamiltonian path of G′, otherwise they can be removed. When G is
a directed acyclic graph, we can insist on HP-completion sets which leave the
HP-completed digraph also acyclic. We refer to this version of the problem as
the acyclic HP-completion problem. The hamiltonian path completion problem is
NP-complete [11]. For acyclic digraphs the HPC problem is solved in polynomial
time [18].

Let G = (V, E) be an embedded planar graph, E′ be a superset of edges
containing E, and Γ (G′) be a drawing of G′ = (V, E′). When the deletion from
Γ (G′) of the edges in E′ −E induces the embedded planar graph G, we say that
Γ (G′) preserves the embedded planar graph G.

Definition 1. Given an embedded planar graph G = (V, E), directed or undi-
rected, a non-negative integer c, and two vertices s, t ∈ V , the hamiltonian
path completion with edge crossing minimization (HPCCM) problem
asks whether there exists a superset E′ containing E and a drawing Γ (G′) of
graph G′ = (V, E′) such that (i) G′ has a hamiltonian path from vertex s to
vertex t, (ii) Γ (G′) has at most c edge crossings, and (iii) Γ (G′) preserves the
embedded planar graph G.

Over the set of all HP-completion sets for a graph G, and over all of their
different drawings that respect G, the one with a minimum number of edge-
crossings is called a crossing-optimal HP-completion set. We refer to the version
of the HPCCM problem where the input is an acyclic digraph and we insist on
HP-completion sets which leave the HP-completed digraph also acyclic as the
Acyclic-HPCCM problem.

Let G = (V, E) be an embedded planar graph, let Ec be an HP-completion set
of G and let Γ (G′) of G′ = (V, E′) be a drawing with c crossings that preserves
G. The graph Gc induced from drawing Γ (G′) by inserting a new vertex at each
edge crossing and by splitting the edges involved in the edge-crossing is referred
to as the HP-extended graph of G w.r.t. Γ (G′). (See Figure 5.a).

A planar st-digraph is an embedded planar acyclic digraph with exactly one
source (i.e., a vertex with in-degree equal to 0) and exactly one sink (i.e., a
vertex with out-degree equal to 0) both of which appear on the boundary of the
external face. Traditionally, the source and the sink of an st-digraph are denoted
by s and t, respectively. It is known that a planar st-digraph admits a planar
upward drawing [7,19]. In the rest of the paper, all st-digraphs will be drawn
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upward. A planar graph G is outerplanar if there exist a drawing of G such that
all of G’s vertices appear on the boundary of the same face (which is usually
drawn as the external face). A triangulated outerplanar graph is an outerplanar
graph with triangulated interior.

1.2 Related Work

For acyclic digraphs, the Acyclic-HPC problem has been studied in the literature
in the context of partially ordered sets (posets) under the terms linear extensions
and jump number. See [2] for detailed definitions. An optimal linear extension of
a poset P (or its corresponding acyclic digraph G), is identical to an acyclic HP-
completion set Ec for G of minimum size, and its jump number is equal to the size
of Ec. This problem has been widely studied, in part due to its applications to
scheduling. It has been shown to be NP-hard even for bipartite ordered sets [25].
Nevertheless, polynomial time algorithms are known for several classes of ordered
sets, including cycle-free orders [6], orders of bounded width [5], bipartite orders
of dimension two [28] and K-free orders [27]. Brightwell and Winkler [2] showed
that counting the number of linear extensions is �P-complete. An algorithm that
generates all of the linear extensions of a poset in constant amortized time was
presented by Pruesse and Ruskey [24]. Later, Ono and Nakano [23] presented an
algorithm which generates each linear extension in worst case constant time.

With respect to related work on book embeddings, Yannakakis[32] has shown
that planar graphs have a book embedding on a 4-page book and that there
exist planar graphs that require 4 pages for their book embedding. In the liter-
ature, the book embeddings where spine crossings are allowed are referred to as
topological book embeddings [10]. Every planar graph admits a 2-page topological
book embedding with only one spine crossing per edge [8].

For acyclic digraphs and posets, upward book embeddings have been also stud-
ied in the literature [1,15,16,17]. An upward book embedding can be consid-
ered to be a book embedding in which the spine is vertical and all edges are
drawn monotonically increasing in the upward direction. The minimum number
of pages required for an upward book embedding of a planar acyclic digraph is
unbounded [15], while, the minimum number of pages required by an upward

t

t’

b
a

s

s’

Fig. 1. Subgraph used in the proof of Lemma 2. Vertices a and b are not connected by
a path in either direction.
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planar digraph is not known [1,15]. Giordano et al. [13] showed that any embed-
ded upward planar digraph has a topological book embedding with at most one
spine crossing per edge.

We emphasize that the presented bibliography is in no way exhaustive. The
topics of hamiltonian paths, linear extensions and book embeddings have been
studied for a long time and an extensive body of literature has been accumulated.

2 Triangulated Hamiltonian st-Graphs

In this section, we develop the necessary and sufficient condition for a triangu-
lated st-digraph to be hamiltonian. Based on the provided characterization we
can determine whether the Acyclic-HPCCM problem can be solved for trian-
gulated digraphs without crossings. The characterization is also used in the de-
velopment of crossing-optimal HP-completion sets for outerplanar triangulated
st-digraphs (see [21] for details).

It is well known[30] that for every vertex v of an st-digraph, its incoming
(outgoing) incident edges appear consecutively around v. We denote by Left(v)
(resp. Right(v)) the face to the left (resp. right) of the leftmost (resp. rightmost)
incoming and outgoing edges incident to v. The following lemma is a direct
consequence from Lemma 7 by Tamassia and Preparata [29].

Lemma 1. Let u and v be two vertices of a planar st-digraph such that there
is no directed path between them in either direction. Then, in the dual G∗ of
G there is either a path from Right(u) to Left(v) or a path from Right(v) to
Left(u). ��

The following lemma demonstrates a property of st-digraphs.

Lemma 2. Let G be an st-digraph that does not have a hamiltonian path. Then,
there exist two vertices in G that are not connected by a directed path in either
direction.

Proof. Let P be a longest path from s to t and let a be a vertex that does not
belong in P . Since G does not have a hamiltonian path, such a vertex always
exists. Let s′ be the last vertex in P such that there exists a path Ps′�a from
s′ to a with no vertices in P . Similarly, define t′ to be the first vertex in P such
that there exists a path Pa�t′ from a to t′ with no vertices in P . Since G is
acyclic, s′ appears before t′ in P (see Figure 1). Note that s′ (resp. t′) might be
vertex s (resp. t). From the construction of s′ and t′ it follows that any vertex
b, distinct from s′ and t′, that is located on path P between vertices s′ and t′,
is not connected with vertex a in either direction. Thus, vertices a and b satisfy
the property of the lemma.

Note that such a vertex b always exists. If this was not the case, then path P
would contain edge (s′, t′). Then, path P could be extended by replacing (s′, t′)
by path Ps′�a followed by path Ps′�a. This would lead to new path P ′ from s to
t that is longer than P , a contradiction since P was assumed to be of maximum
length. ��



Crossing-Optimal Acyclic Hamiltonian Path Completion 255

u

s

t

v

Fig. 2. The rhombus embedded digraph
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Fig. 3. The st-digraph used in the proof of
Theorem 2

The embedded digraph in Figure 2 is called a rhombus. The central edge (s, t)
of a rhombus is referred to as the median of the rhombus and is always drawn
in the interior of its drawing.

The following theorem provides a characterization of triangulated planar st-
digraphs that have a hamiltonian path.

Theorem 1. Let G be a triangulated planar st-digraph. G has a hamiltonian
path if and only if G does not contain any rhombus as a subgraph.

Proof. (⇒) We assume that G has a hamiltonian path and we will show that
it contains no rhombus as a subgraph. For the sake of contradiction, assume
that G contains a rhombus composed from vertices s′, t′, a and b as a subgraph
(see Figure 3). Then, vertices a and b of the rhombus are not connected by a
directed path in either direction. To see this, assume wlog that there was a path
connecting a to b. Then, this path has to intersect either the path from t′ to t
at a vertex u or the path from s to s′ at a vertex v. In either case, there must
exist a cycle in G, contradicting the fact that G is acyclic. So, we have shown
that vertices a and b of the rhombus are not connected by a directed path in
either direction, and thus there cannot exist any hamiltonian path in G, a clear
contradiction.

(⇐) We assume that G contains no rhombus as a subgraph and we will prove
that G has a hamiltonian path. For the sake of contradiction, assume that G
does not have a hamiltonian path. Then, from Lemma 2, if follows that there
exist two vertices u and v of G that are not connected by a directed path in
either direction. From Lemma 1, it then follows that there exists in the dual
G∗ of G a directed path from either Right(u) to Left(v), or from Right(v) to
Left(u). Wlog, assume that the path in the dual G∗ is from Right(u) to Left(v)
(see Figure 4.a) and let f0, f1, . . . , fk be the faces the path passes through,
where f0 = Right(u) and fk = Left(v). We denote the path from Right(u) to
Left(v) by Pu,v.

Note that path Pu,v can exit face f0 =�(u, w0, w1) only through edge (w0, w1)
(see Figure 4.a). The path will enter a new face and, in the rest of the proof, we
will construct the sequence of faces it goes through.



256 T. Mchedlidze and A. Symvonis

Pu,v
Pu,v Pu,v kf1

f0

fk

f

Pu,v

0 f

fk

1

f0

fk−1 kf
f0 f1

fk

f

k−1
fkf

z1

v

z

(e)(d) (f)

v

2

v

1

u

z

z2
w

w0

1

w2
v

1

2

0w

w
2z

z

u

1

v

w

z1

2

kw

w

(b)

w

w

1

0

2z

z1

v

’’ kw

’

(a)
2

1

0w

w
2z

z

u

1
w

w

w ’’’w

(c)

u

z

Fig. 4. The different cases occurring in the construction of path Pu,v as described in
the proof of Theorem 1

The next face f1 of the path, consists of edge (w0, w1) which is connected to
a vertex w2. For face f1 =�(w0, w1, w2) there are 3 possible orientations (which
do not violate acyclicity) for the direction of the two edges that connect w2 with
w0 and w1):

Case 1: Vertex w2 has incoming edges from both w0 and w1 (see Figure 4.b).
Observe that path Pu,v can continue from f1 to f2 only by crossing edge (w0, w2).
This is due to the fact that, in the dual G∗, the only outgoing edge of f1 corre-
sponds to the dual edge that crosses edge (w0, w2) of G.

Case 2: Vertex w2 has outgoing edges to both w0 and w1 (see Figure 4.c). Ob-
serve that path Pu,v can continue from f1 to f2 only by crossing edge (w2, w0).
This is due to the fact that, in the dual G∗, the only outgoing edge of f1 corre-
sponds to the dual edge that crosses edge (w2, w0) of G.

Case 3: Vertex w2 is connected to w0 and w1 by an incoming and an outgo-
ing edge, respectively (see Figure 4.d). Note that in this case, f0 and f1 form a
rhombus. Thus, this case cannot occur, since we assumed that G has no rhombus
as a subgraph.

A common characteristic of either of the first two case that allow to further
continue the identification of the faces path Pu,v goes through is that there is
a single edge that can be used to exit face f1. Thus, we can continue iden-
tifying the faces path Pu,v passes through, building in such a way sequence
f0, f1, . . . , fk−1.

At the end, path Pu,v has to leave face fk−1 by either edge (wk, w′′) (see
Figure 4.e) or by edge (w′, wk) (see Figure 4.f). In either of these two cases, the
outgoing boundary edge of face fk−1 =�(w′, w′′, wk) has to be identified with the
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single incoming edge of face fk−1 =�(z1, z2, v). Thus, the last two faces on the
path Pu,v will form a rhombus (see Figures 4.e and 4.f). Thus, in either case, in
order to complete the path, graph G must contain a rhombus as a subgraph. This
is a clear contradiction since we assumed that G does not contain any rhombus
as a subgraph. ��

3 Spine Crossing Minimization for Upward Topological
2-Page Book Embeddings

In this section, we establish for the class of st-digrpahs an equivalence (through a
linear time transformation) between the Acyclic-HPCCM problem and the prob-
lem of obtaining an upward topological 2-page book embeddings with minimum
number of spine crossings.

Theorem 2. Let G = (V, E) be an n node planar st-digraph. G has a crossing-
optimal HP-completion set Ec with Hamiltonian path P = (s = v1, v2, . . . , vn =
t) such that the corresponding optimal drawing Γ (G′) of G′ = (V, E ∪ Ec) has
c crossings if and only if G has an optimal (wrt the number of spine cross-
ings) upward topological 2-page book embedding with c spine crossings where the
vertices appear on the spine in the order Π = (s = v1, v2, . . . , vn = t).

Proof. We show how to obtain from an HP-completion set with c edge crossings
an upward topological 2-page book embedding with c spine crossings and vice
versa. From this is follows that a crossing-optimal HP-completion set for G with
c edge crossing corresponds to an optimal upward topological 2-page book em-
bedding with the same number of spine crossings.

(a) (c)(b)

s

v3

v1

s

us,t

v3

v1

s

v
2v

1v

u

t

3

s,t

t t

2v 2v

Fig. 5. (a) A drawing of an HP-extended digraph for an st-digraph G. The dotted
segments correspond to the single edge (v2, v3) of the HP-completion set for G. (b)An
upward topological 2-page book embedding of Gc with its vertices placed on the spine
in the order they appear on a hamiltonian path of Gc. (c)An upward topological 2-page
book embedding of G.
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“⇒” We assume that we have an HP-completion set Ec that satisfies the condi-
tions stated in the theorem. Let Γ (G′) of G′ = (V, E ∪Ec) be the corresponding
drawing that has c crossings and let Gc = (V ∪ Vc, E

′ ∪ E′
c) be the acyclic HP-

extended digraph of G wrt Γ (G′). Vc is the set of new vertices placed at each
edge crossing. E′ and E′

c are the edge sets resulting from E and Ec, respectively,
after splitting their edges involved in crossings and maintaining their orientation
(see Figure 5(a)). Note that Gc is also an st-planar digraph.

Observe that in Γ (G′) we have no crossing involving two edges of G. If this
was the case, then Γ (G′) would not preserve G. Similarly, in Γ (G′) we have no
crossing involving two edges of the HP-completion set Ec. If this was the case,
then Gc would contain a cycle.

The hamiltonian path P on G′ induces a hamiltonian path Pc on the HP-
extended digraph Gc. This is due to the facts that all edges of Ec are used
in hamiltonian path P and all vertices of Vc correspond to crossings involving
edges of Ec. We use the hamiltonian path Pc to construct an upward topological
2-page book embedding for graph G with exactly c spine crossings. We place
the vertices of Gc on the spine in the order of hamiltonian path Pc, with vertex
s = v1 being the lowest. Since the HP-extended digraph Gc is a planar st-digraph
with vertices s and t on the external face, each edge of Gc appears either to the
left or to the right of the hamiltonian path Pc. We place the edges of Gc on the
left (resp. right) page of the book embedding if they appear to the left (resp.
right) of path Pc. The edges of Pc are drawn on the spine (see Figure 5(b)).
Later on they can be moved to any of the two book pages.

Note that all edges of Ec appear on the spine. Consider any vertex vc ∈ Vc.
Since vc corresponds to a crossing between an edge of E and an edge of Ec, and
the edges of E′

c incident to it have been drawn on the spine, the two remaining
edges of E′ correspond to (better, they are parts of) an edge e ∈ E and drawn on
different pages of the book. By removing vertex vc and merging its two incident
edges of E′ we create a crossing of edge e with the spine. Thus, the constructed
book embedding has as many spine crossings as the number of edge crossings of
HP-completed graph G′ (see Figure 5(c)).

It remains to show that the constructed book embedding is upward. It is
sufficient to show that the constructed book embedding of Gc is upward. For the
sake of contradiction, assume that there exists a downward edge (u, w) ∈ E′

c.
By the construction, the fact that w is drawn below u on the spine implies that
there is a path in Gc from w to u. This path, together with edge (u, w) forms a
cycle in Gc, a clear contradiction since Gc is acyclic.

“⇐” Assume that we have an upward 2-page topological book embedding of
st-digraph G with c spine crossings where the vertices appear on the spine in the
order Π = (s = v1, v2, . . . , vn = t). Then, we construct an HP-completion set Ec

for G that satisfies the condition of the theorem as follows: Ec = {(vi, vi+1) | 1 ≤
i < n and (vi, vi+1) 	∈ E}, that is, Ec contains an edge for each consecutive pair
of vertices of the spine that (the edge) was not present in G. By adding/drawing
these edges on the spine of the book embedding we get a drawing Γ (G′) of
G′ = (V, E ∪ Ec) that has c edge crossings. This is due to the fact that all spine
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crossing of the book embedding are located, (i) at points of the spine above
vertex s and below vertex t, and (ii) at points of the spine between consecutive
vertices that are not connected by an edge. By inserting at each crossing of
Γ (G′) a new vertex and by splitting the edges involved in the crossing while
maintaining their orientation, we get an HP-extended digraph Gc. It remains to
show that Gc is acyclic. For the sake of contradiction, assume that Gc contains
a cycle. Then, since graph G is acyclic, each cycle of Gc must contain a segment
resulting from the splitting of an edge in Ec. Given that in Γ (G′) all vertices
appear on the spine and all edges of Ec are drawn upward, there must be a
segment of an edge of G that is downward in order to close the cycle. Since,
by construction, the book embedding of G is a sub-drawing of Γ (G′), one of its
edges (or just a segment of it) is downward. This is a clear contradiction since
we assume that the topological 2-page book embedding of G is upward. ��

In [21] we describe a linear-time algorithm that solves the Acyclic-HPCCM prob-
lem for the class of triangulated outerplanar st-digrpahs with at most one cross-
ing per edge of G. The following theorem is the consequence of this algorithm
and its detailed proof can be found in [21].

Theorem 3. [21] Given an n node triangulated outerplanar st-digrpah G, a
crossing-optimal HP-completion set for G with at most one crossing per edge
and the corresponding number of edge-crossings can be computed in O(n) time.

Theorem 4. Given an n node triangulated outerplanar st-digrpah G, an upward
2-page topological book embedding for G with minimum number of spine crossings
and at most one spine crossing per edge and the corresponding number of edge-
crossings can be computed in O(n) time.

Proof. By Theorem 2 we know that by solving the Acyclic-HPCCM problem
on G, we can deduce the wanted upward book embedding. By Theorem 3, the
Acyclic-HPCCM problem can be solved in O(n) time. ��

4 Conclusions - Open Problems

We have studied the problem of Acyclic-HPCCM and we have presented a linear
time algorithm that computes a crossing-optimal Acyclic HP-completion set for
an OT st-digraphs G with at most one crossing per edge of G. Future research
topics include the study of the Acyclic-HPCCM on the larger class of st-digraphs,
as well as relaxing the requirement for G to be triangulated.
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Abstract. A core path of a graph is a path P in G that minimizes d(P )
=

∑

v∈V

d(v, P )w(v). In this paper, we study the location of core path

of specified length in special classes of graphs. Further, we extend our
study to the problem of locating a core path of specified length under
the condition that some existing facilities are already located (known as
conditional core path of a graph). We study both the problems stated
above in vertex weighted bipartite permutation graphs, threshold graphs
and proper interval graphs and give polynomial time algorithms for the
core path and conditional core path problem in these classes. We also
establish the NP-Completeness of the above problems in the same classes
of graphs when arbitrary positive weights are assigned to edges.

Keywords: Core path, Conditional core path, Bipartite permutation
graphs, Threshold graphs, Proper Interval graphs.

1 Introduction

The objective of any facility location algorithm in a network is to locate a
site/facility that optimizes some criterion. The criteria that have been most
generally employed are the minimax and minisum criteria. In the minimax
criteria, the distance of the farthest vertex from the facility is minimized. In the
minisum criteria, the sum of the distances of the vertices of the graph from
the facility is minimized. Many practical facility location problems however, in-
volve the location of several facilities rather than just one facility. In particular,
the problem of locating a path-shaped or tree-shaped facility has received wide
attention due to applications in metro rail routing, pipeline planning, laying ir-
rigation ditches etc. When the path to be located is such that it satisfies the
minisum criterion,(i.e the sum of the distances of the vertices of the graph from
the path is minimized) then we call the path a core path which we will define
formally in this section.

Often, it might happen that some facilities have already been located and the
new facilities should be located such that the minisum criterion is optimized
taking into account both the already existing facilities and the newly located
facilities. For example, a district may already be equipped with a gas pipeline and
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c© Springer-Verlag Berlin Heidelberg 2009
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we should plan the layout of a new pipeline. Any user can obtain a connection
either from the old or the new pipeline depending on which one is closer to
him. Where should we lay this new pipeline such that it minimizes the sum
of the distances of the users in the district from the pipelines (old and new).
This problem is called the conditional facility location problem. When the new
facility to be established is a path, the problem is known as conditional-core
problem (defined formally later). The network can be assigned vertex and edge
weights. Vertex weights can denote the population of a locality and edge weights
the distance between two localities. In this paper, we study the problem of
locating the core path and conditional core path of a specified length in bipartite
permutation graphs, threshold graphs and proper interval graphs. Specifically,
we give polynomial time algorithms for both the problems in the above classes
of graphs when vertices are assigned arbitrary positive weights and edges are
assigned unit weights. When the edges are assigned arbitrary weights, we prove
the NP-Completeness of both the problems in all the three classes of graphs.

Let G = (V, E) be a simple, undirected, connected, weighted (positive vertex
and edge weights) graph. The length of a path P is defined as sum of weights
of edges in P . Let d(u, v) be the shortest distance between two vertices u and
v. The set of vertices of a path P is denoted by V (P ) and the set of vertices of
V (P ) ∩ X for any set X ⊆ V , is denoted by VX(P ). We extend the notion of
distance between a pair of vertices in a natural way to the notion of distance
between a vertex and a path. The distance between a vertex v and path P is
d(v, P ) = Min

u∈V (P )
d(v, u). If v ∈ V (P ), then d(v, P ) is zero. The cost of a path

P denoted by d(P ) is
∑

v∈V

d(v, P )w(v), where w(v) is the weight of the vertex v.

Definition 1. [9] The Core path or Median path of a graph G is a path P
that minimizes d(P ) .

Definition 2. [8] Let P l be the set of all paths of length l in G. The Core path
of length l of a graph G is a path P ∈ P l where d(P ) ≤ d(P ′) for any path
P ′ ∈ P l.

Let S denote the set of vertices in which facilities have already been deployed.
The conditional cost of a path P denoted by
dc(P ) =

∑

v∈V

min(d(v, P ), d(v, S))w(v), where d(v, S) = Min
u∈S

d(v, u).

Definition 3. Let PS
l be the set of all paths of length l in G such that V (P )∩S =

∅. The Conditional Core path of length l of a graph G is a path P ∈ PS
l

where dc(P ) ≤ dc(P ′) for any path P ′ ∈ PS
l .

Previous work: So far, the core-path problem has been analyzed only in trees
and recently in grid graphs. In [5] Hakimi, Schmeichel, and Labb’e have given
64 variations of the above problem and have also proved that finding the core
path is NP-Hard on arbitrary graphs. In [9] Morgan and Slater give a linear time
algorithm for finding core path of a tree with arbitrary edge weights. In [7], [8]
Minieka et al. consider the problem of finding the core path with a constraint on
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the length of the path. Their work considers locating path or tree shaped facilities
of specified length in a tree and they present an O(n3) algorithm. In [10] Peng
and Lo extend their work by giving a O(nlogn) sequential and O(log2(n)) parallel
algorithm using O(n) processors for finding the core path of a tree(unweighted)
with a specified length. In [3] Becker et al. give an O(nl) algorithm for the
unweighted case and a O(nlog2n) for the weighted case for trees. [2] presents a
study of the core path in grid graphs. In [1] Alstrup et al. give an O(n min{logn
α(n, n), l}) algorithm for finding the core path of a tree. The conditional location
of path and tree shaped facilities have also been extensively studied on trees. In
[11], Tamir et. al. prove that the continuous conditional median subtree problem
is NP-hard and they develop a fully polynomial time approximation scheme for
the same. They also provide an O(n log2 n) algorithm for the discrete conditional
core path problem with a length constraint and an O(n2) algorithm for the
continuous conditional core path problem with a length constraint. They also
study the conditional location center paths on trees. Further, in [13], Wang et al
improve the algorithms in [11] for both discrete and continuous conditional core
path problem with a length constraint. For the discrete case, they presented an
O(n log n) algorithm and for the continuous case they presented an O(n log n
α(n, n)) algorithm.

The rest of the paper is organized as follows. In section 2, we give a polyno-
mial time algorithm to solve the core path problem in vertex weighted bipartite
permutation graphs. In section 3, we solve the conditional core problem in vertex
weighted bipartite permutation graphs. We prove the NP-Completeness of the
core path problem in bipartite permutation graphs with arbitrary edge weights
in Appendix. We also briefly present our solution for core and conditional core
path problems in unit edge weighted threshold graphs and proper interval graphs
in Appendix.

2 Core Path of a Bipartite Permutation Graph with
Vertex Weights

2.1 Preliminaries

Let π = (π1,π2,. . . πn) be a permutation of the numbers 1, 2 . . . n. The graph
G(π) = (V, E) is defined as follows: V ={1, 2 . . . n} and (i, j) ∈ E ⇐⇒ (i −
j)(π−1

i − π−1
j ) < 0 where π−1

i is the position of number i in the sequence π. An
undirected graph G is called a permutation graph iff there exists a permutation
π such that G is isomorphic to G(π). A graph is a bipartite permutation graph,
if it is both a bipartite graph and a permutation graph. We assume that the
bipartite permutation graph G = (X, Y, E) has unit edge weights and arbitrary
vertex weights. We present a polynomial time algorithm for solving core path
problem on G. The next definition is taken from [6].

Definition 4. A strong ordering of the vertices of a bipartite graph G=(X, Y, E)
consists of an ordering <x of X and an ordering <y of Y such that for all (x, y),
(x′, y′) ∈ E, where x, x′ ∈ X and y, y′ ∈ Y , x <x x′ and y′ <y y imply (x, y′)
and (x′, y) ∈ E.
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From now on, we drop the subscripts for <x and <y and denote them by <,
interpreting the meaning from the context. For any two vertices a and b that are
in the same partition of the bipartite graph, if a < b, we say a is above b and b
is below a. Given an edge (xi, yj), we call the union of all the vertices above xi

and above yj as above the edge (xi, yj).

[6] A bipartite graph B is a bipartite permutation graph iff it admits a strong
ordering.

Ordered Paths: Any path P = v1v2v3v4v5v6 . . . of a bipartite permutation
graph G is said to be an ordered path iff v1 < v3 < v5 < . . . and v2 < v4 <
v6 < . . . . The following lemma relates every path with an ordered path of same
vertex set.

Lemma 1. In a bipartite permutation graph, for every path P , there exists an
ordered path Q, such that V (P )=V (Q).

Proof in Appendix.

In the above lemma, since V (P )=V (Q), it follows that d(P )=d(Q) and dc(P ) =
dc(Q). So, for every path there is an ordered path with the same cost and the
same set of vertices. Therefore, we consider only ordered paths henceforth.

2.2 Algorithm

Brief overview of the algorithm: The naive technique searches the set of all
paths in the graph to find the core path. Since we have proved that for every
path there exists an ordered path with the same set of vertices, we can cut down
on the search space for paths to ordered paths alone. The set of vertices adjacent
to a vertex u is called the neighborhood of u, and is written as N(u). Let L(u)
and R(u) be the vertices with smallest and largest index in N(u) according to
the strong ordering. Let P = v1v2v3 . . . vk be an ordered path in G. Then the
edge (v1, v2) is called the first edge of P and the edge (vk−1, vk) is called the
last edge of P . For every ordered path P , let αr(P ) denote the path obtained by
taking the first r edges of the ordered path P . In case, the path does not contain
r edges, then αr(P ) = ⊥. We define d(⊥) = ∞. Also, d(αr(P )v) = ∞, when
αr(P ) = ⊥, where αr(P )v denotes the concatenation of αr(P ) and vertex v.

Remark 1. For every edge (x, y) ∈ E let pathl
xy denote the path with (x, y) as

its last edge such that it is the minimum cost ordered path of length l with (x, y)
as its last edge. The Min

(x,y)∈E
d(pathl

xy) will yield us the cost of core path of length

l of the graph G.

Remark 2. Let Gij be a graph induced by the vertices {x1, x2, . . . , xi} and {y1,
y2, . . . , yj}. The ordered path with (xi, yj) as the last edge cannot contain a
vertex v such that xi < v or yj < v. Hence for every edge (xi, yj), it is sufficient
to consider the ordered paths in Gij and not the entire graph G.
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Finding the cost of any ordered path: Here we give a method to com-
pute the cost of any ordered path efficiently. For all edges, (xi, yj) ∈ E we
define, U(xi, yj) = {v ∈ V |(v < xi or v < yj)}, WU (xi, yj) =

∑

v∈U(xi,yj)
w(v),

UAdj(xi, yj) = {v ∈ V |(v < xi and (v, yj) ∈ E) or (v < yj and (v, xi) ∈ E)},
WUAdj(xi, yj) =

∑

v∈UAdj(xi,yj)
w(v),

USUM(xi, yj) =
∑

v∈U(xi,yj)
min(d(v, xi), d(v, yj))w(v).

Intuitively, U(xi, yj) denotes the set of all vertices that are above (xi, yj) as per
the strong ordering. WU (xi, yj) is the sum of the weight of vertices in the set
U(xi, yj). The set UAdj(xi, yj) is the set of all vertices that are above (xi, yj)
and are adjacent to either xi or yj. USUM(xi, yj) denotes the sum of the costs
incurred by all the vertices above (xi, yj) in either reaching xi or yj(whichever is
closer). When all terms given above are preprocessed and stored for all the edges,
the cost of any path P can be computed in O(1) time. We know that WU (x1, y1)
= 0. We can compute WU (xi, yj) and WUAdj(xi, yj) for all (xi, yj) ∈ E in O(|E|)
time using the equations:

WU (xi, yj) =

{
WU (xi−1, yj) + w(xi−1) if (xi−1, yj) ∈ E

WU (xi, yj−1) + w(yj−1) if (xi−1, yj) /∈ E but (xi, yj−1) ∈ E

WUAdj(xi, yj) = WU (xi, yj) − WU (L(yj), L(xi)).

Lemma 2. The following equation can be used to compute the value of
USUM(xi, yj) iteratively

Let x′ = L(yj) and y′ = L(xi)
USUM(xi, yj) = USUM(x′, y′) + WU (x′, y′) + WUAdj(xi, yj).

Proof. We will first give an intuitive sketch of the proof. USUM(xi, yj) is the
cost incurred by all the vertices above (xi, yj) (i.e. vertices in U(xi, yj)) in reach-
ing the nearer of xi or yj . This cost can be viewed as a sum of two terms :
the cost due to vertices adjacent to and above (xi, yj) (i.e. in UAdj(xi, yj))
and the cost due to vertices above (x′, y′) (i.e. in U(x′, y′)). All the vertices in
UAdj(xi, yj) are at a distance of one from xi or yj and hence the cost incurred
by them is WUAdj(xi, yj). All the vertices in U(x′, y′) have to reach one of x′

or y′ to reach xi or yj. The cost incurred to reach x′ or y′ is USUM(x′, y′).
From (x′, y′), all the vertices have to travel a distance of one to reach xi or yj

and hence the cost incurred is WU (x′, y′). This completes the proof. We give an
inductive proof below.

By definition, we know that USUM(x1, y1) = 0. We can verify by inspection
that the expression for USUM is true for (x1, y) ∈ E ∀y satisfying L(x1) ≤ y ≤
R(x1). By induction hypothesis we assume that USUM is correctly computed
for all (xi, y), 1 ≤ i ≤ r − 1 and y = L(xi) to R(xi). We prove the claim for the
edge (xr, yj) where yj = L(xr) and the proof follows similarly for the case where
L(xr) < yj . By definition,

USUM(xr, yj) =
∑

v∈U(xr,yj)
min(d(v, xr), d(v, yj))w(v).
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USUM(xr, yj) =
∑

v∈U(x′,y′)
min(d(v, xr), d(v, yj))w(v) + WUAdj(xr , yj).

where x′ = L(yj) and y′ = L(xr).
For every v ∈ U(x′, y′), min(d(v, x′), d(v, y′)) ≤ min(d(v, x′′), d(v, y′′)) where

x′ < x′′ and y′ < y′′. This statement implies each vertex v ∈ U(x′, y′) can reach
one of (xr or yj) only through one of (x′ or y′). Therefore we have that,

∑

v∈U(x′,y′)
min(d(v, xr), d(v, yj))w(v) = USUM(x′, y′) + WU (x′, y′).

The cost WU (x′, y′) is attributed to the extra distance of length one per vertex
in U(x′, y′) to reach xr or yj.

For all edges (xi, yj) ∈ E we define,B(xi, yj) = {v ∈ V |(xi < v or yj < v)},
WB(xi, yj) =

∑

v∈B(xi,yj)
w(v), BAdj(xi, yj) = {v ∈ V |(xi < v and (v, yj) ∈ E) or

(yj < v and (v, xi) ∈ E )}, WBAdj(xi, yj) =
∑

v∈BAdj(xi,yj)
w(v),

BSUM(xi, yj) =
∑

v∈B(xi,yj)
min(d(v, xi), d(v, yj))w(v).

Similar to USUM , we can compute BSUM value for every (x, y) ∈ E in
O(|E|) time. We define,

W =
∑

v∈V

w(v) and W (P ) =
∑

v∈V (P )
w(v) for any path P .

W can be computed in O(|V |) time and we give a method to calculate W (P ) in
Lemma 4.

The following Lemma gives a method to compute cost of any ordered path.

Lemma 3. For any ordered path P , the cost d(P ) can be computed in O(1) time
after O(|E|) preprocessing.

Proof. Let xa and xb be the vertices of VX(P ) such that they have respectively
the smallest and largest index in the strong ordering. Similarly, let ya and yb be
the vertices of VY (P ) such that they have respectively the smallest and largest
index in the strong ordering. We claim that

d(P ) = USUM(xa, ya)+BSUM(xb, yb)+W −W (P )−WB(xb, yb)−WU (xa, ya)

Using the above formula, d(P ) can be computed in O(1) time after O(|E|) pre-
processing. For v ∈ {X ∪ Y } - V (P ) - B(xb, yb) - U(xa, ya) , we know that
d(v, P ) = 1. For all of these vertices, the total cost incurred is W - W (P ) -
WB(xb, yb) - WU (xa, ya). Value USUM(xa, ya) accounts ∀v ∈ U(xa, ya) and
BSUM(xb, yb) accounts ∀v ∈ B(xb, yb). Note that we still have not calculated
W (P ) which is necessary for calculating d(P ). We specify the method to compute
this in Lemma 4.

Finding the core path: As noted by Remark 1, we have to find pathl
xy ∀xy ∈

E. Let P l
xiyj

denote an ordered path of length l and of minimum cost among all
ordered paths of length l in Gij with (xi, yj) as the last edge and yj being the
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vertex of degree one in the path P . Let P l
yjxi

denote an ordered path of length
l and of minimum cost among all ordered paths of length l in Gij with (xi, yj)
as the last edge and xi being the vertex of degree one in the path P . From P l

xiyj

and P l
yjxi

, we can compute pathl
xiyj

which is defined such that d(pathl
xiyj

) =
Min{d(P l

xiyj
), d(P l

yjxi
)}. The path corresponding to the cost Min

xy∈E
d(pathl

xy) will

yield a core path of length l of graph G.
P 1

xiyj
= xiyj , P 1

yjxi
= yjxi and their costs can be computed using Lemma 3.

We now give, equations to compute the path of least cost of length r from the
knowledge of the same for length r−1. Initially we give the equations that follow
from definition and later we give a dynamic programming equation to compute
the same efficiently.

Lemma 4. The following equations can be used to find the costs of P r
xiyj

, P r
yjxi

∀r ≥ 2. In graph Gij , ∀(xi, yj) ∈ E(Gij) we have that,

d(P r
xiyj

)=

⎧
⎨

⎩

Min
∀(yk,xi)∈E,k<j

d(P r−1
ykxi

yj) if such yk’s exist

∞ otherwise
(1)

=

{
Min{d(P r−1

yj−1xi
yj), d(αr−1(P r

xiyj−1
)yj)} if j > 1 , (xi, yj−1) ∈ E

∞ otherwise
(2)

d(P r
yjxi

)=

⎧
⎨

⎩

Min
∀(xk,yj)∈E,k<i

d(P r−1
xkyj

xi) if such xk’s exist

∞ otherwise
(3)

=

{
Min{d(P r−1

xi−1yj
xi), d(αr−1(P r

yjxi−1
)xi)} if i > 1 , (xi−1, yj) ∈ E

∞ otherwise
(4)

d(pathr
xiyj

) = Min{d(P r
xiyj

), d(P r
yjxi

)} (5)

Also, for calculating the cost d(P ) of a path P , we need W (P ). This can be
calculated while we construct the path using the following equations

W (P r−1
ykxi

yj) = W (P r−1
ykxi

) + w(yj), W (P r−1
xkyj

xi) = W (P r−1
xkyj

) + w(xi)

Proof. We will prove equations (1) and (2). The proofs for (3) and (4) follow
analogously.

Proof for (1)
(1) states that we can the compute minimum cost path of length r having (xi, yj)
as the last edge, by considering minimum cost paths of length r−1 having (yk, xi)
as last edge ∀k < j. We choose the minimum cost path among them, and ap-
pend it with (xi, yj) to get the required path. Note that yk’s are chosen such
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that k < j because ∀k > j, the path is not ordered and we have proved that it is
enough to search the set of all ordered paths to find the core path. The number
of operations in (1) to compute d(P r

xiyj
) can be as high as degree(xi)

Proof for (2)
For computing d(P r

xiyj
), we note that it is just enough to consider the path of

least cost of length r − 1 having (yj−1, xi) as the last edge and the path of least
cost of length r − 1 having (yk, xi) as the last edge ∀ k < j − 1. The latter term
is d(αr−1(P r

xiyj−1
)yj). Note that this value would have already been computed

while computing d((P r
xiyj−1

)yj) and hence no special effort is required now.

Claim. d(αr−1(P r
xiyj−1

)yj) = Min
∀(yk,xi)∈E|k<j−1

d(P r−1
ykxi

yj)

It is clear that if the above claim is established, then equations (2) and (1) will
become equivalent and (2) is proven.

Let αr−1(P r
xiyj−1

) be such that it has (yt, xi) as the last edge.

⇒ d(P r−1
ytxi

yj−1) = Min
∀(yt′ ,xi)∈E|t′<j−1

d(P r−1
yt′ xi

yj−1)

⇒ d(P r−1
ytxi

) = Min
∀(yt′ ,xi)∈E|t′<j−1

d(P r−1
yt′ xi

)

⇒ d(P r−1
ytxi

yj) = Min
∀(yt′ ,xi)∈E|t′<j−1

d(P r−1
yt′ xi

yj)

which is precisely the statement of our claim. Thus the number of operations if
(2) is used to compute d(P r

xiyj
) is just two.

Theorem 1. The Algorithm computes the core path of a bipartite permutation
graph in O(l|E|) time.

Proof. The algorithm computes the values of d(pathl
xy) for each edge (x, y) ∈ E

using Lemma 4 and then computes the minimum cost path by finding Min
(x,y)∈E

d(pathl
xy) and hence the correctness follows.

Time complexity: For a given length and a given edge (x, y) or (y, x) ∈ E, the
algorithm takes O(1) time to compute the value of d(P length

xy ) or d(P length
yx ).

Therefore to compute the value of d(P l
xy) and d(P l

yx) for all edges (x, y) and
(y, x) ∈ E, it takes O(l|E|) time. To compute the value of Mincost from these
values, the algorithm takes utmost O(|E|) time.

3 Conditional Core Path of a Bipartite Permutation
Graph with Vertex Weights

In this section, we give a polynomial time algorithm for the problem of find-
ing conditional core path of a bipartite permutation graph G = (X, Y, E)(
G has arbitrary vertex weights and unit edge weights). Let S (⊂ V ) denote
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the subset of vertices of V where the facilities have already been located. As
already defined, the conditional cost of a path P denoted by dc(P ) =∑

v∈V

Min(d(v, P ), d(v, S))w(v), where d(v, P ) = Min
u∈P

d(v, u) and d(v, S) = Min
v′∈S

d(v, v′) ∀v ∈ V .

Computing d(v,S): Let N(S) − S = {v ∈ V − S|(v, u) ∈ E, u ∈ S}. We give
here an efficient method to compute d(v, S) ∀ v ∈ V .

∀ v ∈ S, initialize d(v, S) = 0.
∀ v ∈ N(S) − S initialize d(v, S) = 1.
For all the remaining vertices, initialize d(v, S) = ∞.

We first give a method to find d(xi, S) ∀xi ∈ X . A similar procedure can be used
to find d(yj , S) ∀yj ∈ Y .

1. For every vertex xi, we define two vertices xa
i , xb

i ∈ X ∩ S such that xa
i <

xi < xb
i . Also

– d(xi, x
a
i ) ≤ d(xi, x

′) ∀x′ ∈ X ∩ S and x′ < xi

– d(xi, x
b
i) ≤ d(xi, x

′) ∀x′ ∈ X ∩ S and x′ > xi

2. For every vertex xi, we define two vertices xc
i , xd

i ∈ Y ∩ S such that xc
i <

L(xi) ≤ R(xi) < xd
i . Also

– d(xi, x
c
i ) ≤ d(xi, y

′) ∀y′ ∈ Y ∩ S and y′ < L(xi)
– d(xi, x

d
i ) ≤ d(xi, y

′) ∀y′ ∈ Y ∩ S and y′ > R(xi)

Clearly, if d(xi, S) �= 0 or 1, then d(xi, S) = Min {d(xi, x
a
i ), d(xi, x

b
i ), d(xi, x

c
i ),

d(xi, x
d
i )}. If we find xa

i , xb
i , xc

i and xd
i , we can evaluate the above Min function

and find d(xi, S). We now state two lemmas from [4] as the following Remark.

Remark 3

1. Suppose i < j < k. Then d(xi, xj) ≤ d(xi, xk).
2. Suppose xi is not adjacent to yj or yk, xi < L(yj), and j < k. Then

d(xi, yj) ≤ d(xi, yk).

The above Remark characterizes xa
i to be the maximum indexed vertex in X∩S,

that lie above xi. Similarly, xb
i is the minimum indexed vertex in X ∩ S, that lie

below xi. Also, xc
i is the maximum indexed vertex in Y ∩S, that lie above L(xi)

and xd
i is the minimum indexed vertex in Y ∩ S, that lie below R(xi). We use

the above property to find d(xi, x
a
i ) efficiently for all the vertices. We can find

xa
i , ∀xi ∈ X , using the following code.

1. sup = NIL.
2. For i = 1 to |X | If xi ∈ S then sup = xi. Else xa

i = sup.

From [4] we know that, for a bipartite permutation graph, after O(n2) prepro-
cessing, the value of the shortest distance between any given pair of vertices can
be computed in O(1) time. Hence we can compute d(xi, x

a
i ) ∀xi ∈ X , in O(|X |)

time. Since xc
i = (L(xi))a, we note that d(xi, x

c
i ) = 1 + d(L(xi), (L(xi))a). Sim-

ilarly we calculate all the required values and d(v, S) ∀v ∈ V in O(|V | + |E|)
time.
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Finding the cost of any ordered path: We first set w(v) = 0, ∀v ∈ S because
for any path P , cost due to these vertices is zero and setting w(v) = 0 simplifies
some calculations that follow. We now show that for a path P , the conditional
cost dc(P ) can be calculated using Lemma 3 with a modification to the defini-
tion of USUM and BSUM to comply with the definition of conditional cost of
a path. For all edges, (xi, yj) ∈ E(G) we define,

USUM(xi, yj) =
∑

v∈U(xi,yj)
min(d(v, xi), d(v, yj), d(v, S))w(v)

In order to calculate the value of this newly defined USUM(xi, yj) efficiently,
we define the following terms

τ(xi, yj) = {v : v ∈ U(xi, yj) , d(v, (xi, yj)) < d(v, S)}
TOADD(xi, yj) =

∑

v∈τ(xi,yj)
w(v)

Lemma 5. The following equation can be used to compute USUM(xi, yj) iter-
atively:

USUM(x1, y1) = 0. Let x′ = L(yj) and y′ = L(xi).
USUM(xi, yj) = USUM(x′, y′) + TOADD(x′, y′) + WUAdj(xi, yj).

Proof in Appendix

In order to calculate TOADD(xi, yj) we need some more definitions which we
present below.

Q(xi, yj) = {v ∈ U(xi, yj) : d(v, xi) = d(v, S) and d(v, yj) = d(v, S) + 1}
Also, W (Q(xi, yj)) =

∑

v∈Q(xi,yj)
w(v).

Algorithm 1. Algorithm to compute W (Q(xi, yj))
for all v ∈ V do

for i = 1 to |X| do
for j = 1 to |Y | do

if d(v, xi) = d(v, S) and d(v, yj) = d(v, S)+1 then
W (Q(xi, yj)) = W (Q(xi, yj)) + w(v)

else if d(v, yj) = d(v, S) and d(v, xi) = d(v, S)+1 then
W (Q(yj, xi)) = W (Q(yj, xi)) + w(v)

end if
end for

end for
end for

Lemma 6. Algorithm 1 computes W (Q(xi, yj)) in O(|V |.|E|) time.

Proof. From [4] we know that, for a bipartite permutation graph, after O(n2)
preprocessing, the value of the distance between any given pair of vertices can
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be computed in O(1) time. From this, it immediately follows that the time
complexity of Algorithm 1 is O(|V |.|E|)

Lemma 7. The following equation can be used to compute TOADD(xi, yj) it-
eratively.

TOADD(xi, yj) =

⎧
⎪⎨

⎪⎩

0 if i, j = 1

TOADD(xi−1, yj) + w(xi−1) − W (Q(yj , xi)) + W (Q(yj , xi−1)) if i �= 1, j=index(L(xi))

TOADD(xi, yj−1) + w(yj−1) − W (Q(xi, yj)) + W (Q(xi, yj−1)) otherwise

Proof in Appendix
Note that we compute TOADD(xi, yj) along-side while computing USUM . We
similarly calculate BSUM where

BSUM(xi, yj) =
∑

v∈B(xi,yj)
min(d(v, xi), d(v, yj), d(v, S))w(v).

Lemma 8. For any ordered path P , the conditional cost can be computed in
O(1) time after O(|V ||E|) preprocessing.

Proof. The conditional cost for a path P is given by d(P ) = USUM(xa, ya)
+ BSUM(xb, yb) + W - W (P ) - WB(xb, yb) - WU (xa, ya). Here USUM and
BSUM is as defined in this section. All other definitions is same as given in
Lemma 3 and the proof also follows in exactly same fashion.

Finding the Conditional Core Path: The conditional core path should be
vertex disjoint from S by definition. Let H be the graph induced by V (G) - S. We
ought to search for the conditional core path in H . However, while calculating
the conditional cost of the path, we must use the vertices in the entire graph G.
Note that, we can modify Remark 1 to use conditional cost as follows.

Remark 4. For every edge (x, y) ∈ E(H) let pathl
xy denote the path with (x, y)

as its last edge such that it is the minimum conditional cost ordered path of
length l with (x, y) as its last edge.

Now, we can use the dynamic programming equations given in Lemma 4 on the
graph H (instead of G) to find the conditional core path due to the validity of
Remark 4. But to calculate the conditional cost, we use the definitions stated in
this section and Lemma 8.

Theorem 2. The conditional core path of a bipartite permutation graph can be
computed in O(|V ||E|) time.

4 Conclusion

In this paper, we have presented an O(l|E|) time algorithm for finding the core
path of specific length l in vertex weighted bipartite permutation graphs, thresh-
old graphs and proper interval graphs. We have extended our study of core path
problem to the conditional core path problem on the same graph classes. For
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the conditional core path problem of specified length, we have presented O(l|E|)
time algorithms for threshold and proper interval graphs and O(|V ||E|) time
algorithm for bipartite permutation graphs. In all the three classes of graphs,
due to their inherent property of vertex ordering we were able to conceptualize
the notion of ordered paths. However, such a notion of ordered paths (i.e. for
every path there exists an ordered path of the same vertex set) is not valid on
interval or permutation graphs. Also, the complexity of the longest path problem
is still unresolved in interval graph [12] and thus even the existence of a path
of length l in interval graphs is still unresolved. Therefore, the techniques used
in this paper cannot be directly applied to interval or permutation graphs and
hence the problem of finding core path in them is an interesting open problem
in this direction.
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Abstract. In the k-means problem, we are given a finite set S of points
in �m, and integer k ≥ 1, and we want to find k points (centers) so
as to minimize the sum of the square of the Euclidean distance of each
point in S to its nearest center. We show that this well-known problem
is NP-hard even for instances in the plane, answering an open question
posed by Dasgupta [6].

1 Introduction

In the k-means problem, we are given a finite set S of points in �m, and integer
k ≥ 1, and we want to find k points (centers) so as to minimize the sum of the
square of the Euclidean distance of each point in S to its nearest center. This
is a well-known and popular clustering problem that has also received a lot of
attention in the algorithms community.

Lloyd [16] proposed a very simple and elegant local search algorithm that
computes a certain local (and not necessarily global) optimum for this problem.
Har-Peled and Sadri [10] and Arthur and Vassilvitskii [3, 4] examine the question
of how quickly this algorithm and its variants converge to a local optimum.
Lloyd’s algorithm also does not provide any significant guarantee about how
well the solution that it computes approximates the optimal solution. Ostrovsky
et al. [18] and Arthur and Vassilvitskii [5] show that randomized variants of
Lloyd’s algorithm can provide reasonable approximation guarantees.

The k-means problem has also been studied directly from the point of view of
approximation algorithms. There are polynomial time algorithms that compute
a constant factor approximation to the optimal solution; see for instance the local
search algorithm analyzed by Kanungo et al. [12]. If k, the number of centers, is a
fixed constant, then the problem admits polynomial-time approximation schemes
[7, 13]. If both k and the dimension m of the input are fixed, the problem can
be solved exactly in polynomial time [11].

Drineas et al. [8], Aloise et al. [1], and Dasgupta [6] show that the k-means
problem is NP-hard when the dimension m is part of the input even for k = 2.
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However, to the best of our knowledge, there is no known NP-hardness result
when the dimension m is fixed and k, the number of clusters, is part of the input.
Dasgupta [6] raises the question of whether k-means is hard in the plane.

In this paper, we establish the NP-hardness of the k-means problem in the
plane. Our proof uses a reduction from the planar 3SAT problem [15] and is
inspired by a construction used by Megiddo and Supowit [17] in the context of
showing the NP-hardness of the k-center and the k-median problem.

While clustering problems generally tend to be NP-hard even in the plane,
there are surprising exceptions – the problem of covering a set of points by k
balls so as to minimize the sum of the radii of the balls admits a polynomial time
algorithm if we use L1 balls, and a (1 + ε)-approximation algorithm that runs
in time polynomial in the input size and log 1

ε for the usual Euclidean balls [9].
The rest of this article is organized as follows. In Section 2, we define the

problem formally and state some useful properties of the optimal clustering. In
Section 3, we describe our reduction from planar 3SAT to the k-means in the
plane.

2 Preliminaries

The problem of k-means clustering is defined as follows:

Definition 1. Given a set of n points S = {p1, . . . , pn} in m dimensions, find
a set of k points B = {b1, b2, . . . , bk} such that

n∑

i=1

[d(pi, B)]2

is minimized. This minimum value is denoted Opt(S, k).
Here d(pi, B) is the Euclidean distance from pi to the nearest point in B;

d(pi, B) = min1≤j≤k d(pi, bj).

We consider the problem for m = 2, and refer to it as planar k-means.
Choosing the k centers B fixes a clustering C of the points in S, with each

point going to its nearest center (breaking ties arbitrarily). On the other hand, if
a set C ⊆ S is known to form a cluster, then the center of the cluster is uniquely
determined as the centroid of the points in C. Thus we can talk of the cost of a
cluster C = {p1, . . . , pm} and a clustering C = {C1, . . . , Ck}:

Opt(C, 1) = Cost(C) = min
b

m∑

i=1

[d(pi, b)]2

Cost(C) =
k∑

j=1

Cost(Cj)

Thus Opt(S, k) is the minimum, over all clusterings C of S into k clusters, of
Cost(C).
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We show the NP-hardness of planar k-means by a reduction from planar 3-
SAT [15].

Definition 2. ([15]) Let F be a 3-CNF formula with variables {v1, . . . , vn} and
clauses {c1, . . . , cm}. We call G(F )=(V, E) the graph of F , where

V = {vi|1 ≤ i ≤ n} ∪ {cj |1 ≤ j ≤ m}
E = E1 ∪ E2 where

E1 = {(vi, cj)|vi ∈ cj or v̄i ∈ cj}
E2 = {(vj , vj+1)|1 ≤ j < n} ∪ {{vn, v1}}

If G(F ) is a planar graph, F is called a planar 3-CNF formula. The planar 3-SAT
problem is to determine whether a given planar 3-CNF formula F is satisfiable.

We note that our reduction, in fact, requires only the graph (V, E1) to be planar.
(Some of the literature in fact refers to this sub-graph as the graph of F , but we
follow the convention from [15].)

Henceforth throughout this note, we use the term distance to mean square
of Euclidean distance. That is, dist(p, q) = [d(p, q)]2. We will be explicit when
deviating from this convention.

We use the following well known or easily verifiable facts about the k-means
problem [11, 8].

Proposition 1

1. The cost of a cluster of points is half the average sum of distances from a
point to the other points in the cluster:

Cost(S) =
1

2|S|
∑

p∈S

∑

q∈S;q �=p

dist(p, q)

2. If, in an instance of the k-means problem, the given points form a multiset,
then we say that a clustering is multiset-respecting if it puts all points at the
same location into the same cluster.
Every instance of the k-means problem has a multiset-respecting optimal
clustering.

3. Let S be a multiset instance of the k-means problem, and let S′ be the instance
obtained by adding a point p to S. Then ∀k, Opt(S, k) ≤ Opt(S′, k).

4. In particular, adding a point to a cluster cannot decrease the cost of that
cluster; Cost(S) ≤ Cost(S + p).

5. If clustering C′ refines clustering C (that is, every cluster in C is the union
of some clusters in C′), then Cost(C′) ≤ Cost(C).

3 Reduction from Planar 3-SAT to k-Means

Let F be the given planar 3SAT instance with n variables and m clauses. The
corresponding k-means instance I we construct will satisfy the following:
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Properties of the Layout

1. Corresponding to each variable xi, there is a simple circuit si in the plane,
with an even number of vertices marked on it. At each vertex on such a
circuit, M copies of a point are placed. The circuits for different variables
do not intersect.

For each circuit, its vertices can be partitioned into pairs of adjacent
vertices in two ways. We associate one of them (chosen arbitrarily) with the
assignment xi = 1 and the other with xi = 0. We call the first pairing the
‘true matching’ and the other pairing the ‘false matching’.

2. Let u, v be any two distinct vertices taken from any of the circuits (not
necessarily the same circuit). If u and v are adjacent on some circuit, then
the distance between them is β. Otherwise, the distance between them is at
least 2β.

3. There is a point pj corresponding to every clause Cj . If xi ∈ Cj (x̄i ∈ Cj)
then there is a unique nearest edge (u, v) on the true (respectively false)
matching of the circuit si such that pj is equi-distant from u and v. It is
at distance α from the midpoint of uv, and hence at a distance α + β

4 from
u and v. All vertices other than the endpoints of these nearest edges (two
per literal in the clause, so at most six) are at a distance at least α + 5β

4
from pj .
Clause points pj and pl, for l 	= j, are at distance at least θ from each other.

4. The instance I consists of all the clause points, and M copies of a point at
each vertex on each circuit si. The parameters satisfy

M ≥ 6αm

β
θ ≥ 2(M + 1)αm

5. The value of k is given by

k =
n∑

i=1

|si|
2

We ensure that the optimal k-means clustering puts the points in each circuit
si into |si|

2 clusters by dividing them into either true pairs or false pairs. (Thus
these clusters contain 2M points.) Every clause point pj has at most three pairs
of point locations at distance α from itself. It is clustered with one of these pairs
if that pair forms a cluster in the circuit si. Otherwise, the optimal clustering
puts pj along with some pair of point locations that forms a cluster in the circuit
it appears in. In particular, if xi is assigned a value 1, then in the corresponding
k-means clustering, points of si are clustered according to the true matching,
otherwise they are clustered according to the false matching. Similarly, if the
assignment to a variable xi satisfies a clause cj , then the clause point pj is at
distance α + β

4 from the vertices of a cluster in si, otherwise it is at distance
strictly greater than α + β

4 from at least one vertex in every cluster in si.
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What is left now is to show that

1. A layout satisfying the above properties gives a correct reduction from planar
3-SAT to planar k-means.

2. The layout is indeed possible for some choice of α, β, θ, M , and can be ob-
tained in polynomial time.

Consider clustering of only circuit points into k non-empty clusters.

Lemma 1

1. Clustering the circuit points into consecutive pairs (i.e. into the true or the
false matching for each variable) has cost kMβ

2 .
2. Any other multiset-respecting clustering of circuit points has cost at least

kMβ
2 + Mβ

3 .

Proof. Let A be any matching-based k-means clustering of the circuit points.
Then using Proposition 1(1) we can see that Cost(A) = kMβ

2 .
Let B be some multiset-respecting clustering that does not correspond to a

matching on the circuits. By the size of a cluster, we mean the number of distinct
vertices (and hence all M points at that vertex) in it.

If the largest cluster in B has 2 vertices, then every cluster is a pair, and at
least one pair is not consecutive on any circuit. Hence

Cost(B) ≥ (k − 1)Mβ

2
+

M2(2β)
2M

=
kMβ

2
+

Mβ

2

satisfying the claimed bound.
So now assume that B has some larger clusters too. Let B contain p clusters

of sizes l1, . . . , lp more than 3 each, q clusters of size 3 each, r clusters of size 2
each, and s clusters of size 1 each. Then we have the following:

p + q + r + s = k (1)
p∑

i=1

li + 3q + 2r + s = 2k (2)

Subtracting twice the first equation from the second, and using p =
∑p

i=1 1, we
get

s =
p∑

i=1

(li − 2) + q (3)

For a cluster C of size l ≥ 4, the best possible situation is that l of the pairs
are edges on some circuit. Thus the cost of such a cluster is at least

Cost(C) ≥ 1
lM

[

lM2β +
((

l

2

)

− l

)

M22β

]

= (l − 2)Mβ

Similarly, in a cluster of size 3, at most two pairs can be edges on a circuit
(the circuits are of even length), so the cost is at least 4Mβ/3.
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The cost of the (p, q, r, s) clustering B thus satisfies:

Cost(B) ≥ Mβ

[
p∑

i=1

(li − 2) +
4q

3
+

r

2

]

=
Mβ

2
[
s + r + q +

2q

3
+

p∑

i=1

(li − 2)
]

from (Equation 3)

≥ Mβ

2
[
s + r + q + p +

2q

3
+ p

]
∵ li − 2 ≥ 2

=
Mβ

2
[
k + p +

2q

3
]

from (Equation 1)

≥ kMβ

2
+

(p + q)Mβ

3

≥ kMβ

2
+

Mβ

3
∵ p + q ≥ 1

Thus any multiset-respecting clustering of circuit points that is not a matching
based clustering has a cost larger than the matching based clusterings, and the
difference is at least Mβ

3 . 
�

Lemma 2. The formula is satisfiable if and only if there is a clustering of value
at most kMβ

2 + 2M
2M+1αm.

Proof. (⇒:) Consider one of the satisfying assignments of the formula. A clus-
tering can be constructed from it as follows:

If xi = 1 (respectively xi = 0), cluster the points of si according to the true
(false) matching. As every clause Cj is satisfied, fix one of the variables xi that
satisfies it. Put the clause point pj with the nearest pair of si. If xi = 1, then
points of si are clustered into true matching pairs. Further, xi appears in Cj in
non-negated form, and so, by our construction, pj is at a distance α from the
midpoint of one of the true matching pairs. Thus pj can be clustered with this
pair. The cost of this cluster is

Cost(cluster) =
1

2M + 1

(

M2β + 2M

(

α +
β

4

))

=
2M

2M + 1
α +

Mβ

2

The case xi = 0 is analogous. Clustering all clause points in this way gives a
clustering where m clusters contribute Mβ

2 + 2M
2M+1α each, and the remaining

contribute Mβ
2 each, giving an overall value of kMβ

2 + 2M
2M+1αm.

(⇐:) Suppose there is a clustering of value at most kMβ
2 + 2M

2M+1αm. By
Proposition 1(2), we can assume that there is a multiset-respecting clustering C
with this value. Let C′ denote the restriction of C to circuit points. By Propo-
sition 1(4), adding the clause points cannot decrease the cost of the clustering;
thus Cost(C′) ≤ Cost(C). Now we prove a series of claims:
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1. The restriction of C to circuit points, C′, has exactly k non-empty clusters.
If C′ has fewer clusters, then there is a cluster with more than 2 points.
Refine the clustering by removing one point from such a cluster and putting
it in a cluster by itself. Repeat until there are exactly k clusters, to get
clustering C′′ of circuit points. By Proposition 1(5), Cost(C′′) ≤ Cost(C′). C′′

is not matching-based (since we created singleton clusters), so by Lemma 1,
it contributes a value of at least kMβ

2 + Mβ
3 . Since

kMβ

2
+

Mβ

3
≤ Cost(C′′) ≤ Cost(C′) ≤ Cost(C),

we have

Cost(C) −
(

kMβ

2
+

2M

2M + 1
αm

)

≥ Mβ

3
− 2M

2M + 1
αm ≥ Mβ

6
> 0,

where the second inequality follows by our choice of M . We have reached a
contradiction to our assumption about Cost(C).

2. C′ is a matching-based clustering. That is, in C, all circuit points are clustered
into a matching based clustering.
If not, then by the argument used above for C′′, we obtain a contradiction
to our assumption about Cost(C).

3. No cluster in C has more than one clause point.
If some cluster C has two or more clause points, then let u, v be the vertices
of the matching in C, and let p, q be two distinct clause points in it. By
Proposition 1(4), the cost of the cluster C is at least the cost of the cluster
containing just u, v, p, q. Thus using Proposition 1(1), we have

Cost(C) ≥ 1
2M + 2

[

M2β + 4M

(

α +
β

4

)

+ θ

]

=
Mβ

2
+

4Mα + θ

2(M + 1)

All other clusters have a cost of at least Mβ/2 each, so the overall cost is at
least

Cost(C) ≥ (k − 1)
Mβ

2
+

Mβ

2
+

4Mα + θ

2(M + 1)

≥ kMβ

2
+

4Mα + 2(M + 1)αm

2(M + 1)
by our choice of θ

>
kMβ

2
+

2M

2M + 1
αm a contradiction.

4. Each clause point is clustered with the nearest pair of circuit points, which
should also be a matching pair in the matching based clustering.
Every cluster containing a clause point has cost Mβ

2 + 2Mα
2M+1 if the circuit

edge in the cluster is nearest the clause point, and has cost at least Mβ
2 +

2M
2M+1α + Mβ

2M+1 otherwise.

Thus a satisfying assignment can be constructed from this clustering. 
�
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We now describe the layout obtained from the planar 3SAT formula F that gives
us the desired instance I of the k-means problem. Let G = (V, E) be the asso-
ciated planar clause-variable incidence matrix. (From Definition 2, G = (V, E1).
Since G(F ) is planar, so is G.) Note that the vertex set V of G can be parti-
tioned into two sets: X corresponding to variable vertices, and Y corresponding
to clause vertices, and G is bipartite with E ⊂ X × Y . All vertices in Y have
degree at most 3, and all vertices in X have degree at most m.

1. Let E be a planar combinatorial embedding of G; such an embedding can be
obtained in polynomial time, and even in log space. E corresponds to some
plane drawing of G and specifies, for each vertex v, the cyclic ordering of the
edges incident on v in this drawing.

2. Construct a related bounded-degree planar graph H and an embedding E ′ as
follows: replace each vertex v ∈ X by a cycle Cv on m vertices, v1, v2, . . . , vm.
Reroute the d(v) edges incident on v in G to the first d(v) of these vertices,
in the same order as dictated by E . It is straightforward to see that H is
planar, and its embedding E ′ can be easily obtained from E . The maximum
degree of any vertex in H is 3. The vertex set of H is the disjoint union of
X ′ and Y , where X ′ = X × [m].

3. Consider a plane drawing of H where vertices are embedded at points on an
integer grid, and edges are embedded as rectilinear paths. Such a drawing can
be obtained in polynomial time [14, 19], and even in logarithmic space [2].

4. Inflate the grid by a factor of b ≥ 14.
This ensures, in particular, that every vertex or bend point u is at the centre
of a big box Bu of size b × b, and a small box Su of size 6 × 6. The big boxes
for different grid points have disjoint interiors, and thus contain no other
vertex or bend point even on their boundaries.

Consider an edge connecting vertex [x, k] ∈ X ′ with vertex y ∈ Y . Replace
it by a pair of parallel rectilinear paths separated by two grid squares. At the
y end, join up these paths along the boundary of Sy. At the [x, k] end, splice
them along with the edges to [x, k − 1] and [x, k + 1] to form a continuous
path. See Figure 1

For each vertex x ∈ X (and hence for each variable in F ), this process
distorts the cycle Cx in H into a circuit t. Let ti denote the circuit corre-
sponding to variable xi. Since ti is a rectilinear circuit on a grid, it is of even
length.

y1 y2

(x,2)

y1 y2

(x,2)(x,4)

(x,1)

(x,4)(x,3)(x,3)

(x,1)

Fig. 1. Creating circuits for variables
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5. Each clause point yj is now moved to the center of one of the grid squares
touching it, the one that is to the North-West. Extend the three circuits
“incident” to the clause point, if necessary, so that all incident circuits are
at a Euclidean distance of precisely 5

2 times the grid length from the moved
clause point. See the layout and the modification in Figure 2

Fig. 2. Repositioning clause points

6. For each circuit ti, arbitrarily fix one of its perfect matchings as the true
matching, and the other as the false matching.

Let clause Cj contain variable xi positively (negatively, respectively). If
in the layout so far, yj is nearest a true (false, resp.) edge of ti, then nothing
needs to be done. If, however, the edge of ti nearest yj is a false (true, resp.)
edge, further deform ti in the area within Byj but outside Syj . Replace a
sub-path of length two (on each parallel path) by a path of length three,
with the vertices laid out on a regular semi-hexagon and hence at distance
one from their neighbours on the circuit. Change the true/false matchings
within Byj to be consistent with the labelling outside. This makes the edge
nearest yj a true edge if it was false earlier, and vice versa. The overall length
of the circuit remains even. See Figure 3.

F
T

T
TTF F
F

F
T

T

T FF

F

T

Fig. 3. Adjusting the parity of circuits relative to clause points

Since the grid was inflated sufficiently, these distortions do not affect
other vertices / bends.

After doing this distortion wherever needed, the resulting circuit for a
variable is the required circuit si.

Figure 4 gives the complete layout for a small planar 3SAT instance.
Let the squared unit length of the grid be β. Then α = (5

2 )2β = 6.25β. Any
two clause points are separated either vertically or horizontally by b grid lengths,
so the distance between them is at least θ = b2β.
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a

b
C2C1

c

C2C1

a1 a2

b1 b2

c1 c2

The graph HThe graph G The embedding of H The final layout

Fig. 4. The layout for F = (a ∨ b ∨ c) ∧ (b ∨ c)

Figure 5 shows the box Bu for a clause point u, and within this box the
smallest distances are demonstrated. The nearest vertices are A3 and A4 (and
the corresponding vertices on the other two circuits as well). The distances satisfy
the following:

point pair distance point pair distance
u, A2 α + 6β + β/4

Ai, Ai+1 β u, A3 α + β/4
A1, A3 3β u, A α
A2, A4 2β u, A4 α + β/4
A3, A5 4β u, A5 α + 2β + β/4

It is straightforward to see that with M = 38m, b = 28m, all the required
conditions on the parameters are satisfied.

Dealing with the irrational coordinates: In the last step of the layout, where we
replace certain sub-paths of length 2 by sub-paths of length 3, the numerators of
the point coordinates become irrational. Essentially, we introduce multiples of√

3 in the numerator. However, there is a gap in Lemma 2 between the k-means
clustering costs corresponding to satisfiable and unsatisfiable instances. So we
may “round” these irrational points to sufficiently close rational points.

Lemma 2 shows that the optimal k-means clustering cost is at most μ =
kMβ

2 + 2M
2M+1αm in the case where the original planar 3-CNF formula is sat-

isfiable; a quick glance at the proof shows that if the original formula is not
satisfiable, the optimal k-means clustering cost is at least μ + λ, where

λ = min
(

Mβ

6
,

2Mα

M + 1
,

Mβ

2M + 1

)

.

Let ε = λ/2
μ+λ < λ/2

μ .
Let dmin denote the smallest Euclidean distance between two different lo-

cations in the layout. We consider a simplistic rounding: for a location with
coordinates (x, y) where, say, x is irrational (only one coordinate is irrational in
the construction so far), move the location to (x′, y) so that x′ is rational, and
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A6

u

A1
A2

A3 A5A4

A

Fig. 5. The distances α, β shown inside Bu for a clause point u

|x′−x| < εdmin

8 . Observe that it is possible to find such an x′ in polynomial time.
Now if p and q denote two points in the original layout, and p′ and q′ denote the
corresponding points in the rounded layout, then

d(p′, q′) < d(p, q) +
εdmin

4
≤ d(p, q)

[
1 +

ε

4

]

(recall, d(u, v) is the Euclidean distance between u and v) and so

dist(p′, q′) < dist(p, q)
[

1 +
ε

2
+

ε2

8

]

≤ dist(p, q) [1 + ε]

Similarly, we can see that dist(p′, q′) > dist(p, q) [1 − ε]. Thus,

(1 − ε)dist(p, q) < dist(p′, q′) < (1 + ε)dist(p, q).

Now, Proposition 1 (1) implies that for any clustering of the points, the ratio
of the cost in the rounded layout to the cost in the original layout is strictly
greater than (1 − ε) and strictly less than (1 + ε).

Thus, the optimal k-means clustering cost in the rounded layout is strictly
less than (1 + ε)μ ≤ μ + λ/2 when the input formula is satisfiable, and is
strictly greater than (1 − ε)(μ + λ) ≥ μ + λ/2 when the input formula is not
satisfiable.
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Abstract. Constraint Satisfaction Problems (CSP) constitute a convenient way
to capture many combinatorial problems. The general CSP is known to be NP-
complete, but its complexity depends on a parameter, usually a set of relations,
upon which they are constructed. Following the parameter, there exist tractable
and intractable instances of CSPs. In this paper we show a dichotomy theorem for
every finite domain of CSP including also disjunctions. This dichotomy condition
is based on a simple condition, allowing us to classify monotone CSPs as tractable
or NP-complete. We also prove that the meta-problem, verifying the tractabil-
ity condition for monotone constraint satisfaction problems, is fixed-parameter
tractable. Moreover, we present a polynomial-time algorithm to answer this ques-
tion for monotone CSPs over ternary domains.

1 Introduction

Constraint Satisfaction Problems (CSP) constitute a common formalism to describe
many algorithmic problems originating from combinatorics and graph theory, artificial
intelligence, computational molecular biology, etc. These problems require a quantita-
tive analysis studying their computational complexity. The goal to study the complexity
of constraint satisfaction problems is the recognition of conditions allowing us to dis-
tinguish between tractable and intractable instances of the considered problem, as well
as the understanding of the complexity classes to which these instances belong. The
study of computational complexity of constraints satisfaction problems was started by
Schaefer in his landmark paper [9], where he completely characterized the complex-
ity of Boolean CSP, distinguishing between polynomial and NP-complete instances.
Feder and Vardi [4] extended this study to constraint satisfaction problems over finite
domains, for which they conjectured the existence of a Dichotomy Theorem. So far, this
claim was proved only for the ternary domain by Bulatov [1], exhibiting an involved
Dichotomy Theorem, whereas the claim remains open for higher cardinality domains.

The main difficulty to resolve this conjecture resides in the nonexistence of a finite
or countable number of function sets, called clones, under which the relations building
the CSPs are closed. The closure under the functions of a given clone provides us with
the required characterization of (in)tractability. There is a countably infinite number of
clones for the Boolean domain and the cases discriminating between tractable and NP-
complete instances appear in a finite part of the lattice. The characterization for each
clone can always be expressed by a finite set of function, called a basis. These facts were
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largely exploited by Schaefer in [9]. However, the corresponding lattice for domains of
cardinality 3 and more is uncountable, as it was proved by Yanov and Muchnik [10].

One possibility to circumvent this difficulty is to introduce more structure into the
constraint satisfaction problems, hoping to find only a finite number of cases to be
analyzed. To introduce more structure, we choose to extend the constraint satisfaction
problems with disjunction. Usual CSPs consider a set of constraints logically interpreted
as a conjunction. Introducing a disjunction connective among constraints might seem
to destroy this correspondence between the logic and set-theoretic approaches. If we
consider each set of relations including the disjunction, we can easily recover the
aforementioned correspondence. Our approach explores that particular part of con-
straint satisfaction problems that always include the disjunction relation. Monotone
CSPs have been also considered from a different viewpoint by Cohen, Jeavons, Jon-
sson and Koubarakis in [2]. A moments reflection might consider monotone constraint
satisfaction problems as too restrictive. However, this is incorrect since they represent
the CSPs over weak Krasner algebras, a large and well-studied structure in universal al-
gebra [6,7]. The advantage of weak Krasner algebras is that they are closed only under
endomorphisms. Since there is only a finite number of endomorphisms on a given finite
domain, we are ensured to obtain a finite complexity characterization.

In this paper we study the complexity of monotone constraint satisfaction problems,
also considered to be the CSPs over weak Krasner algebras. We derive for them a com-
plete characterization of complexity by means of a Dichotomy Theorem for each finite
domain. Once the tractability conditions derived, we study also the complexity of the
meta-problem, i.e., the complexity of the decision problem whether a given monotone
CSP satisfies the tractability condition. This analysis is first performed for the general
case of any domain cardinality. Since the ternary domain presents a particular behavior,
we perform a new complexity analysis for its meta-problem, deriving a sharper result
than for the general case.

2 Basic Notions

All along this paper, a function f is an unary function f : D → D with D being a fixed
size domain. The range of f , denoted by ran f , is the set {f(x) | x ∈ D}. We write
f(A) for a subset A ⊆ D to denote the set {f(a) | a ∈ A}.

The study of constraint satisfaction problems often uses the notion of relations,
clones and co-clones. A n-ary relation R on domain D is a subset of Dn. We de-
note by S a set of relations R ⊆ Dk where k is the arity of R. A clone, or a functional
clone, is a set of functions containing the identity and closed under composition. The
smallest clone containing the functions F is denoted by [F ]. In our scope, a co-clone,
or a relational clone, is a set of relations containing the equality eq = {(d, d) | d ∈ D}
and closed under conjunction, disjunction, variable identification and existential quan-
tification. The smallest co-clone containing the relations S is denoted by 〈S〉. Note that
we authorize the closure under disjunction in addition to the usual definition of closure.

Universal algebra often uses the concept of kernel. We define this notion with the
help of equivalence classes. Let f : D → D be a function with range ran f . A d-
equivalence class, for d ∈ ran f , is the set of elements [d]f = {x ∈ D | f(x) = d}.
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The kernel ker f of a function f is the set of all equivalence classes with cardinality
strictly greater than 1 for all d ∈ ran f , i.e. ker f = {[d]f | d ∈ ran f and |[d]f | ≥ 2}.

We need the notion of function depth to describe the computational complexity of a
clone [F ]. The depth of a function f with respect to a set F , denoted by Depth(F, f),
is the length of the shortest composition of functions fi ∈ F required to obtain f . The
depth of a function f , denoted by Depth(f), is defined by the identity Depth(f) =
max(Depth(F, f)) for all sets F such that f ∈ [F ]. Thus, if we want to obtain a
function f from a set F , it is useless to make compositions of functions longer than
Depth(f). If all combinations with length less or equal than Depth(f) do not allow us
to get a function f , it means that f does not belong to the clone generated by F .

3 Monotone Constraint Satisfaction Problems

Constraint satisfaction problems are usually presented as conjunctions of constraints.
The parametric problem CSP(S), with S being a set of relations, is a constraint satisfac-
tion problem where constraints are built upon relations from S. Constraint satisfaction
problems are known to be NP-complete in general, but the complexity of parametric
problems CSP(S) depends on S, ranging from polynomial to NP-complete. Schaefer [9]
gave a dichotomy theorem on Boolean constraints. If S verifies one of the six conditions
presented by Schaefer, then CSP(S) is polynomial. Otherwise it is NP-complete.

It is difficult to obtain such a dichotomy for finite domains of higher cardinality. The
only exception is a result from Bulatov [1] showing a dichotomy for ternary domains.
A dichotomy theorem for other finite domains is still an open question. We will fo-
cus our interest on the complexity of parametric problems MCSP(S) where MCSP is a
generalization of CSP defined as follows: atomic constraints play the role of literals and
constraints are built by means of conjunctions and disjunctions. In this paper, we present
a dichotomy with simple conditions for the algorithmic problem MCSP(S) with S being
a set of relations over a finite domain D.

Let R ⊆ Dk be a relation on D and V be a set of variables. A literal is a predi-
cate R(x1, . . . , xk) formed from the relation R and variables x1, . . . , xk in V , where
ar(R) = k. A formula is defined inductively in the following way: (1) TRUE and FALSE,
respectively denoted by � and ⊥, are formulas; (2) a literal l is a formula; (3) if ϕ1 and
ϕ2 are formulas, then ϕ1∨ϕ2 and ϕ1∧ϕ2 are formulas; (4) finally if ϕ is a formula con-
taining a free variable x then ∃x ϕ is a formula. We do not consider negation in our for-
mulas because it brings us to an obvious generalization of the problem CSP(S), which
is NP-complete over every finite domain of cardinality greater than or equals to three,
for each S. An interpretation I : V → D satisfies the literal R(x1, . . . , xk), denoted by
I � R(x1, . . . , xk), if (I(x1), . . . , I(xk)) ∈ R. It is extended to formulas in the follow-
ing way: (a) I � R1(x)∨R2(x) if I � R1(x) or I � R2(x), (b) I � R1(x)∧R2(x) if
I � R1(x) and I � R2(x). We note that for all formulas ϕ, we have � � ϕ and ⊥ � ϕ.

We define the monotone constraint satisfaction problem as follows.

Problem: MCSP(S)
Input: A formula ϕ(x).
Question: Is the formula ϕ(x) satisfiable?
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Our study of monotone constraint satisfaction problems is made easier by the exis-
tence of a Galois connection among clones and co-clones. Before defining what a Galois
connection is, we need the following notions. Let R be a relation of arity ar(R) = k
and f be a function of arity ar(f) = m. We say that f is a polymorphism of R if the
membership condition

(f(r1[1], . . . , rm[1]), . . . , f(r1[k], . . . , rm[k])) ∈ R (1)

is verified, with ri = (ri[1], . . . , ri[k]) ∈ R for all i ∈ {1, . . . , m}. The set of polymor-
phisms of a relation R is denoted by PolR. The set of polymorphisms of a relations
set S is also denoted by PolS, defined by PolS =

⋂
R∈S PolR. In a similar way, a

relation R is an invariant of a function f if the condition (1) holds; we also say that R
is closed under f . We denote by Inv f the invariants of f and Inv F the invariants of a
set of functions F .

Pöschel proved in [7] that applying disjunction on constraints implies that relations
satisfying an instance of a MCSP problem are invariant only under unary functions.
Polymorphisms of these relations are thus endomorphisms and we denote them by End
instead of Pol. Let us for a moment denote respectively by A and B sets of relations
and functions. Pöschel [7] specifies that the mappings End: A → B and Inv : B → A
present a Galois connection between the ordered structures (A, ⊆) and (B, ⊆). More-
over, for all sets of relations S and functions F , the identities Inv EndS = 〈S〉 and
End Inv F = [F ] hold. Pöschel points out that the sets 〈S〉 and [F ] are respectively a
weak Krasner algebra and an endomorphisms monoid. In this scope we can consider
the monotone constraint satisfaction problems as CSP defined upon weak Krasner alge-
bras. The existence of the aforementioned Galois connection allows us to easily decide
the complexity of monotone constraint satisfaction problems. The complexity analysis
is based on the following result.

Proposition 1. Let S1 and S2 be two sets of relations over the domain D, such that
eq ∈ S1. The inclusion EndS1 ⊆ EndS2 implies MCSP(S2) ≤P

m MCSP(S1).

Proof. From EndS1 ⊆ EndS2 follows 〈S1〉 = Inv EndS1 ⊇ Inv EndS2 = 〈S2〉.
Since every co-clone (equivalent to a weak Krasner algebra) contains the equality
relation eq and is closed under conjunction, disjunction, and existential quantifica-
tion, we immediately derive the reduction MCSP(S2) ≤P

m MCSP(S2 ∪ {eq}) ≤P
m

MCSP(S1 ∪ {eq}). Since eq ∈ S1, we have MCSP(S1 ∪ {eq}) = MCSP(S1) and the
result follows. ��

According to Proposition 1, a complexity result proved for a set of relations S im-
mediately extends to all relations in the co-clone 〈S〉, provided that S contains the
equality relation eq. Therefore from now on we always assume that the equality rela-
tion eq is included in every set S. Moreover, the presence of the quaternary relation
J = {(x, y, z, w) ∈ D4 | (x = y) ∨ (z = w)} in a classical constraint satisfaction
problem reduces it to a monotone constraint satisfaction problem.

Proposition 2. Let S be a set of relations on the domain D and consider the relation
J = {(x, y, z, w) ∈ D4 | (x = y) ∨ (z = w)}. If J ∈ S then PolS = EndS.
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Proof. Suppose that there exists a binary function g ∈ PolS depending on both
arguments, i.e., there exist values a0, a1, a2, b0, b1, b2 ∈ D such that a0 �= a1,
b1 �= b2, g(a0, a2) �= g(a1, a2) and g(b0, b1) �= g(b0, b2). Clearly, the vec-
tors j1 = (a0, a1, b0, b0) and j2 = (a2, a2, b1, b2) belong to J , but the vector
(g(a0, a2), g(a1, a2), g(b0, b1), g(b0, b2)) is absent from J . Therefore the function g
cannot be a polymorphism of a set of relations containing J . From any function f of
arity ar(f) > 2 we can always produce a binary function by variable identification. ��

Since the number of endomorphisms over a finite domain is always finite, we are en-
sured to obtain a finite complexity characterization for MCSP.

4 Complexity of MCSP(S)

We will exhibit a dichotomy of MCSP(S) complexity characterized by a simple cri-
terion. It is easier to prove this dichotomy for MCSP(f(S)) where f is a permutation
keeping invariant the set S. We need the following proposition adapted from Jeavons [5]
showing that the problems MCSP(S) and MCSP(f(S)) are logspace-equivalent.

Proposition 3 (Jeavons [5]). Let S be a set of relations on D and f be an unary func-
tion on D. Let f(S) = {f(R) | R ∈ S}. If each relation R ∈ S is closed under f then
MCSP(f(S)) is logspace-equivalent to MCSP(S).

Proof. Suppose that each relation R ∈ S is closed under f . Let ϕ(x) be an instance
of MCSP(f(S)). We have a formula ϕ(x) where literals R(x1, . . . , xk) are constructed
from relations R ∈ f(S). According to the hypothesis, all relations R ∈ S are closed
under f , i.e. the inclusion f(R) ⊆ R holds for all R ∈ S. We deduce that ϕ(x) is also
an instance of MCSP(S).

Take a formula ϕ(x) being an instance of MCSP(S). It can be transformed by a
logspace reduction to an instance ϕ′(x) of MCSP(f(S)) by replacing each literal con-
structed from a relation R by a literal constructed from f(R). Moreover, because R
is closed under f , we have f(R) ⊆ R and we derive that all solutions of ϕ′(x) are
also solutions of ϕ(x). Conversely, if h is a solution of ϕ(x) then f(h) is a solution of
ϕ′(x). Thus we have a logspace-equivalence among MCSP(f(S)) and MCSP(S). ��

We will study monotone constraint satisfaction problems MCSP(S) through sets of func-
tions F satisfying Inv F = S. The following propositions prove that MCSP(S) is poly-
nomial if [F ] contains a constant function, and it is NP-complete otherwise.

Proposition 4. Let F be a set of unary functions such that EndS = [F ] for a set of
relations S. If [F ] contains a constant function then MCSP(S) is polynomial.

Proof. If the endomorphisms of S contain a constant function fd(x) = d for all x ∈ D,
then for the set of relations 〈S〉 invariant under [F ], each relation R ∈ 〈S〉 contains
a d-vector, i.e. a mapping of each variable to the value d. Therefore each instance of
MCSP(S) is satisfiable by a d-vector. ��

Lemma 5. Let [F ] contain no constant functions. Let f ∈ [F ] be a function with the
smallest cardinality of ran f . Then End f(S) contains only permutations.
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Proof. Suppose there is a function g ∈ End f(S) not being a permutation. Necessar-
ily g is not injective, i.e. the inclusion ran g � ran f holds. This is a contradiction with
the fact that the cardinality of ran f is the smallest among all functions in [F ]. ��
Proposition 6. Let F be a set of unary functions such that the clone [F ], equivalent to
EndS for a set of relations S, does not contain constant functions. Then MCSP(S) is
NP-complete.

Proof. We adapt the proof of Proposition 5.6 from [5]. Let [F ] be without constant
functions. Let f ∈ [F ] be a function with minimal cardinality of its range ranf . By
Lemma 5, we know that End f(S) contains only permutations. Since [F ] does not
contain constant functions, we also know that cardinality of ran f satisfies the condition
|ran f | ≥ 2. We have to separate two cases.

If |ran f | = 2, then we assume without loss of generality that ran f = {0, 1}. The
set End f(S) contains only permutations on {0, 1}. Let RNAE be the relation {0, 1}3�
{000, 111}. It is clear that relation RNAE is closed under every permutations on {0, 1}.
Hence we have the inclusion End f(S) ⊆ EndRNAE . The relation RNAE gives rise
to the NOT-ALL-EQUAL-3SAT problem, known to be NP-complete. We conclude that
MCSP(f(S)) is NP-complete.

Let now |ran f | ≥ 3. The set of relations Inv End(f(S)) is closed under per-
mutations on ran f . In particular, it contains the set of relations Q ⊆ D2 where
Q = {a1, a2, . . . , ak}2 � {(a1, a1), (a2, a2), . . . , (ak, ak)}, such that the elements a1,
. . . , ak present in the relation satisfy the identity |{a1, a2, . . . , ak}| = |ran f |. Relations
in Q are the valid valuations for all instances of the |ran f |-coloring problem. This prob-
lem is known to be NP-complete since |ran f | ≥ 3. We conclude that MCSP(f(S)) is
also NP-complete in this case.

We have seen in Proposition 3 that the problem MCSP(f(S)) is logspace-equivalent
to MCSP(S). We conclude that MCSP(S) is NP-complete. ��
From Propositions 4 and 6 we derive the main theorem of this section.

Theorem 7. The monotone constraint satisfaction problem MCSP(S) is polynomial if
the set EndS contains a constant function. Otherwise, it is NP-complete.

We have presented a very simple dichotomy condition for the problem MCSP(S) on a
finite domain D. To decide this condition, it is sufficient to check if the endomorphisms
set EndS contains a constant function. The endomorphism set EndS is always equal
to the clone [F ] for some set of functions F .

We can also consider the monotone CSPs starting from a set of functions F . Given a
set of unary functions, we consider the problem MCSP(Inv F ). An interesting question
from a complexity point of view is to ask now, given a set of unary functions F , if the
clone [F ] contains a constant function. This meta-problem is treated in the next section.

5 Complexity of Clones

To determine if a composition of functions from the set F constructs a constant function,
one has to compute at least a part of the clone [F ]. Salomaa [8] calls class membership
problem the question to decide, given a set of functionsF and a function class C, whether
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the clone [F ] contains a function belonging to C. Salomaa proved this problem to be
NP-hard. We will show that it is even NP-complete if C is the class of constant func-
tions. However, it is interesting to note that we are working on constraint satisfaction
problem where the domain size is fixed. We will see that this allows us to prove the class
membership problem to be fixed-parameter tractable (FPT).

We need first a result by Salomaa [8] allowing us to bind the combination depth of
functions belonging to a set F to obtain a constant function. This bound will be useful
for the NP-membership proof in the sequel.

Proposition 8 (Salomaa [8]). Let F be a set of functions without constant functions.
Let D be the functions domain and n the domain size. Each constant function fc on D
verifies the condition Depth(fc) ≤ n3/2 − 3n2/2 + 2n.

Following Salomaa [8], it is not necessary to go beyond this polynomial bound in order
to find a constant function in [F ]. Once arrived at this bound without finding a constant
function, we know that there are no constant functions in [F ].

Proposition 9. The class membership problem is NP-complete if C is the class of con-
stant functions.

Proof. We know from Salomaa [8] that this problem is NP-hard. We just have to show
that it is also in NP. By Proposition 8, we know that the depth of every constant function
is limited by n3/2 − 3n2/2 + 2n, with n being the domain size. A certificate fc cannot
be longer than this bound. We have to check two conditions. First, that each function
composing the sequence fc is in F , and second that fc is a constant function. The first
step is obviously in O(n3. |F |), and the second step asking to compute fc is in O(n4)
because we have to compute n values n3 times. Notice that |F | is the number k of
functions in F times the size of a function, which is n. Hence, the certificate fc has a
size depending of n, and it can be decided in O(k.n4) whether fc is a constant function.
So the class membership problem is in NP if C is the class of constant function, and
thus this problem is NP-complete. ��

We now focus on the complexity of the problem to determine if a constant function can
be obtained from a function set F , i.e. the class membership problem where C is the
class of constant functions. If we assume that D has a fixed size, we can consider the
following parametric class membership problem version:

Problem: CLASS MEMBERSHIP PROBLEM

Input: A set of functions F .
Parameter: The domain size n.
Question: Does the clone [F ] contain a constant function?

We will show that the complexity of this problem is fixed-parameter tractable. We
begin to introduce this complexity class.

Definition 10 (Downey & Fellows [3]). A parametric problem P is fixed-parameter
tractable, or FPT, if there exists an algorithm taking inputs (I, k), where I is the prin-
cipal part of input and k the parameter, and deciding if the membership (I, k) ∈ P
holds in time f(k). |I|c, with f being an arbitrary function and c a constant.
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Algorithm 1. Class Membership Problem
1: Q ← {fi | fi ∈ F}
2: S ← ∅
3: while Q �= ∅ do
4: f ← dequeue(Q)
5: S ← S ∪ {f}
6: for all fi ∈ F do
7: g = fi ◦ f
8: if g is a constant function then
9: return “YES”

10: end if
11: if g /∈ S then
12: enqueue(Q, g)
13: end if
14: end for
15: end while
16: return “NO”

Theorem 11. The parametric class membership problem for a set of unary functions F
is fixed-parameter tractable and it can be decide in time O(nn. |F |), where n is the
domain size parameter.

Proof. It is sufficient to exhibit an algorithm deciding the class membership problem,
taking as parameter the domain size n, and terminating in O(f(n). |F |c) for some con-
stant c. Thus the proof is relative to complexity of Algorithm 1.

First, we prove that Algorithm 1 is sound and terminating. Notice that Q is the set of
functions we have to treat (represented by a queue) and S the set of already produced
functions. At the beginning Q is instantiated to F . For each element in Q, the algorithm
composes them with each function in F , and puts these combinations into Q if they are
new (that is, not in S). The following property is the loop invariant: Q never contains
twice the same function. Every possible function originating from a combination of F
will be explored by the algorithm and tested whether it is a constant function, showing
the algorithm soundness.

Since the number of unary functions on a finite domain of size n cannot be greater
that nn, the size of Q cannot pass this limit. From Line 11 follows that the queue Q
cannot contain twice the same function and Line 4 shows that an element is removed
from Q at each pass through the while loop. Hence Algorithm 1 terminates.

Let us analyze the complexity of Algorithm 1. Lines 1 and 2 are just instantiations.
Line 3 activates a loop executed while Q is not empty. We have seen that |Q| ≤ nn.
Lines 4 and 5 are executed in constant time. Line 6 does not depend on the size of F and
complexity of Lines 7 to 13 depends on the choice of data structures. If we choose to
use a hash table to represent the set S, where the length of collisions lists is proportional
to n, these lines are executed in O(n). Clearly Algorithm 1 runs in time O(nn. |F |) and
allows us to conclude that the class membership problem is fixed-parameter tractable,
where n is the parameter. ��
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6 Complexity of Clones on Ternary Domains

The meta-problem for MCSP on ternary domains can be treated more efficiently than
the general meta-problem. Actually, we do not have to compute [F ], even a part of it, to
know if there exists a combination of functions in F that leads to a constant function.
To know if it is possible to produce such a constant function, it is sufficient to check if
the functions in F verify the subsequent conditions. We first note the following fact.

Remark 12. Kernels of functions on a ternary domain are limited to only one equiva-
lence class. This can be easily verified by the pigeonhole principle. Moreover, the size
of these kernels can only be equal to 0, 2 or 3. Therefore we identify in the sequel the
kernel of a unary function over a ternary domain with its singleton equivalence class.

Lemma 13. Let F be a set of functions without constants. The clone [F ] contains a
constant function fc if and only if there exists two functions fa, fb ∈ [F ] such that
fc = fa ◦ fb and ran fb ⊆ ker fa.

Proof. The only-if implication is obvious, therefore we focus on the if-implication. Let
fc ∈ [F ] be a constant function. Then fc must be a composition of two functions fa

and fb — possibly obtained by composition — since F does not contain any constant
function. Without loss of generality, we can assume that fa and fb are non-constant
functions such that fc = fa ◦ fb.

Suppose that for every equivalence class [d]fa ∈ ker fa, we have ran fb � [d]fa . Let
x, y ∈ ran fb such that, for every [d]fa we have {x, y} � [d]fa . Then fa(x) �= fa(y),
but since x, y ∈ ran fb, there must exist x′, y′ ∈ D such that fb(x′) = x and fb(y′) = y.
Thus (fa ◦ fb)(x′) �= (fa ◦ fb)(y′), i.e. fc(x′) �= fc(y′). This is a contradiction with the
fact that fc is a constant function. ��

From the aforementioned lemma we immediately derive the following corollary.

Corollary 14. If there exist two functions fa and fb such that ran fb = ker fa, then the
composition fa ◦ fb is a constant function.

In addition to Lemma 13, we show some useful results on the range and kernel set of
functions in the sequel.

Lemma 15. Let f, g ∈ F . The following conditions hold:
(i) ran(f ◦ g) ⊆ ran f and ker g ⊆ ker(f ◦ g);

(ii) if ran g � ker f and |ker f | = 2 then ran(f ◦ g) = ran f ;
(iii) if ran g � ker f and |ker g| = 2 then ker g = ker(f ◦ g).

Proof. Every unary function f is monotone, i.e., if A ⊆ B then f(A) ⊆ f(B) holds
for all subsets A, B of D. Since ran g ⊆ D and f is monotone, we have f(ran g) ⊆
f(D). Moreover, f(rang) is ran(f ◦ g) and f(D) is ran f . Therefore the inclusion
ran(f◦g) ⊆ ran f holds. Let x, y ∈ ker g. We have g(x) = g(y), therefore (f◦g)(x) =
(f ◦ g)(y), i.e. x, y ∈ ker(f ◦ g).

Let ran g � ker f and |ker f | = 2. We have to show that ran f ⊆ ran(f ◦ g). Let
y ∈ ran f . Suppose that for all x ∈ ran g, the inequality f(x) �= y holds. Let z ∈ ran f ,



On the Computational Complexity of Monotone Constraint Satisfaction Problems 295

with z �= y. So for all x ∈ ran g, we have f(x) = z since |ker f | = 2, which implies
ran g ⊆ ker f : contradiction with the assumption.

Let ran g � ker f . We have to show that ker(f ◦ g) ⊆ ker g. Suppose that there exist
x, y ∈ ker(f ◦ g) such that g(x) �= g(y). Since |ker g| = 2, we have {g(x), g(y)} =
ran g. However the equality (f ◦ g)(x) = (f ◦ g)(y) holds, so we have the inclusion
ran g ⊆ ker f , which is a contradiction. Thus, for all x, y ∈ ker(f ◦ g), we have
x, y ∈ ker g. ��

Corollary 16. Let {f, g} = F such that ran g � ker f , ran f � ker g and |ker f | =
|ker g| = 2. If ran f = ran g then for every function h ∈ [F ] we have ranh = ran f . If
ker f = ker g then for every function h ∈ [F ], we have kerh = ker f .

We need the notions of circular and swap permutation on a ternary domain to present
our main result.

Definition 17. A circular permutation c on D = {0, 1, 2} is a permutation satisfying
the condition c(x) = (x+k) mod |D| with k ∈ D, for all x ∈ D. A swap permutation s
on D = {0, 1, 2} is a permutation satisfying the conditions s(x) = y, s(y) = x and
s(z) = z, for distinct x, y, z ∈ D. The set {x, y} is called swap s.

We can now introduce the main result of this section, dividing it into two parts.

Proposition 18. Let F a set of functions. If F satisfies one of the following conditions,
then there exists a constant function in [F ]. The conditions are:

(i) there exists a constant function f ∈ F ;
(ii) there exist f, g ∈ F (not necessarily distinct) such that ran f = ker g;

(iii) there exist f, c ∈ F such that |ker f | = 2 and c is a circular permutation;
(iv) there exist f, s ∈ F such that |ker f | = 2 and s is a swap permutation where

swap s �= ran f and swap s �= ker f ;
(v) there exist f, s1, s2 ∈ F such that |ker f | = 2 and s1, s2 are swap permutations

satisfying the condition swap s1 �= swap s2.

Proof. Case (i) is obvious. Case (ii) follows from Corollary 14. We notice here that
the existence of f and g satisfying ran f ⊆ ker g implies either ran f = ker g, or
|ker g| = 3, i.e g is a constant.

Case (iii) is obvious by (ii) if ran f = ker f . Otherwise, let ran f = {x, y} and
ker f = {y, z} with x, y, z ∈ D all different. Notice that ker(c2 ◦ f) = ker(c ◦ f) =
ker f . There are two possibles cases: (1) ran(c ◦ f) = {y, z}, hence by (ii) c ◦ f is a
constant function; (2) ran(c ◦ f) = {x, z}. It is easy to see that ran(c2 ◦ f) = {y, z}.
By (ii), c2 ◦ f is a constant function.

Case (iv) is also obvious by (ii) if ran f = ker f . Otherwise, we have s(ran f) =
ker f . Thus, for all x ∈ D we have (s ◦ f)(x) = ker f , i.e. ran(s ◦ f) = ker f , and we
conclude by (ii) that (f ◦ s ◦ f) is a constant function.

Case (v) is obvious by (ii) if ran f = ker f . Otherwise, since we have swap s1 �=
swap s2, the composition s1 ◦ s2 necessarily produces a circular permutation. We can
conclude by (iii). ��

We will see now that the conditions listed in Proposition 18 are necessary to get a
constant function in [F ].
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Proposition 19. Let F be a set of functions satisfying no condition from Proposition 18.
Then there is no constant function in [F ].

Proof. If F does not verify any condition of Proposition 18, then we are in one of these
cases:
(1) F contains only permutations;
(2) for each f ∈ F we have |ker fi| = 2 and for all fi, fj ∈ F (eventually fi = fj),

we have ran fi �= ker fj and ran fj �= ker fi.;
(3) F satisfies Condition 2 and contains also swap permutations with the same swap

set, such that for all fi ∈ F with |ker fi| = 2, for all swap permutations sk ∈ F ,
we have swap sk = ker fi or swap sk = ran fi. Notice that both are impossible
because we have ker fi �= ran fi.

Case (1) is obvious. If F is a set of permutations, then [F ] is a set of permutations,
too. By the pigeonhole principle, case (2) implies ker fi = ker fj , or ran fi = ran fj ,
or both, for all fi, fj ∈ F . From Corollary 16, we know that ran fi = ran fj for all
fi, fj ∈ F implies that every f ∈ [F ] verifies the equality ran f = ran fi. Since
|ker fi| = 2 implies |ker f | = 2, so f cannot be a constant function. We can apply the
same argument for the case where ker fi = ker fj for all fi, fj ∈ F .

Like in case (2), we have for all fi, fj ∈ F the equations ker fi = ker fj , or ran fi =
ran fj , or both. We distinguish four cases. Let ran fi = ran fj , for all fi, fj ∈ F ,
and swap sk = ran fi. It is clear that ran(sk ◦ fi) = ran(fi ◦ sk) = ranfi. Since
|ker fi| = 2, we also have |ker(sk ◦ fi)| = |ker(fi ◦ sk)| = 2, hence sk ◦ fi and
fi ◦ sk cannot be constant functions. Now let swap sk = ker fi, for a fi ∈ F . We must
have ker fi = ker fj for all fi, fj ∈ F because otherwise there exists fk ∈ F such
that swap sk = ran fk, and thus ker fk = ran fi which constitutes a contradiction.
Therefore we have ker(sk◦fi) = ker(fi◦sk) = ker fi. Since |ker fi| = 2, we conclude
that there is no composition producing a constant function. With the same arguments,
we see that we cannot get a constant function if ker fi = ker fj for all fi, fj ∈ F ,
whenever swap sk = ran fi or swap sk = ker fi. ��
Theorem 20. Given a set of functions F on a ternary domain, the problem to know
whether the clone [F ] contains a constant function can be decided in polynomial time.

Proof. By Propositions 18 and 19, we know that [F ] contains a constant function if and
only if F satisfies one of the conditions in Proposition 18. The satisfiability test of each
condition can be done in polynomial time. For case (i), we have to test for all f ∈ F
whether f is a constant function. This condition can be verified in time O(|F |). For
case (ii), we are looking for f, g ∈ F , for which we compute ker f and ran g, such that
ran g ⊆ ker f . The verification of condition (ii) is done in time O(|F |2). For case (iii),
we are looking for f ∈ F such that |ker f | = 2 and for a circular permutation c ∈ F .
This can be verified in time O(|F |). For case (iv), we have to check for all f, s ∈ F
if |ker f | = 2, if s is a swap permutation, followed by a check if swap s �= ker f and
swap s �= ran f . This can be verified in time O(|F |2). Finally for case (v), we are
looking for f ∈ F such that |ker f | = 2 and for s1, s2 ∈ F such that s1 and s2 are
swap permutations, such that swap s1 �= swap s2. This is verified in time O(|F |2). ��
We have shown a polynomial-time algorithm concerning the meta-problem on a ternary
domain. Despite its complexity in O(|F |2) which is less efficient than the general
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meta-problem algorithm in O(nn. |F |), with the constant n = 3 for the ternary case,
this algorithm use a method allowing to skip the computation, even partially, of the
clone [F ]. Thus, this method constitute a serious approach for obtaining polynomial-
time algorithms more efficient than the general meta-problem algorithm.

7 Concluding Remarks

We analyzed the computational complexity of monotone constraint satisfaction prob-
lems, allowing also the disjunction connective to be applied. We obtained a complete
characterization expressed by a Dichotomy Theorem, distinguishing between tractable
and NP-complete instances. The tractability condition turned out to be the closure of
the constraints under a constant function. Since the endomorphism set EndS is equal to
the clone [F ] generated from a set of unary functions F , it is also interesting to study the
meta-problem of the tractability condition. This means, given a set of unary functions F ,
whether the clone [F ] contains a constant function. We showed that the meta-problem is
NP-complete if the domain is part of the input, but it is fixed-parameter tractable, with
an algorithm running in time O(nn |F |), if we consider the domain as a parameter. We
performed a special complexity analysis for the meta-problem of the ternary domain,
for which we deduced conditions ensuring the presence of a constant function in the
clone [F ] without the necessity of computing (at least a part of) the functions in [F ].
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7. Pöschel, R.: Galois connections for operations and relations. In: Denecke, K., et al. (eds.)
Galois Connections and Applications, pp. 231–258. Kluwer, Dordrecht (2004)

8. Salomaa, A.: Composition sequences for functions over a finite domain. Theoretical Com-
puter Science 292(1), 263–281 (2003)

9. Schaefer, T.J.: The complexity of satisfiability problems. In: Proceedings 10th Symposium
on Theory of Computing (STOC 1978), San Diego, California, USA, pp. 216–226 (1978)

10. Yanov, Y.I., Muchnik, A.A.: On the existence of k-valued closed classes that have no bases.
Doklady Akademii Nauk SSSR 127, 44–46 (1959) (in Russian)



Parameterized Complexity of Stabbing
Rectangles and Squares in the Plane

Michael Dom1, Michael R. Fellows2,�, and Frances A. Rosamond2,�

1 Institut für Informatik, Friedrich-Schiller-Universität Jena,
Ernst-Abbe-Platz 2, D-07743 Jena, Germany

dom@minet.uni-jena.de
2 PC Research Unit, Office of DVC (Research), University of Newcastle,

Callaghan, NSW 2308, Australia
michael.fellows, frances.rosamond@newcastle.edu.au

Abstract. The NP-complete geometric covering problem Rectangle

Stabbing is defined as follows: Given a set of horizontal and vertical lines
in the plane, a set of rectangles in the plane, and a positive integer k,
select at most k of the lines such that every rectangle is intersected by
at least one of the selected lines.

While it is known that the problem can be approximated in poly-
nomial time with a factor of two, its parameterized complexity with
respect to the parameter k was open so far—only its generalization to
three or more dimensions was known to be W[1]-hard. Giving two fixed-
parameter reductions, one from the W[1]-complete problem Multicol-

ored Clique and one to the W[1]-complete problem Short Turing

Machine Acceptance, we prove that Rectangle Stabbing is W[1]-
complete with respect to the parameter k, which in particular means
that there is no hope for fixed-parameter tractability with respect to
the parameter k. Our reductions show also the W[1]-completeness of the
more general problem Set Cover on instances that “almost have the
consecutive-ones property”, that is, on instances whose matrix represen-
tation has at most two blocks of 1s per row.

For the special case of Rectangle Stabbing where all rectangles
are squares of the same size we can also show W[1]-hardness, while
the parameterized complexity of the special case where the input con-
sists of rectangles that do not overlap is open. By giving an algorithm
running in (4k + 1)k · nO(1) time, we show that Rectangle Stabbing

is fixed-parameter tractable in the still NP-hard case where both these
restrictions apply.

1 Introduction

Geometric covering problems arise in many applications and are intensively stud-
ied (see [8,9,14]). Here, we consider the problem 2-Dimensional Rectangle

Stabbing (Rectangle Stabbing for short), which is defined as follows.
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(2-Dimensional) Rectangle Stabbing
Input: A set L of vertical and horizontal lines embedded in the plane, a set R of

axis-parallel rectangles embedded in the plane, and a positive integer k.
Question: Is there a set L′ ⊆ L with |L′| ≤ k such that every rectangle from R is

intersected (“stabbed”) by at least one line from L′?

Rectangle Stabbing is NP-complete (see [8]). Its optimization version,
considered in the setting of polynomial-time approximation, asks for a minimum-
cardinality set L′ ⊆ L to cover all rectangles from R.

Applications of Rectangle Stabbing range from radiotherapy [10] to em-
bedded sensor networks, spatial data organization and statistical data analy-
sis [1,11]. Also, the problem of stabbing arbitrary connected figures (instead of
rectangles) in the plane with horizontal and vertical lines can easily be reduced
to Rectangle Stabbing by replacing each figure by its bounding box. The
same holds for the stabbing problem where only the rectangles in the plane are
given and a minimum number of horizontal and vertical lines shall be inserted
that stab all rectangles: any instance of this problem can be transformed into
an instance of Rectangle Stabbing by inserting O(|R|) lines. Without loss of
generality, we can always assume that all given lines have integer coordinates.

The literature so far mainly considers the polynomial-time approximability
of Rectangle Stabbing and its variants. Hassin and Megiddo [10] give a
factor-d2d−1 approximation for stabbing d-dimensional, identical objects with
axis-parallel lines in the d-dimensional space. Gaur et al. [8] achieve a factor-d
approximation for d-Dimensional Rectangle Stabbing, that is, for stabbing
d-dimensional, axis-parallel hyperboxes with (d − 1)-dimensional, axis-parallel
hyperplanes; the two-dimensional case Rectangle Stabbing, hence, can be
approximated with a factor of two. A similar result was obtained by Mecke
et al. [16]; they give a factor-d approximation algorithm for a problem called
d-C1P-Set Cover, which is a generalization of d-Dimensional Rectangle

Stabbing. Weighted and capacitated versions of d-Dimensional Rectangle

Stabbing have been considered by Even et al. [4] and by Xu and Xu [18], also
leading to several approximation algorithms. A restricted, but still NP-complete
variant of (2-Dimensional) Rectangle Stabbing is called Interval Stab-

bing; here, every rectangle in the input is intersected by at most one horizontal
line (that is, every rectangle is a horizontal interval in the plane). Kovaleva and
Spieksma [12,13] give constant-factor approximations for several variants of In-

terval Stabbing. Approximation algorithms for the more general variant of
Interval Stabbing where the input contains horizontal and vertical intervals
have been developed by Hassin and Megiddo [10].

Concerning the parameterized complexity of Rectangle Stabbing and d-Di-

mensional Rectangle Stabbing (that is, the question whether there is an al-
gorithm running in f(k) · |(L, R, k)|O(1) time), it is known that, on the one hand,
d-Dimensional Rectangle Stabbing is W[1]-hard with respect to the param-
eter k for d ≥ 3 [2]. On the other hand, two special cases of Rectangle Stabbing

in two dimensions have been shown to be fixed-parameter tractable [2]: If each
rectangle is intersected by at most b horizontal but arbitrarily many vertical lines
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or at most b vertical but arbitrarily many horizontal lines, or if each horizontal line
intersects at most b rectangles, then Rectangle Stabbing is fixed-parameter
tractable with respect to the combined parameter b, k. The parameterized com-
plexity of Rectangle Stabbing without restrictions, however, remained open
so far [2].

The contributions of this paper are the following. In Section 3, we settle
the question of Dom and Sikdar [2] for the parameterized complexity of (2-

Dimensional) Rectangle Stabbing by proving its W[1]-hardness with re-
spect to the parameter k as well as its membership in W[1]. Our proofs also
show the W[1]-completeness of the more general problem 2-C1P-Set Cover

(see Section 2), which was also open so far [2]. In Section 4, we consider the re-
striction of Rectangle Stabbing where all rectangles in the input are squares
of the same size that do not intersect. After showing its NP-hardness, we prove
that this variant is fixed-parameter tractable. Due to the lack of space, some
proofs are omitted.

2 Preliminaries

In the framework of parameterized complexity [3,6,17], the running time of an
algorithm is viewed as a function of two quantities: the size of the given problem
instance and a parameter. Thus, a parameterized problem is a subset of Σ∗ ×�,
where Σ is a finite alphabet and � is the set of positive integers; an instance
of a parameterized problem is a pair (I, k), where k is called the parameter.
A parameterized problem is said to be fixed-parameter tractable (FPT) with
respect to the parameter k if there exists an algorithm for the problem running
in f(k) · |I|O(1) time, where f is a computable function only depending on k.

A parameterized problem π1 is fixed-parameter reducible to a problem π2 if
there are two computable functions f, g : � → � and an algorithm that trans-
forms an instance (I, k) of π1 into an instance (I ′, f(k)) of π2 in g(k)·|I|O(1) time
such that (I ′, f(k)) is a yes-instance for π2 iff (I, k) is a yes-instance for π1. The
complexity hierarchy used for characterizing the hardness of parameterized prob-
lems is the W-hierarchy consisting of the classes W[1], W[2], . . . , W[Sat], W[P],
interrelated as follows: FPT ⊆ W[1] ⊆ W[2] ⊆ . . . ⊆ W[Sat] ⊆ W[P]. There is
strong evidence that all these subset inclusions are strict, which means that there
are problems in W[1] that are presumably not fixed-parameter tractable and, in
particular, that W[1]-hard problems are not fixed-parameter tractable [3,6,17].
To show that a problem is W[1]-hard (is in W[1]), one needs to exhibit a fixed-
parameter reduction from a known W[1]-hard problem to the problem at hand
(from the problem at hand to a problem known to be in W[1]). A problem is
W[1]-complete if it is W[1]-hard and in W[1].

When considering an instance (L, R, k) of Rectangle Stabbing, let L =
V ∪ H , where V = {v1, . . . , vn} are the vertical lines, ordered from left to right,
and H = {h1, . . . , hm} are the horizontal lines, ordered from top to bottom.
For a rectangle r ∈ R, let lx(r), rx(r), tx(r), bx(r) be the indices of the left-
most, rightmost, topmost and bottommost line intersecting r. We define the
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Fig. 1. Left top: A matrix having the 2-C1P, but not the 2-SC1P. Left bottom: A
matrix having the 2-SC1P. Middle and right: Illustration of the equivalence between
Rectangle Stabbing and 2-SC1P-Set Cover. In all figures of this paper, only the
1-entries of the matrices are displayed (that is, all 0-entries are omitted).

width wh(r) := rx(r)− lx(r)+ 1 and the height ht(r) := bx(r)− tx(r)+ 1 as the
number of vertical and horizontal lines, respectively, intersecting r. A rectangle r
is called a square if wh(r) = ht(r).

All graphs that we consider are undirected; a graph G = (V, E) is called k-
colorable if there is a function c : V → {1, . . . , k} satisfying ∀{u, v} ∈ E : c(u) �=
c(v); the function c is then called a k-coloring for G.

For a simpler description of our algorithms and reductions, we will consider
Rectangle Stabbing as a covering problem on binary matrices, which is a
restricted version of the NP-complete problem Set Cover.1

Set Cover
Input: A binary matrix M and a positive integer k.
Question: Is there a set C′ of at most k columns of M such that the submatrix M ′

of M that consists of these columns has at least one 1 in every row?

To introduce restricted versions of Set Cover, we need the following.

Definition 1
1. Given a binary matrix M , a block of 1s in a row of M is a maximal set of

consecutive 1-entries in this row.
2. A binary matrix M has the d-consecutive-ones property (d-C1P) if in every

row of M there are at most d blocks of 1s.
3. A binary matrix M with columns c1, . . . , cn has the separated d-consecu-

tive-ones property (d-SC1P) if the columns of M can be partitioned into d sets
of consecutive columns C1 = {c1, . . . , cj1}, C2 = {cj1+1, . . . , cj2}, . . . , Cd =
{cjd−1+1, . . . , cn} such that for every i ∈ {1, . . . , d} the submatrix of M consisting
of the columns of Ci has at most one block of 1s per row.

See Fig. 1 for an illustration for the d-C1P and d-SC1P.

1
Set Cover is usually defined as a subset selection problem; however, the equivalence
of our definition and the more common definition of Set Cover as a subset problem
can easily be seen by identifying columns with subsets and rows with elements to be
covered.
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If Set Cover is restricted by demanding that the input matrix M must have
the d-C1P, then we call the resulting problem d-C1P-Set Cover; if M must
have the d-SC1P, then we call the resulting problem d-SC1P-Set Cover. For
an illustration of the following observation, see Fig. 1.

Observation 1. Rectangle Stabbing and 2-SC1P-Set Cover are equiv-
alent: There is a polynomial-time computable one-to-one mapping between in-
stances of Rectangle Stabbing and instances of 2-SC1P-Set Cover that
leaves the parameter k unchanged and maps yes-instances to yes-instances and
no-instances to no-instances.

3 W[1]-Completeness of Rectangle Stabbing

In this section, we prove that, for the parameter k, 2-SC1P-Set Cover is W[1]-
hard and 2-C1P-Set Cover is in W[1], which implies the W[1]-completeness
of Rectangle Stabbing.

3.1 W[1]-Hardness of Rectangle Stabbing

We give a fixed-parameter reduction from the problem Multicolored Clique

defined below to 2-SC1P-Set Cover—the W[1]-hardness of Rectangle Stab-

bing then follows from the W[1]-hardness of Multicolored Clique [5] and the
equivalence between 2-SC1P-Set Cover and Rectangle Stabbing.

Multicolored Clique
Input: An undirected k-colorable graph G = (V, E), a positive integer k, and a

k-coloring c : V → {1, . . . , k} for G.
Question: Is there a size-k clique in G?

The basic scheme of the reduction. The basic approach of our reduction is
similar to the one used in the W[1]-hardness proof for 3-SC1P-Set Cover [2].
However, due to the more restricted nature of 2-SC1P-Set Cover, the tech-
nical details are more involved.

We use the “Multicolored Clique reduction technique” [5], where the key
idea is to use an alternative, equivalent formulation of Multicolored Clique:
Given an undirected k-colorable graph G = (V, E), a positive integer k, and a
k-coloring c : V → {1, . . . , k} for G, find a set E′ ⊆ E with |E′| =

(
k
2

)
and a

set V ′ ⊆ V with |V ′| = k that satisfy the following three constraints:

Constraint 1: For every unordered pair {a, b} of colors from {1, . . . , k}, the edge
set E′ contains an edge whose endpoints are colored with a and b.

Constraint 2: For every color from {1, . . . , k}, the vertex set V ′ contains a vertex
of this color.

Constraint 3: If E′ contains an edge {u, v}, then V ′ contains the vertices u
and v.

Clearly, this formulation of Multicolored Clique is equivalent to the original
definition. Given an instance (G, k, c) of Multicolored Clique, we construct
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an equivalent instance (M, k′) of 2-SC1P-Set Cover based on this alternative
formulation. The standard approach for such a construction would be to create
a matrix M with |V | + |E| columns, one column for each vertex and each edge
of G, and to set k′ = k +

(
k
2

)
. The rows of M would have to be constructed

in such a way that any solution C′ for 2-SC1P-Set Cover on (M, k′) corre-
sponded to a solution (E′, V ′) as described above for Multicolored Clique

on the instance (G, k, c). That is, the rows of M would have to enforce that Con-
straints 1–3 are satisfied. The problem with this standard approach is that the
resulting matrix M does not have the 2-SC1P. Therefore, we use a construction
that is based on the same ideas, but involves more columns and rows. In order to
obtain a matrix that has the 2-SC1P, we add not one, but three columns to M
for every edge e in G. Hence, an instance (G, k, c) of Multicolored Clique

is mapped to an instance (M, k′), where k′ = 3 ·
(
k
2

)
+ k.

To describe the details of M ’s construction, let the color of an edge {u, v},
denoted d({u, v}), be the set of colors of its endpoints, that is, d({u, v}) :=
{c(u), c(v)}. We assume that the edges E = {e1, . . . , e|E|} and vertices V =
{v1, . . . , v|V |} of G are ordered in such a way that edges and vertices of the
same color appear consecutively. For every edge color {a, b}, we define: E{a,b} :=
{e ∈ E | d(e) = {a, b}}, first({a, b}) := min{p ∈ {1, . . . , |E|} | d(ep) = {a, b}},
and last({a, b}) := max{p ∈ {1, . . . , |E|} | d(ep) = {a, b}}. The details of the
construction of M read as follows, see also Fig. 2.

The columns of M . The matrix M has 3 · |E| + |V | columns, partitioned into
two sets C1 and C2. The column set C1 consists of two subsets of columns:
a subset D1 consisting of the columns c1

1, . . . , c
1
|E|, and a subset D2 consisting

of the columns c2
1, . . . , c

2
|E|. The column set C2 also consists of two subsets of

columns: the subset D3 consisting of the columns c3
1, . . . , c

3
|V |, and the subset D4

consisting of the columns c4
1, . . . , c

4
|E|.

These columns are ordered as follows in M . The leftmost 2 · |E| columns
of M are those from C1, the remaining |V | + |E| columns are those from C2.
The columns from C1 are ordered in such a way that columns corresponding
to edges of the same color appear consecutively. More precisely, for every edge
color {a, b}, there are 2 · |E{a,b}| consecutive columns

c1
first({a,b}), . . . , c

1
last({a,b}), c

2
first({a,b}), . . . , c

2
last({a,b}).

The columns from C2 are ordered as follows: To the right of the columns from C1,
there are the |V | columns c3

1, . . . , c
3
|V |. The rightmost |E| columns of M , finally,

are the columns c4
1, . . . , c

4
|E|. Intuitively speaking, every column c1

p ∈ C1, ev-
ery column c2

p ∈ C1, and every column c4
p ∈ C2 one-to-one corresponds to the

edge ep ∈ E, and every column c3
q ∈ C2 one-to-one corresponds to the ver-

tex vq ∈ V .
The rows of M . The rows of M have to ensure that every solution C′ for

2-SC1P-Set Cover on (M, k′ = 3 ·
(
k
2

)
+ k) corresponds to a subset of edges

and vertices of G satisfying Constraints 1–3. Since there are three columns in M
for every edge in G, we need four types of rows:
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C1 C2

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .{red,blue} {red,blue}red blue

r1
{red,blue},D1

r1
{red,blue},D2

r1
{red,blue},D4

r2
red

r2
blue

r3
{red,blue},D1,1

r3
{red,blue},D1,2

r3
{red,blue},D1,3

r3
{red,blue},D1,4

r3
{red,blue},D1,5

r3
{red,blue},D1,6

r3
{red,blue},D2,1

r3
{red,blue},D2,2

r3
{red,blue},D2,3

r3
{red,blue},D2,4

r3
{red,blue},D2,5

r3
{red,blue},D2,6

r4
e5,v2

r4
e5,v8

c14 c15 c16 c17 c24 c25 c26 c27 c44 c45 c46 c47c32 c33 c37 c38 c39

1 1
1 1

1
1

1
1

1
11
111

111
1 1
1

111
11

1
1
11
111

111
11

1
1
11
111

1
11
111

111
1 1
1

111
11

1111
1111

1111

Fig. 2. Example for the construction of M in the W[1]-hardness proof for 2-SC1P-

Set Cover. We assume that in G there are exactly two red vertices v2, v3 and exactly
three blue vertices v7, v8, v9, among vertices of other colors. Moreover, the only edges
between red and blue vertices are e4, e5, e6, e7 with e5 = {v2, v8}.

Rows of Type 1 and 2 ensure that any set of k′ columns that forms a so-
lution for 2-SC1P-Set Cover contains exactly

(
k
2

)
columns from D1—one of

each edge color—,
(
k
2

)
columns from D2—one of each edge color—,

(
k
2

)
columns

from D4—one of each edge color—, and k columns from D3—one of each vertex
color. Type-3 rows ensure that the columns chosen from D1, D2, and D4 are
consistent: if a solution contains the column c1

j , then it must contain c4
j , and

vice versa; analogously, if a solution contains the column c2
j , then it must con-

tain c4
j , and vice versa. Finally, Type-4 rows ensure that if a solution contains

a column c1
j (and, due to the Type-3 rows, the column c2

j) corresponding to an
edge ej = {u, v}, then it also contains the columns corresponding to the ver-
tices u and v. See Fig. 2 for an illustration of the following construction details.
The argument that the reduction works correctly is omitted.

Type-1 rows. For every edge color {a, b}, M contains three rows r1
{a,b},D1 ,

r1
{a,b},D2 , and r1

{a,b},D4 .

For x = 1, 2, 4, the row r1
{a,b},Dx has a 1 in every column cx

j ∈ Dx with d(ej) =
{a, b}, and 0s in all other columns.

Type-2 rows. For every vertex color a ∈ {1, . . . , k}, M contains a row r2
a which

has a 1 in every column c3
j ∈ D3 with c(vj) = a, and 0s in all other columns.
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Observe that the rows of the Types 1 and 2 together with the value of k′

force every solution for 2-SC1P-Set Cover on (M, k′) to contain exactly one
column from each of D1, D2, and D4 for every edge color and exactly one column
from D3 for every vertex color.

Type-3 rows. For every edge color {a, b}, M contains a set of 2 · (|E{a,b}| − 1)
rows r3

{a,b},D1,i and a set of 2 · (|E{a,b}| − 1) rows r3
{a,b},D2,i, where in both

cases 1 ≤ i ≤ 2 · (|E{a,b}| − 1).
A row r3

{a,b},Dx,i with x ∈ {1, 2} and i ∈ {1, . . . , |E{a,b}| − 1} has a 1 in
every column cx

j ∈ Cx with d(ej) = {a, b} and j < first({a, b}) + i and every
column c4

j ∈ C4 with d(ej) = {a, b} and j ≥ first({a, b}) + i, and 0s in all other
columns.

A row r3
{a,b},Dx,i with i ∈ {|E{a,b}|, . . . , 2 · (|E{a,b}| − 1)} has a 1 in every

column cx
j ∈ Cx with d(ej) = {a, b} and j ≥ first({a, b}) + i − (|E{a,b}| − 1) and

every column c4
j ∈ C4 with d(ej) = {a, b} and j < first({a, b})+ i−(|E{a,b}|−1),

and 0s in all other columns.
To see that the columns selected from Dx, x ∈ {1, 2}, and D4 are consis-

tent in every solution for 2-SC1P-Set Cover on (M, k′), observe that tak-
ing a column cx

j into the solution, this column does not contain a 1 from the
rows r3

{a,b},Dx,j−first({a,b}) and r3
{a,b},j−first({a,b})+|E{a,b}| (if existing). Hence, the

single column from D4 belonging to the solution must be c4
j .

Type-4 rows. For every edge ep = {vq1 , vq2} ∈ E, the matrix M contains two
rows r4

ep,vq1
and r4

ep,vq2
.

For i = 1, 2, the row r4
ep,vqi

has a 1 in every column c1
j ∈ C1 with d(ej) = d(ep)

and j > p, every column c2
j ∈ C2 with d(ej) = d(ep) and j < p, and the

column c3
qi

∈ C3, and 0s in all other columns.

Theorem 1. 2-SC1P-SetCover,2-C1P-SetCover, and RectangleStab-

bing are W[1]-hard with respect to the parameter k.

Using a modification of the above construction, we can also show:

Theorem 2. The restricted variant of Rectangle Stabbing where all rect-
angles in R are squares having the same width and the same height is W[1]-hard
with respect to the parameter k.

3.2 Membership of Rectangle Stabbing in W[1]

The membership of Rectangle Stabbing, and, more general, of 2-C1P-Set

Cover, in W[1] can be shown in analogy to the proof given by Marx [15] for
Dominating Set on intersection graphs of axis-parallel rectangles: One exhibits
a fixed-parameter reduction to the W[1]-complete [3] problem Short Turing

Machine Acceptance, defined as follows.
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Short Turing Machine Acceptance
Input: The description of a nondeterministic Turing machine N and a positive

integer k′.
Question: Can N stop within k′ steps on the empty input string?

To reduce 2-C1P-Set Cover to Short Turing Machine Acceptance,
one constructs, for a given instance (M, k) of 2-C1P-Set Cover, a nondeter-
ministic Turing machine N that can stop after k′ = f(k) steps on the empty
input string iff (M, k) is a yes-instance. Intuitively speaking, this Turing ma-
chine N nondeterministically decides in f(k) steps whether the tuple (M, k),
which is encoded into the internal states and the transition function of N , is a
yes-instance of 2-C1P-Set Cover or not, and correspondingly it either stops
after f(k) steps or goes into an infinite loop (details are omitted).

Theorem 3. For the parameter k, 2-C1P-Set Cover, 2-SC1P-Set Cover

and Rectangle Stabbing are in W[1].

4 Stabbing Nonoverlapping Squares of the Same Size

In this section, we consider the natural restriction of Rectangle Stabbing

where no two rectangles from R “overlap”. Two rectangles r1, r2 overlap if there
exist a vertical line v and a horizontal line h that both intersect r1 as well as r2.
Moreover, we further restrict the problem by demanding that all rectangles in R
are squares of the same size, meaning that there is a number b such that for
every rectangle r in R we have wh(r) = ht(r) = b. We call this restricted
problem variant Disjoint b-Square Stabbing; it is equivalent to the stabbing
problem where a set of unit squares in the plane is given (but no lines are given)
and a minimum number of horizontal and vertical lines shall be inserted that
stab all the squares.

Basic Observations. We show that, one the one hand, the problem Disjoint

b-Square Stabbing is NP-complete for every b ≥ 2, while, on the other hand,
it is polynomial-time solvable for b = 1. To prove the NP-hardness, one can
reduce from the NP-complete [7] problem Vertex Cover (details omitted).

Theorem 4. Disjoint b-Square Stabbing is NP-complete for every b ≥ 2.

Complementing Theorem 4, one can see that Disjoint b-Square Stabbing

is polynomial-time solvable for b = 1. To this end, observe that every instance
of Disjoint 1-Square Stabbing is equivalent to an 2-SC1P-Set Cover in-
stance (M, k) where the column set of M can be partitioned into two sets C1

and C2 of consecutive columns such that every row of M contains exactly one 1
in a column of C1 and one 1 in a column of C2. Such a matrix can be interpreted
as a bipartite graph, and, hence, (M, k) corresponds to an instance of Vertex

Cover on bipartite graphs. Vertex Cover on bipartite graphs, however, is
known to be polynomial-time solvable.

Fixed-parameter tractability. We show that Disjoint b-Square Stabbing is
in FPT with respect to the parameter k. To this end, we present a search-tree
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algorithm, that is, a recursive algorithm that in each recursive step branches
into a bounded number of cases. More precisely, in each step the algorithm first
determines a subset of the given lines in such a way that every size-k solution
for the Rectangle Stabbing instance must contain at least one of these lines,
and then recursively tests which of these lines leads to the desired solution.

In order to bound the size of the above subsets of lines and, thus, the number
of cases to branch into, in each step a set of data reduction rules is applied. Each
of these rules takes as input an instance (L, R, k) of Rectangle Stabbing and
outputs in polynomial time an instance (L′, R′, k′) of Rectangle Stabbing

such that |L′| ≤ |L|, |R′| ≤ |R|, k′ ≤ k, and (L′, R′, k′) is a yes-instance iff
(L, R, k) is a yes-instance. An instance to which none of the rules can be applied
is called reduced. Our data reduction rules read as follows.

Rule 1: If there are two lines l1, l2 ∈ L such that every rectangle in R that is
intersected by l2 is also intersected by l1, then delete l2.

Rule 2: If there are two rectangles r1, r2 ∈ R such that every line in L that
intersects r1 also intersects r2, then delete r2.

Rule 3: If there are k+2 rectangles r1, . . . , rk+2 ∈ R such that no horizontal line
intersects more than one of these rectangles and, for each i ∈ {1, . . . , k+
1} we have lx(ri) ≥ lx(rk+2) and rx(ri) ≤ rx(rk+2), then delete rk+2.

While the correctness of Rules 1 and 2 is obvious, the correctness of Rule 3
follows from the fact that k horizontal lines cannot intersect all rectangles
r1, . . . , rk+1. Note that the data reduction rules may transform an instance
of Disjoint b-Square Stabbing into an instance of Rectangle Stabbing

where the rectangles have heights or widths smaller than b; anyway, we call such
an instance a reduced instance of Disjoint b-Square Stabbing.

The following observation is an immediate consequence of Rule 1.

Observation 2. In a reduced problem instance of Rectangle Stabbing, for
every vertical line vj ∈ V , there exist rectangles r, r′ ∈ R with lx(r) = j
and rx(r′) = j.

Observation 3. After applying any sequence of data reduction rules to an in-
stance of Disjoint b-Square Stabbing, for any two rectangles r1, r2 ∈ R, we
have lx(r1) > lx(r2) ⇒ rx(r1) ≥ rx(r2) and rx(r1) < rx(r2) ⇒ lx(r1) ≤ lx(r2).

The latter observation follows from the fact that every instance of Disjoint

b-Square Stabbing has the property described in the observation, and none
of the data reduction rules destroys the property. The next observation follows
directly from Rule 3; the proof of Lemma 1 is omitted.

Observation 4. In a reduced instance of Disjoint b-Square Stabbing, for
every j ∈ {1, . . . , n} there are at most k + 1 rectangles r with lx(r) = j.

Lemma 1. For every rectangle r in a reduced instance, there are at most k
rectangles r′ with rx(r′) < rx(r) and lx(r′) ≥ lx(r), and all these rectangles
have lx(r′) = lx(r).
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Lemma 2. Let r be a rectangle with wh(r) > xk + 1 for x ≥ 2 in a reduced
instance. Then there exists a rectangle r′ with lx(r′) < lx(r) and (x − 1)k + 1 <
wh(r′) ≤ xk + 1.

Proof. We show that the lemma is true if r has minimum lx(r) under all rect-
angles whose width is greater than xk + 1; this suffices to prove the lemma.

Observation 2 implies the existence of a rectangle r′ with rx(r′) = p for
every p ∈ {lx(r), . . . , rx(r) − 1}. Due to Lemma 1, at most k of these rectangles
can have lx(r′) ≥ lx(r), and, hence, there exists p ∈ {rx(r)−k−1, . . . , rx(r)−1}
such that there is a rectangle r′ with rx(r′) = p and lx(r′) < lx(r). For the
width of r′ we have wh(r′) = rx(r′) − lx(r′) + 1 ≥ rx(r) − k − 1 − lx(r′) +
1 > rx(r) − k − 1 − lx(r) + 1 = wh(r) − k − 1. Due to the selection of r, no
rectangle r′ with lx(r′) < lx(r) can have wh(r′) > xk + 1, and, hence, we have
(x − 1)k + 1 < wh(r′) ≤ xk + 1. ��

Lemma 3. If a reduced instance contains a rectangle r with wh(r) > 2k + 1,
then there exists a rectangle r′ with the following properties.

1. k + 1 < wh(r′) ≤ 2k + 1.
2. There are at least k rectangles r′′ with rx(r′′) ∈ {lx(r′), . . . , rx(r′) − 1}.
3. All rectangles r′′ with rx(r′′) ∈ {lx(r′), . . . , rx(r′) − 1} have lx(r′′) ≤ lx(r′).
4. All rectangles r′′ with rx(r′′) ∈ {lx(r′), . . . , rx(r′)−1} have wh(r′′) ≤ 2k +1.

Proof. The existence of a rectangle r′ with k +1 < wh(r′) ≤ 2k +1 follows from
Lemma 2. Select a rectangle r′ in such a way that k + 1 < wh(r′) ≤ 2k + 1
and lx(r′) is minimum under this property. Clearly, r′ fulfills properties 2 and 3
because of Observations 2 and 3, respectively. Now assume, for the sake of a
contradiction, that there is a rectangle r′′ with rx(r′′) ∈ {lx(r′), . . . , rx(r′) − 1}
and wh(r′′) > 2k + 1. Clearly, we have lx(r′′) < lx(r′). Together with Lemma 2,
this implies the existence of a rectangle r′′′ that has lx(r′′′) < lx(r′′) < lx(r′)
and k + 1 < wh(r′′′) ≤ 2k + 1, contradicting the selection of r′. ��

Theorem 5. Disjoint b-Square Stabbing is solvable in (4k+1)k·nO(1) time.

Proof. If all rectangles have width at most 2k + 1, the instance can be solved
in (2k + 2)k · nO(1) time [2]. Otherwise, there is a rectangle r′ as described in
Lemma 3, such that the vertical line going through lx(r′) intersects more than k
rectangles whose width is at most 2k+1. Since no horizontal line intersects more
than one of these rectangles, not all of them can be stabbed by horizontal lines.
Therefore, the solution must contain a vertical line intersecting at least two of
these rectangles. There are at most 4k + 1 such lines. ��

5 Open Questions

Is Rectangle Stabbing in FPT when the input consists of nonoverlapping
arbitrary rectangles? Is there a polynomial-size problem kernel for Disjoint b-
Square Stabbing? Is d-Dimensional Rectangle Stabbing in W[1] when
parameterized by both k and d?
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Abstract. A straight-line grid drawing of a planar graph G is a draw-
ing of G on an integer grid such that each vertex is drawn as a grid
point and each edge is drawn as a straight-line segment without edge
crossings. Any outerplanar graph of n vertices with the maximum de-
gree d has a straight-line grid drawing with area O(dn log n). In this
paper, we introduce a subclass of outerplanar graphs, which we call label-
constrained outerplanar graphs, that admits straight-line grid drawings
with O(n log n) area. We give a linear-time algorithm to find such a
drawing. We also give a linear-time algorithm for recognition of label-
constrained outerplanar graphs.

Keywords: Planar Graph, Outerplanar Graph, Label-Constrained Out-
erplanar Graph, Dual Graph, Straight-Line Drawing, Grid Drawing.

1 Introduction

Recently automatic aesthetic drawings of graphs have created intense interest
due to their broad applications in computer networks, VLSI layout, informa-
tion visualization etc., and as a consequence a number of drawing styles have
come out [NR04]. The most typical and widely studied drawing style is the
“straight-line grid drawing” of a planar graph. A straight-line grid drawing of a
planar graph G is a drawing of G on an integer grid such that each vertex is
drawn as a grid point and each edge is drawn as a straight-line segment with-
out edge crossings as illustrated in Fig. 1(d). The area of such a drawing is the
area of the smallest rectangle that encloses the drawing. It is well known that
a planar graph of n vertices admits a straight-line grid drawing on a grid of
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Fig. 1. (a) A label-constrained outerplanar graph G, (b) the dual rooted ordered tree Tr

of G, (c) a straight-line grid drawing of Tr, and (d) a straight-line grid drawing of G.

area O(n2) [Sch90, FPP90]. A lower bound of Ω(n2) on the area-requirement
for straight-line grid drawings of certain planar graphs are also known [FPP90].
Although trees admit straight-line grid drawings with linear area [GR04b], it
is generally thought that triangulations may require a grid of quadratic size.
Hence finding nontrivial classes of planar graphs of n vertices richer than trees
that admit straight-line grid drawings with area o(n2) is posted as an open prob-
lem in [BEGKLM04], and several recent works have addressed this open prob-
lem [GR04a, KR07, KR08] etc. The problem of finding straight-line grid drawings
of outerplanar graphs with o(n2) area was first posed by Biedl in [Bie02], and
Garg and Rusu showed that an outerplanar graph with n vertices and the max-
imum degree d has a planar straight-line drawing with area O(dn1.48) [GR04a].
Di Battista and Frati showed that a “balanced” outerplanar graph of n vertices
has a straight-line grid drawing with area O(n) and a general outerplanar graph
of n vertices has a straight-line grid drawing with area O(n1.48) [DF06]. Re-
cently Frati showed that a general outerplanar graph with n vertices admits a
straight-line grid drawing with area O(dn log n), where d is the maximum degree
of the graph [Fra07].

In this paper, we introduce a subclass of outerplanar graphs which has a
straight-line grid drawing on a grid of area O(n log n). We give a linear-time
algorithm to find such a drawing. We call this class “label-constrained outer-
planar graphs” since a “vertex labeling” of the dual tree of this graph satisfies
certain constraints. Fig. 1(a) illustrates a “label-constrained outerplanar graph”
G, and a straight-line grid drawing of G with O(n log n) area is illustrated in
Fig. 1(d). The “label-constrained outerplanar graphs” are richer than “balanced”
outerplanar graphs. We also give a linear-time algorithm for recognition of a
“label-constrained outerplanar graph.”

The remainder of the paper is organized as follows. In Section 2, we give some
definitions. Section 3 provides the drawing algorithm. Section 4 presents a linear-
time algorithm for recognition of a “label-constrained outer planar graph,” and
Section 5 concludes the paper.
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2 Preliminaries

In this section we give some definitions, introduce a labeling of a tree and define a
class of outerplanar graphs which we call “label-constrained outerplanar graphs.”

Let G = (V, E) be a connected simple graph with vertex set V and edge set
E. Throughout the paper, we denote by n the number of vertices in G, that is,
n = |V |, and denote by m the number of edges in G, that is, m=|E|. We denote
by G − {u, v} a graph G′ = (V ′, E′) where V ′ = V (G) − {u, v} and E′ = set
of edges induced by V ′ in G. A path in G is an ordered list of distinct vertices
v1, v2, ..., vq ∈ V such that (vi−1, vi) ∈ E for all 2 ≤ i ≤ q. Vertices v1 and vq are
the end-vertices of the path v1, v2, ..., vq. We call a path u-v path if u and v are
the end-vertices of the path.

A graph is planar if it can be embedded in the plane so that no two edges
intersect geometrically except at a vertex to which they are both incident. A
plane graph is a planar graph with a fixed embedding. A plane graph G divides
the plane into connected regions called faces. A bounded region is called an
inner face and the unbounded region is called the outer face. For a face f in G
we denote by V (f) the set of vertices of G on the boundary of face f .

A plane graph is an outerplanar graph if its all vertices lie on the outer face.
Let G be an outerplanar graph. We now define the dual tree of G. The dual
tree T of G is a tree whose vertices correspond to the inner faces of G, and two
vertices x and y of T are adjacent if the faces of G corresponding to x and y
share an edge in G. A maximal outerplanar graph is an outerplanar graph in
which no edge can be added without losing outerplanarity. Clearly, each inner
face of a maximal outerplanar graph has three edges. Therefore, a vertex of the
dual tree T of a maximal outerplanar graph G has degree at most three, and
hence T is a binary tree. It is easy to see that any outerplanar graph can be
augmented in linear time to a maximal outerplanar graph by adding only linear
number of extra edges.

We now define a vertex labeling of a rooted binary tree. Let T be a binary
tree and let r be the root of T . Then the labeling of a vertex u of T with respect
to r, which we denote by Lr(u), is defined as follows:

(a) if u is a leaf node then Lr(u) = 1;
(b) if u has only one child q and Lr(q) = k then Lr(u) = k;
(c) if u has two children s and t, and Lr(s) = k and Lr(t)=k′ where k > k′,

then Lr(u) = k; and
(d) if u has two children s and t, and Lr(s) = k and Lr(t)=k then Lr(u) = k + 1.

We denote by Lr(T ) the labeling of all the vertices of T with respect to r.
Fig. 2 illustrates the vertex labeling of a binary tree T rooted at r where an
integer value represents the label of the associated vertex. The following lemma
is immediate from the labeling defined above.

Lemma 1. Let T be a binary tree and let r be the root of T . Let u and v be two
vertices of T such that u is an ancestor of v. If Lr(u) = k and Lr(v) = k′, then
k ≥ k′.
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Fig. 2. Vertex labeling of a binary tree T

The following lemma gives an upper bound on the value of the vertex labeling.
The proof of this lemma is omitted in this extended abstract.

Lemma 2. Let T be a binary tree with n vertices and let r be the root of T .
Assume that Lr(r) = k. Then k = O(logn).

We also have the following lemma whose proof is omitted in this extended ab-
stract.

Lemma 3. Let T be a binary tree and let r be the root of T . Assume that all the
vertices of T are labeled with respect to r using vertex labeling. Let V (k) be a set
of vertices such that for all v ∈ V (k), Lr(v) = k. Then any connected component
of the subgraph of T induced by V (k) is a path.

A binary tree T is ordered if one child of each vertex v of T is designated as the
left child and the other is designated as the right child. (Note that the left child
or the right child of a vertex may be empty.) Let T be a rooted ordered binary
tree. For any vertex v ∈ T , we call the subtree of T rooted at the left child (if
any) of v the left subtree of v. Similarly we define the right subtree of v. We call
an u-v path of T a left-left path if u is an ancestor of all the vertices of the path
and each vertex except u of this path is the left child of its parent. Similarly
we define a right-right path of T . We call a path of T a cross path if the path is
neither a left-left path nor a right-right path. We call a maximal left-left path
of T the leftmost path of T if one of the end vertex of the path is the root of T .
Similarly we define the rightmost path of T . For any vertex x ∈ T , we call a path
x, v1, ..., vm the left-right path of x such that v1 is the left child of x, and vi+1
is the right child of vi where 1 ≤ i ≤ m − 1. Similarly we define the right-left
path of x. We call Lr(T ) a flat labeling if any path induced by the vertices of
T of the same label is either a left-left or a right-right path. We now have the
following fact.

Fact 4. Let T be an ordered binary tree and let r be the root of T . Let Lr(T ) be
a flat labeling. Then for any vertex x ∈ T , each of the vertices of the left-right
(right-left) path of x except the left (right) child of x has a smaller label than the
label of x .

Let G be a maximal outerplanar graph and let T be the dual tree of G. We
convert T as a rooted ordered binary tree Tr by assigning its root r and ordering



314 Md.R. Karim, Md.J. Alam, and Md.S. Rahman

r

3

2

1

p

1 1

1
1

2
3

3
3

fr

fi
p

1 1
1 1

1

2

2 22
2 3r

i 2
1

3

2
f

(c)(b)(a)

2

1 1 1 1

3
1

i

p

Fig. 3. (a) A maximal outerplanar graph G, (b) a rooted ordered binary dual tree Tr

of G where the vertex r of Tr corresponds to the face fr of G, and (c) another rooted
ordered binary dual tree Tp of G where the vertex p of Tp corresponds to the face fp

of G

of the children of each vertex of T , as follows. Let r be a vertex of T such that r
corresponds to an inner face fr of G containing an edge (u, v) on the outerface.
(Note that the degree of r is either one or two.) We regard r as the root of Tr.
Let w be the vertex of fr other than u, v such that u, v and w appear in the
clockwise order on fr. We call u and v the poles of fr and w the central vertex
of fr. We also call u the left vertex of fr and v the right vertex of fr. The vertex
of T corresponding to the face sharing the vertices v and w (if any) of fr is the
right child of r and the vertex of T corresponding to the face sharing the vertices
u and w (if any) of fr is the left child of r. Let p and q be two vertices of Tr such
that p is the parent of q, and let fp and fq be the two faces of G corresponding
to p and q in Tr. Let v1, v2 and v3 be the vertices of fq in the clockwise order
such that v1 and v2 are also on fp. Then v1 and v2 are poles of fq, and v3 is
the central vertex of fq. The vertex v1 is the left vertex of fq and the vertex
v2 is the right vertex of fq. The vertex of T corresponding to the face sharing
the vertices v2 and v3 (if any) of fq is the right child of q and the vertex of T
corresponding to the face sharing the vertices v1 and v3 (if any) of fq is the left
child of q. Thus we have converted the dual tree T of a maximal outerplanar
graph G to a rooted ordered dual tree Tr.

We are now ready to give the definition of “label-constrained outerplanar
graphs.” Let G be a maximal outerplanar graph and let T be the dual tree of
G. We call G a label-constrained outerplanar graph if T can be converted to a
rooted ordered binary dual tree Tr such that Lr(Tr) is a flat labeling. Fig. 3(a)
illustrates a label-constrained outerplanar graph G since Lr(Tr) a flat labeling
as illustrated in Fig. 3(b). The Lp(Tp) is not a flat labeling since Tp has a cross
path induced by the label 2 vertices as illustrated in Fig. 3(c).

3 Drawing Algorithm

In this section we give a linear-time algorithm for finding a straight-line grid
drawing of a label-constrained outerplanar graph with O(n log n) area.

Let G be a maximal outerplanar graph and let Tr be the rooted ordered binary
dual tree of G taking a vertex r of Tr as the root. In [DF06], Di Battista and
Frati defined a bijection function γ between the vertices of Tr and vertices of G
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Fig. 4. (a) A maximal outerplanar graph G, (b) the dual rooted ordered tree Tr of G,
and (c) a spanning-tree T ′ of G − {u, v} is drawn by the solid lines

except for the poles of the face fr corresponding to the root of Tr where each of
the vertex of Tr is mapped to the central vertex of the corresponding face of G.
We immediately have the following lemma from [DF06].

Lemma 5. Let G be a maximal outerplanar graph and let Tr be the rooted or-
dered binary dual tree of G. Then G contains a copy of Tr which is a spanning
tree T ′ of G − {u, v}, where u and v are the poles of the face fr corresponding
to the root of Tr.

Fig. 4(b) illustrates the dual tree of G in Fig. 4(a) where the root r of Tr

corresponds to the face fr of G containing vertices u, v and w in the clockwise
order. G contains a copy of Tr, which is a spanning tree T ′ of G−{u, v}, such that
each of the vertices of Tr is mapped to the central vertex of the corresponding
face of G as illustrated in Fig. 4(c) where the edges of T ′ are drawn by solid
lines.

Our idea is as follows. We first draw the rooted ordered binary dual tree Tr

of a label-constrained outerplanar graph G. We then put the poles of the face
fr corresponding to the root r of Tr, and add the edges of G which are not
in Tr. The x-coordinates of the vertices of Tr are assigned in the order of the
inorder traversal of Tr in the increasing order starting from 1. The y-coordinate
of a vertex of Tr is the label of the vertex minus one. We now put the vertices
of Tr at the calculated coordinates and add the required edges to complete the
drawing of Tr. Fig. 1(c) illustrates a straight-line grid drawing of Tr in Fig. 1(b).
We now put the left vertex and the right vertex of the face fr of G at (0, k) and
at (n − 1, k) respectively, where Lr(Tr) = k. We now add the edges of G which
are not in Tr using straight-line segments, and complete the drawing of G. We
call the algorithm described above for drawing an outerplanar graph Algorithm
Draw-Graph. We now have the following theorem.

Theorem 1. Let G be a label-constrained outerplanar graph. Then Algorithm
Draw-Graph finds a straight-line grid drawing of G with O(n log n) area in
linear time.

In the rest of the section, we give a proof of Theorem 1. We first show that Algo-
rithm Draw-Graph produces a straight-line grid drawing of G. The following
lemmas are immediate from the assignment of x-coordinates and y-coordinates
of the vertices of Tr.
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Lemma 6. Let G be a label-constrained outerplanar graph and let Tr be a rooted
ordered binary dual tree of G. Let u be a vertex of Tr, and let s and t be the
left and the right child of u, respectively. Then the x-coordinate of any vertex of
the subtree rooted at s is less than the x-coordinate of any vertex of the subtree
rooted at t.

Lemma 7. Let G be a label-constrained outerplanar graph and let Tr be a rooted
ordered binary dual tree of G. Let u and v be vertices of Tr where u is an ancestor
of v. Then the y-coordinate of u is greater than or equal to the y-coordinate of v.

We also have the following lemma, which is immediate from the definition of the
left and right vertex of a face in a maximal outerplanar graph.

Lemma 8. Let G be a maximal outerplanar graph and let Tr be a rooted ordered
binary dual tree of G. Let q be any vertex of Tr, and let x and y be the left and
the right child of q, respectively. Let fq, fx and fy be the faces of G corresponds
to the vertices q, x and y in Tr. Then the left vertex of fq is the left vertex of fx

and the right vertex of fq is the right vertex of fy.

The drawing of Tr is a straight-line grid drawing immediate from the Lemmas 6
and 7. We now show that each of the edges of G those are not in Tr can be drawn
using straight-line segments without any edge crossings. An edge between the two
pole vertices of the face corresponding to the root of Tr can be drawn using a
straight-line segment without any crossings with the existing drawing of Tr since
each of the pole vertices is placed above all the vertices of Tr. By Lemma 8, the
left vertex of the face corresponding to the root of Tr is the left vertex of the faces
corresponding to the vertices of the leftmost path of Tr. Therefore the left vertex
of the face corresponding to the root of Tr is adjacent to all the vertices of the
leftmost path of Tr in G. These edges can be drawn using straight-line segments
without any edge crossings since the left vertex of the face corresponding to the
root of Tr is placed strictly to the left and above of all the vertices on the leftmost
path of Tr. Similarly, we can draw the edges between the right vertex of the face
corresponding to the root of Tr and the vertices on the rightmost path of Tr us-
ing straight-line segments without any edge crossings. In a maximal outerplanar
graph, the rest of the edges are between any vertex v ∈ Tr and a vertex on the
left-right or the right-left path of v. From the x-coordinate of any vertex v ∈ Tr

and by Fact 4, one can see that a vertex v ∈ Tr is placed strictly to the left (right)
and above of all the vertices of the right-left (left-right) path of v except the right
(left) child of v. Thus all such edges can be drawn using straight-line segments
without any edge crossings and hence the following lemma holds.

Lemma 9. Let G be a label-constrained outerplanar graph. Then Algorithm
Draw-Graph finds a straight-line grid drawing of G.

Fig. 1(d) illustrates the straight-line grid drawing of G in Fig. 1(a).

Proof of Theorem 1: By Lemma 9, the drawing of G is a straight-line grid
drawing. The height of the drawing of G is the label of the root of the dual tree
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of G. By Lemma 2, the height of the drawing of G is O(log n). The width of the
drawing is O(n). Therefore the area of the drawing is O(n log n). One can easily
see that the drawing of G can be found in linear time.

4 Recognition of a Label-Constrained Outerplanar Graph

In this section we give a linear-time algorithm for recognition of a label con-
strained outerplanar graph.

Let G be a maximal outerplanar graph and let Tr be a rooted ordered binary
dual tree of G taking a vertex r as the root. (Note that r corresponds to an inner
face fr of G having an edge on the outer face.) From the definition of the vertex
labeling of a binary tree in Section 2, one can easily see that Lr(Tr) can be done
by a bottom-up computation in linear time. The verification whether Lr(Tr) is a
flat labeling can also be done in linear time. In case Lr(Tr) is not a flat labeling,
Lp(Tp) might be a flat labeling where Tp is a rooted ordered binary dual tree of
G rooted at a vertex p of degree one or two other than r. Therefore to examine
whether G is a label-constrained outerplanar graph or not, we have to compute
the vertex labeling of the rooted ordered binary dual tree of G rooted at each
vertex of degree one or degree two in the dual tree T of G and verify whether
each such a labeling of vertices is a flat labeling or not. Hence the recognition of
a label-constrained outerplanar graph requires O(n2) time by a naive approach.

Before presenting our linear-time recognition algorithm, we present the follow-
ing observation. Fig. 3(b) and (c) illustrate Tr and Tp of a maximal outerplanar
graph G in Fig. 3(a) where r and p correspond to the faces fr and fp of G
respectively. Note that the vertex i is the left child of p in Tr in Fig 3(b); but it
is the right child of p in Tp in Fig 3(c). Thus we can not get the rooted ordered
binary dual tree Tp of G immediately from Tr by simply choosing the vertex p
of Tr as the new root without taking care about the ordering of the children
of each vertices. However one can observe that the ordering of the children of
a vertex is changed from Tr to Tp only for the vertices on the r-p path of Tr.
For the rest of the vertices, the ordering of the children is unchanged in both Tr

and Tp. This change in the ordering of the children is presented in the following
three lemmas, which are immediate from the definition of the ordering of the
children of a vertex in the rooted ordered binary dual tree.

Lemma 10. Let G be a maximal outerplanar graph and let Tr be a rooted or-
dered binary dual tree of G. Let s be the right (left) child of r in Tr. Let p be a
vertex of T other than r such that the degree of p is one or two, and the vertex
s remains as a child of r in Tp. Then s is the left (right) child of r in Tp.

Lemma 11. Let G be a maximal outerplanar graph and let Tr be a rooted or-
dered binary dual tree of G. Let s be a vertex of Tr other than r such that the
degree of vertex s is one or two, and let t be the right (left) child of s in Tr.
Then t is the left (right) child of s in Ts.

Lemma 12. Let G be a maximal outerplanar graph and let Tr be a rooted ordered
binary dual tree of G. Let x be a degree three vertex such that s is the parent of x,



318 Md.R. Karim, Md.J. Alam, and Md.S. Rahman

and p and q are the left and the right children of x in Tr. Let y be a descendant of
x in the left (right) subtree of x in Tr such that the degree of y is one or two. Then
s (p) is the right child of x and q (s) is the left child of x in Ty.

We now can compute the labeling of a rooted ordered dual tree Tx of a maximal
outerplanar graph G from a given labeling of a rooted ordered dual tree Ty of G
using the Lemmas 10, 11, 12, where vertex x and y corresponds to the faces fx

and fy of G, as in the following lemmas.

Lemma 13. Let G be a maximal outerplanar graph and let Tr be a rooted ordered
binary dual tree of G. Then Lp(Tp) can be computed in constant time if Lr(Tr) is
given where p is a child of r in Tr and the degree of p is either one or two.

Proof. Without loss of generality, we may assume that p is the left child of r in
Tr. We also assume that q is the right child of r (if any) in Tr, and p has the
right child s (if any) in Tr.The labeling of the vertices of the subtrees rooted at
q and s is the same in both of the Lr(Tr) and the Lp(Tp). Therefore we need to
compute the label of r and p with respect to p to compute Lp(Tp). By Lemma 10,
q becomes the left child of r in Tp, and the label of r is same as the label of q.
A cross path is detected at r in Tp if q has the same label as its right child. By
Lemma 11, s becomes the left child of p in Tp. Then r becomes the right child
of p in Tp. The label of p is computed from the label of r and s. One can also
determine in constant time whether there is a cross path at p or not. Q.E .D.

Lemma 14. Let G be a maximal outer planar graph and let Tr be a rooted
ordered binary dual tree of G. Then Lx(p) can be computed in constant time if
Lr(Tr) is given where p is a child of r, and x is a descendant of p and the degree
of x is either one or two.

Proof. Without loss of generality, we assume that p is the left child of r in Tr. We
also assume that q is the right child of r (if any) in Tr. We need to compute the
label of r and p with respect to x to compute Lx(p). By Lemma 10, q becomes
the left child of r in Tx, and the label of r is same as the label of q. A cross path
is detected at r if q has the same label as its right child. We now have two cases
to consider.

Case 1: The degree of p is two.
In this case, we assume that s is the child of p in Tr. The label of p would be
same as r since r is the only child of p in Tx. One can also determine in constant
time whether there is a cross path at p as illustrated in Fig. 5(i). Fig. 5(i)(b)
and (d) illustrate the cases where s is the left and right child respectively, of p
in Tr (the thick line represents the cross path).

Case 2: The degree of p is three.
In this case, we assume that s and t are the left and the right child of p in Tr.
If x is in the left subtree of p in Tr, then by Lemma 12, r is the right child and
t is the left child of p in Tx as illustrated in Fig. 5(ii)(b). Fig. 5(ii)(d) illustrates
the case where x is in the right subtree of p in Tr. Then Lx(p) can be computed
from the labeling of r and t (s).
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Fig. 5. Illustration of different cases of computing Lx(p) from given Lr(Tr)

Thus we can compute Lx(p) in constant time. Furthermore, one can determine
in constant time whether there is a cross path at p or not. Q.E .D.

We are now ready to present our algorithm. Let G be a maximal outerplanar
graph and let Tr be a rooted ordered binary dual tree of G. We first compute
Lr(Tr). We have done if Lr(Tr) is a flat labeling. Then G is a label-constrained
outerplanar graph. We thus assume that Lr(Tr) is not a flat labeling. We now
have the following lemma whose proof is omitted in this extended abstract.

Lemma 15. Let G be a maximal outerplanar graph and let Tr be a rooted or-
dered binary dual tree of G. If Lr(Tr) is not a flat labeling and there exists a
vertex x ∈ Tr such that both of the subtrees of x contains a cross path, then G
is not a label-constrained outerplanar graph.

We thus assume that Lr(Tr) is not a flat labeling and there exists no vertex
x ∈ Tr such that both the subtrees of x contain a cross path. In this case, each
of the vertices of Tr at which a cross path is detected lies on a single path and r
is an end vertex of this path. Let us assume that u is the other end vertex of this
path, i.e., u is the farthest vertex from r at which a cross path is detected. Then
for any vertex v of Tr which is neither u nor a descendant of u in Tr, Lv(Tv) can
not be a flat labeling since labeling is done in a bottom-up approach. We thus
concentrate our attention only on the vertices of the subtree rooted at u in Tr as
a probable new root for computing labeling. We now have two cases to consider.

Case 1: u is not the root in Tr.
In this case, we have two subcases to consider.

Subcase 1(a): The degree of u is two.
By Lemmas 13 and 14, we can compute Lu(Tu) in the O(l) time where l is the
length of the r-u path. If a cross path is detected at any ancestor x of u in
Tr during this step then for any descendant y of x in Tr, Ly(Ty) can not be
a flat labeling. Since u and all the descendants of u are also descendants of x
in Tr, for any vertex v in Tr, Lv(Tv) can not be a flat labeling. Hence G is not
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Fig. 6. (a) A trivial outerplanar graph G with maximum degree n − 1, (b) a straight-
line grid drawing of G with O(n) area, and (c) an example of an outerplanar graph G
which has maximum degree O(n0.5)

label-constrained. Thus we assume that no cross path is detected at any ancestor
x of u. We have done if Lu(Tu) is a flat labeling. Otherwise, a cross path is
detected at u. In this case, we have to compute Lx(Tx) for any descendant x of
u in Tr with degree one or two and verify whether Lx(Tx) is a flat labeling for
recognizing G a label-constrained outerplanar graph, and this can be done in
linear time by Lemma 13 and Lemma 14.

Subcase 1(b): The degree of u is three.
Let v be any vertex on the r-u path other than u then for all the descendants
x of u in Tr the value of Lx(v) is the same. We can compute Lx(v) for all such
vertices v on the r-u path other than u in O(l) time where l is the length of the
r-u path and x is any degree one or two descendant of u. Again, for any ancestor
y of u, if a cross path is detected at y, then G can not be a label-constrained
outerplanar graph. Otherwise, we have to compute Lx(Tx) for any descendant
x of u in Tr with degree one or two and verify whether Lx(Tx) is a flat labeling
for recognizing G a label-constrained outerplanar graph, and this can be done
in linear time by Lemma 13 and Lemma 14.

Case 2: u is the root in Tr.
In this case, we have to compute Lx(Tx) for any descendant x of r in Tr with
degree one or two and verify whether Lx(Tx) is a flat labeling for recognizing G
a label-constrained outerplanar graph, and this can also be done in linear time
by Lemma 13 and Lemma 14.

Thus one can recognize a label-constrained outerplanar graph in linear time.
We have the following theorem.

Theorem 2. Let G be a maximal outerplanar graph and let T be the dual tree of
G. Then one can decide in linear time whether there exists a vertex r of T such
that Lr(Tr) is a flat labeling where Tr is the rooted ordered binary dual tree of G.
Furthermore, one can find such a vertex r of T in linear time if such a vertex exists.

5 Conclusion

In this paper we introduced a subclass of outerplanar graphs, which we call
label-constrained outerplanar graphs. A graph in this class has a straight-line
grid drawing on a grid of O(n log n) area, and the drawing can be found in linear
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time. We gave an algorithm to recognize a label-constrained outerplanar graph
in linear time. Our drawing algorithm is based on a very simple and natural
labeling of a tree. The labeling is bounded by O(log n), and the labeling might
be adopted for solving some other tree-related problems.

The previously best known area bound for an outerplanar graph is O(dn log n)
due to [Fra07], where d is the maximum degree of the outerplanar graph G. This
immediately gives an O(n log n) area bound if the maximum degree of G is
bounded by a constant. But the maximum degree of an outerplanar graph is
not always bounded by a constant. A trivial outerplanar graph may have the
maximum degree n − 1 as illustrated in Fig. 6(a) although it requires O(n)
area for straight-line grid drawing as illustrated in Fig. 6(b). However, there are
an infinite number of outerplanar graphs, as one illustrated in Fig. 6(c), which
have the maximum degree O(n0.5). A straight-line grid drawing of such a graph
obtained by the algorithm of Frati [Fra07] requires O(n1.5 log n) area whereas
our algorithm produces the drawings with O(n log n) area.
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Abstract. The contribution of this paper is twofold. It presents a new approach
to the matched drawability problem of pairs of planar graphs and provides three
algorithms based on this approach for drawing the pairs outerplane-outerpillar,
outerplane-wheel and wheel-wheel. Further, it initiates the study of the matched
drawability of triples of planar graphs: It presents an algorithm to compute a
matched drawing of a triple of cycles and an algorithm to compute a matched
drawing of a caterpillar and two universal level planar graphs. The results extend
previous work on the subject and relate to existing literature about simultaneous
embeddability and universal level planarity.

1 Introduction

Let G0, G1, . . . , Gk−1 be a set of planar graphs such that for every pair Gi, Gj a vertex
of Gi is matched to a distinct vertex of Gj . A matched drawing of G0, G1, . . . , Gk−1
consists of k straight-line planar drawings Γ0, Γ1, . . . , Γk−1 such that Γi represents Gi

and for every pair Gi, Gj (i �= j, 0 ≤ i, j ≤ k − 1) the edges that describe the matched
vertices are parallel.

Matched drawings can be regarded as a variant of the geometric simultaneous em-
beddings defined in [1]. In a geometric simultaneous embedding of two (or more) pla-
nar graphs, which have their vertex set in common, a planar straight-line drawing of
each graph is computed such that every vertex has the same location in all drawings.
If an edge is shared by two graphs, it is therefore represented by the same straight-line
segment which makes it easy to visually discover common patterns in the drawings.
However, the families of planar graphs that admit a geometric simultaneous embedding
have been proven to be rather restricted (see [1,7,8]). Requiring that the same vertices
share only one of their coordinates, as is the case for matched drawings of pairs of
graphs, is a natural relaxation to consider.
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The study of matched drawings fits within the application framework recently de-
scribed by Collins and Carpendale [2] who, motivated by exploring relationships be-
tween relational sets of data, present a system that matches vertices of independent
drawings. Collins and Carpendale [2] compute the drawings independent of one an-
other, which may give rise to many crossings among the edges that describe correspon-
dences between vertices in different visualizations. By studying matched drawings we
explore the possibility of visualizing pairs of graphs such that, if there is a bijection
between their vertices, this bijection is described by a set of parallel edges.

Matched drawings of a pair of planar graphs have been first defined and studied
in [4]. The authors proved that not all planar pairs admit a matched drawing for any
possible bijection between their vertices. They also described meaningful pairs of planar
graphs that always admit a matched drawing. Among the different families of matched
drawable graphs, they showed that every pair of trees with a bijection between their
vertices admits a matched drawing while it is known that not all tree pairs admit a
geometric simultaneous embedding [8]. In this paper we extend the results of [4] in
different directions. Namely, we present new pairs of planar graphs that admit a matched
drawing and we initiate the study of matched drawings for more than two planar graphs.
More precisely, our main results can be outlined as follows.

1. We present a novel approach for computing matched drawings of pairs of planar
graphs. This technique is based on a suitable coloring of the vertices of the graph
and on characterizing vertex levelings of graphs that always admit a level planar
realization. In this respect, our results can be related to the well-known research
area about level planarity and about universal level planarity (see [5,6]). As appli-
cation examples of the proposed technique, we prove that two wheel graphs, an
outerplanar and a wheel, and an outerplanar and an outerpillar are pairs that admit
a matched drawing.

2. We introduce and study the notion of triangular matched drawing for a triple of
planar graphs. By using this concept we find new differences between matched
drawability and simultaneous drawability. Namely, while it is known that triples of
graphs with the same vertex set may not have a geometric simultaneous embedding
even in the case that they are simple paths [4], it turns out that a triple consisting of
a caterpillar and two universal level planar graphs [6] is always triangular matched
drawable.

3. We use the drawing technique behind the result of (2), combined with a suitable
sequence of geometric translations to show that every triple of cycles with the same
vertex set admits a triangular matched drawing.

The remainder of the paper is organized as follows. Preliminaries can be found in
Sect. 2. Our approach for computing matched drawings of pairs of graphs is described
in Sect. 3. Matched drawings of more than two graphs are discussed in Sect. 4. Finally,
Sect. 5 lists some open problems.

2 Preliminaries

We assume the reader is familiar with standard notions of graph drawing [3,10,11,12].
A wheel is a graph consisting of a cycle plus a vertex, called the center of the wheel
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and connected to all the vertices of the cycle. A fan is a graph formed by a path plus a
vertex, called the apex, connected to all the vertices of the path; a fan can be obtained
from a wheel by removing an edge not incident to its center. An outerplanar graph
is a graph that admits a planar embedding such that all vertices are on the same face.
Such an embedding is called an outerplanar embedding and the face containing all the
vertices is referred to as the unbounded or the external face. The other faces are called
bounded or internal faces. An outerplanar graph is a maximal outerplanar graph if the
addition of any edge destroys its outerplanarity. An outerplane graph is an outerplanar
graph with a given outerplanar embedding. Let G be an outerplane graph. The weak
dual G∗ of G is a graph whose vertices are the internal faces of G and such that two
vertices are adjacent if the corresponding internal faces in G share a common edge. If
G is maximal and has at least three vertices, its internal faces are triangular and G∗ is
a tree whose nodes have degree at most three. Note that G always contains a vertex of
degree two: a vertex v ∈ G has degree two if and only if v belongs to a face that is a
leaf of G∗. Throughout the paper n denotes the number of vertices of a graph.

3 Matched Drawings of Pairs of Graphs

Let G0, G1 be two planar graphs with the same number of vertices. We say that the pair
G0, G1 defines a matched pair, denoted as 〈G0, G1〉 if there is a bijection Φ from the
vertices of G0 to the vertices of G1; two vertices u, v with u ∈ G0 and v ∈ G1 are
matched if Φ(u) = v. Let Γ0 and Γ1 be two straight-line planar drawings of G0 and
G1, respectively. The pair of drawings 〈Γ0, Γ1〉 is a matched drawing of 〈G0, G1〉 if the
edges (u, Φ(u)) that describe the bijection are all parallel to a common direction. For
reasons of concreteness and without loss of generality, we shall assume in the following
that any two matched vertices have the same y-coordinate in 〈Γ0, Γ1〉. A matched pair
is matched drawable if it admits a matched drawing.

In [4] it has been proven that every matched pair 〈T0, T1〉 where both T0 and T1
are trees is matched drawable. A matched drawing of two trees is constructed by a
vertex addition strategy that alternately chooses the next vertex to be drawn from T0
and from T1: T0 determines which vertex is placed in odd steps at y-coordinates n −
1, n − 2, . . . , �n/2� + 1 while T1 determines which vertex is placed in even steps at y-
coordinates 0, 1, . . . , �n/2�. We extend this result by presenting new pairs of matched
drawable graphs. This is done by using a drawing approach that looks similar but is also
quite different from the one of [4]. The main idea behind our approach is to separate
the role that the two graphs have in the computation. Based on the topology of one of
the two graphs, the vertices are given one of two colors. Based on the topology of the
other graph, the y-coordinates are defined. Finally, the matched drawing is computed.
More precisely, our approach can be described as consisting of the following three main
phases. Since there is a bijection between the vertices of G0 and of G1, we may as well
assume that the vertex set of G0 coincides with the vertex set of G1 and denote this
set as V .
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1. Coloring Phase. Vertices of V are associated with labels in the set {B, T }. Such a
labeling, called a BT-labeling, specifies that vertices labeled as B (“Bottom”) will
be drawn below those labeled as T (“Top”). The BT-labeling exclusively depends
on the topology of G1.

2. Leveling Phase. Let Y = {y0, y1, . . . , yn−1} be a set of n distinct non-negative
integers. By considering the topology of G0 each vertex is assigned a number in
set Y such that every vertex labeled B is given a number smaller than any vertex
labeled T . We call this phase the color-preserving level assignment.

3. Drawing Phase. A matched drawing 〈Γ0, Γ1〉 is computed; the y-coordinates of
the vertices of V are those defined by the color preserving level assignment.

The Drawing Phase implies proving the following property: for any color-preserving
level assignment of the vertices of G1, there always exists a planar straight-line drawing
of G1 where every vertex is given a y-coordinate equal to its level number. This will be
clarified in the following subsections. It is worth noting that the graphs of the matched
pairs that we study in the next sections may not have level preserving straight-line
drawings for all possible levelings of their vertices [6].

3.1 Matched Drawing of 〈Outerplane, Outerpillar〉

A caterpillar is a tree such that removing all of its leaves gives rise to a path; this
path is called the spine of the caterpillar. An outerplanar graph G is an outerpillar if
G is maximal and it has an outerplanar embedding whose weak dual is a caterpillar.
An outerpillar with such an outerplanar embedding is called an outerplane outerpillar.
Figure 1(a) shows a drawing of an outerplane outerpillar; the weak dual is also depicted
and the vertices of its spine are in grey. We show that a matched pair 〈outerplane,
outerpillar〉 is matched drawable. We assume that even the outerplane graph is maximal;
if not, it can be made maximal by means of a suitable addition of edges between vertices
of non-triangular faces. Also, the outerplanar embedding of the outerpillar, whose weak
dual is a caterpillar, is assumed to be known. We describe how to construct a matched
drawing by executing the three phases of our general methodology.

s t
ftfs

(a)

s t

Πb

Πt

(b)

Fig. 1. (a) A drawing of an outerplane outerpillar and of its weak dual. (b) An example of a
bottom path (bold light color) and of a top path (bold darker color).
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Coloring Phase. Let G and G∗ be the outerplane outerpillar and its weak dual, respec-
tively. Since G is maximal, G∗ is a caterpillar with maximum vertex degree three (see
Fig. 1(a)). Let fs and ft denote two leaf nodes adjacent to different end-vertices of the
spine of G∗, respectively. Let s and t denote two vertices with degree two of fs and ft,
respectively.

Vertices s and t are used to split the boundary of the external face of G into two dis-
joint oriented paths. The bottom path, denoted as Πb consists of the sequence of vertices
encountered when traversing counterclockwise the boundary of the external face of G
starting from s to the vertex preceding t. The top path, denoted as Πt, is the sequence
of vertices encountered when traversing clockwise the boundary of the external face of
G starting from the vertex that follows s to t. Figure 1(b) shows examples of top and
bottom paths.

The BT-labeling of the vertices of V is defined by assigning the label T to each
vertex of Πt and the label B to each vertex of Πb.

Leveling Phase. A color preserving level assignment of the vertices of V is computed
by constructing a straight-line planar drawing of the outerplane graph that preserves the
BT-labeling.

Lemma 1. Let G be an outerplane graph with a given BT-labeling. G admits a straight-
line planar drawing such that every vertex labeled B is drawn below any vertex la-
beled T .

Sketch of Proof: A matched drawing is constructed with a vertex addition strategy. At
each step a new vertex and its incident edges are drawn such that a new face is added to
the current drawing. Vertices are assigned n distinct integer y-coordinates in the interval
[0, n−1]. Each of these y-coordinates is initially marked as unused; it is marked as used
when it is assigned to a vertex during the drawing procedure.

Let G∗ be the weak dual of G, f0 be the face of G corresponding to a leaf of G∗,
and e0 be an edge of f0 that also belongs to the external face of G. Let u and v be the
end-vertices of e0. Vertices u and v are drawn at Step 0 and at Step 1. If both u and v
have a B label, they are assigned the y-coordinates 0 and 1. If they both have a T -label,
they are assigned the y-coordinates n − 1 and n − 2. Otherwise, the vertex with label
B is given y-coordinate 0 and the other is given y-coordinate n − 1; the x-coordinate
of u is 0 and the x-coordinate of v is 1. At Step i (2 ≤ i ≤ n − 1), a new vertex and
its incident edges are drawn such that a new face is added to the current drawing. The
new face to be added is chosen by performing a BFS visit of G∗ that starts at f0 (that is,
at Step 2 the vertex of G other than u and v forming f0 is drawn; at Step 3 a new face
adjacent to f0 is drawn, and so on).

At any Step i such that 1 ≤ i ≤ n − 1, the following two invariants are maintained:
(i) for each edge e of the drawing there exists a triangular region called safe region of
e and denoted as Re such that one of the sides of Re is e and at least two sides of Re

intersect every unused y-coordinate; (ii) for any two edges in the drawing either the
interior of their safe regions do not intersect or one safe region is completely contained
in the other.

The invariants can be easily verified at the end of Step 1. Assume that the invariant
is maintained at Step i − 1, and let w be the vertex of G processed at Step i. By adding
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pu

Re′′

u

w

(b)

Fig. 2. Examples of regions Re, Re′ and Re′′ . The unused y-coordinates are highlighted. (a)
Vertices u, v have the same label T and w is also labeled with T . (b) Vertices u, v have labels B
and T , respectively, and w is labeled with B.

vertex w to the drawing, a new face f of G is also drawn. Let e = (u, v) be the edge of
f that has been drawn at some previous step and let Re be its safe region. Let u, v, p be
the corners of Re. Refer also to Fig. 2.

In order to draw w, we distinguish between two cases, depending on whether both
end-vertices u and v have the same BT-label. If both u and v have the same BT-label,
the construction is like the one depicted in Fig. 2(a). Vertex w is drawn inside Re with
the minimum or maximum unused y-coordinate based on its label (i.e. we choose the
minimum if w is labeled B, else we choose the maximum). The safe region Re of e does
not change. The safe regions of edges e′ = (u, w) and e′′ = (w, v) are the triangular
regions u, w, p and w, v, p, respectively. It is immediate to see that both invariants are
maintained.

If u is labeled B and v is labeled T , the construction is like the one depicted in
Fig. 2(b). Suppose that w is labeled B. Let q be a point inside Re having the high-
est unused y-coordinate. Points u, v, and q define a triangle R′

e contained inside Re

such that R′
e contains all unused y-coordinates. Draw w inside R′

e at the lowest unused
y-coordinate. We define the safe regions of edges (u, w) and (w, v) as the triangular re-
gions u, w, q and w, v, q, respectively; the safe region of e stays the same. In this case,
it is easy to see that both invariants are maintained. The case when w is labeled T is
symmetric to the case when w is labeled B.

The planarity of the resulting drawing is a consequence of the two invariants and of
the order by which the new vertices to be added are chosen. �
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Fig. 3. Illustration of the construction in Lemma 2. (a) An outerplane outerpillar and the num-
bering of its vertices. (b) A planar straight-line drawing of the outerpillar that preserves the y-
coordinate assignment shown in the table on the right.

Drawing Phase

Lemma 2. Let G be an outerplane outerpillar and let Πb and Πt be a bottom and a top
path of G, respectively. Assume that each vertex of G is given a distinct y-coordinate
such that every vertex of Πb has a y-coordinate that is smaller than the y-coordinate
of any vertex of Πt. G admits a planar straight-line drawing that preserves the given
y-coordinates of its vertices.

Sketch of Proof: We first prove the statement in the case that the weak dual of G is a
path. We then show how the argument can be extended to the general case that the weak
dual is a caterpillar with vertices of degree higher than two.

Let nb be the size of Πb. Visit Πb from its source to its sink and denote any en-
countered vertex with an increasing integer, starting from 0. Similarly, visit Πt from its
source to its sink and denote any encountered vertex with an increasing integer, start-
ing from nb. Figure 3(a) shows an example of this numbering applied to the graph of
Fig. 1(a). The y-coordinate assignment is shown on the right hand-side of Fig. 3(b). We
compute a planar straight-line drawing of G that preserves the given y-coordinates in
nb steps.

At Step 0, vertex 0 is drawn at x-coordinate 0. Notice that the only vertex of Πt

adjacent to vertex 0 is vertex nb (see Fig. 3(a)). Assign x-coordinate 1 to vertex nb.
At Step i (1 ≤ i ≤ nb − 1) the vertex of Πb numbered i is drawn together with its

adjacent vertices of Πt that have not yet been drawn. Vertex i is the apex of a fan that
contains one or more vertices of Πt; denote as Πt(i) these vertices. Let k be the leftmost
vertex of Πt(i). Observe that k is adjacent to some vertex that precedes vertex i along
Πb, and therefore k has been drawn at some previous step. Also, k has the largest x-
coordinate among all vertices of the Πt that have been drawn at steps preceding Step i.
Let xk be this x-coordinate.

Note that xk is the largest x-coordinate of the current drawing. Vertex i is given any
x-coordinate larger than xk. Let k + 1 be the next vertex of Πt(i) adjacent to vertex i.
The x-coordinate of k + 1 is any value larger than xi. Assume that Πt(i) has at least
another vertex k + 2. We choose an x-coordinate xk+2 for k + 2 that is “large enough”
so that the edge (i, k + 2) does not cross any other edges drawn so far.
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For example, the value xk+2 can be defined as follows. Let yt
max and yb

max (yt
min

and yb
min) be the highest (lowest) y-coordinates of the top and bottom path, respectively.

Consider the line � through the two points (xi, y
b
max) and (xk+1, y

t
min). Let p be the

point of � having y-coordinate equal to yt
max. The x-coordinate of k + 2 is to the right

of p. Any other vertices that follow k + 2 and belong to Πt(i) are drawn with a similar
technique.

What remains to consider is the case where the weak dual G∗ of G has vertices of
degree higher than two. We first remove all faces of G which correspond to the leaves of
G∗ and compute a drawing of the resulting graph as described above. We then re-insert
the faces corresponding to the leaves of G∗ by inserting a single vertex at a time. For a
face with vertices u, w, v such that u and v have already been drawn proceed as follows.
Note that u and v both belong to either Πb or to Πt and that they have consecutive x-
coordinates. Assume first that u and v are in the top path and assume that xu is left of
xv . Let e′ be the rightmost edge incident to u and let e′′ be the leftmost edge incident
to v. Let p′ be the point of e′ having y-coordinate equal to yt

min; let p′′ be the point
of e′′ having y-coordinate equal to yt

min. Choose for w an x coordinate in-between the
x-coordinates of p′ and p′′ and such that u, v, and w are not collinear. The case where
u and v both belong to Πb is handled similarly. �

The coloring phase described in Sect. 3.1 together with Lemmas 1 and 2 implies the
following.

Theorem 1. Let G0 = (V, E0) and G1 = (V, E1) denote an outerplane and an outer-
pillar graph, respectively. The matched pair 〈G0, G1〉 is matched drawable.

3.2 Matched Drawing of 〈Outerplane, Wheel〉 and of 〈Wheel, Wheel〉

In this section, we describe two algorithms for computing a matched drawing of the
matched pairs 〈outerplane, wheel〉 and 〈wheel, wheel〉, respectively. The algorithms
follow the three main phases of the general approach previously introduced. For the
pair 〈outerplane, wheel〉 these phases are as follows:

Coloring Phase. The BT-labeling of V depends only on the topology of the wheel: the
center of the wheel is labeled as B, while all the remaining vertices are labeled as T .

Leveling Phase. A drawing Γ of the outerplane graph preserving the BT-labeling is
computed as described in the proof of Lemma 1. The y-coordinates of the vertices of V
are those of Γ .

Drawing Phase. A matched drawing of the pair 〈outerplane, wheel〉 is obtained by
computing a planar straight-line drawing of the wheel such that the y-coordinates of the
vertices are those defined in the leveling phase (see [9] for more details).

For the matched pair 〈wheel, wheel〉, the Coloring Phase and the Drawing Phase
are the same as in the case 〈outerplane, wheel〉. The Leveling Phase is executed by
computing a planar straight-line drawing of the first wheel such that the y-coordinates
of the vertices define a color-preserving level assignment (see [9] for more details). As
a consequence, we can state the following theorems; their proofs are omitted for space
reasons; the interested reader can refer to [9].
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Theorem 2. Let G0 = (V, E0) and G1 = (V, E1) denote an outerplane and a wheel
graph, respectively. The matched pair 〈G0, G1〉 is matched drawable.

Theorem 3. Let G0 = (V, E0) and G1 = (V, E1) denote two wheels. The matched
pair 〈G0, G1〉 is matched drawable.

4 Matched Drawings of Triples of Graphs

In this section, we extend the definition of matched drawing in order to allow the pair-
wise comparison of three n-vertex graphs. We observe that any number of universal
level planar graphs have a matched drawing such that shared vertices have the same
y-coordinate. It can be constructed by horizontally aligning the visualizations of the
graphs. However, this type of visualization implies that the edges of the matching be-
tween two non-consecutively aligned drawings would overlap the in-between repre-
sentations. Similarly to the classical edge-region crossing-free requirement of cluster
planarity (see [10]) we add the constraint that the edges describing the matching of a
pair of graphs never intersect the area occupied by the drawing of a third graph.

Let G0, G1, and G2 be three graphs on the same vertex set V . The triple 〈G0, G1, G2〉
is a matched triple. Let L0, L1 and L2 be three sets of n parallel lines with different slopes
forming a set of triangles as illustrated in Fig. 4. For any 0 ≤ i ≤ 2, the intersection points
of all the pairs of lines in Li×L(i−1)mod3 form a set of n2 elements, denoted as Di, which
is called the diamond associated with Li and L(i−1)mod3. We assume that, for any i �= j,
Di ∩ Dj = ∅. A triangular matched drawing of 〈G0, G1, G2〉 is a triple 〈Γ0, Γ1, Γ2〉 of
three straight-line planar drawings of G0, G1 and G2, respectively, such that, for each
vertex v ∈ V , the point representing v in Γi and the point representing v in Γ(i+1)mod3
lie on the same line of Li (0 ≤ i ≤ 2). The vertices of the drawing Γi are a subset, of size
n, of the diamond Di (0 ≤ i ≤ 2). A matched triple 〈Γ0, Γ1, Γ2〉 is triangular matched
drawable, or briefly matched drawable, if it admits a triangular matched drawing.

In [8], it was proved that there exist two trees that do not admit a geometric simul-
taneous embedding while in [4], it was proved that every matched pair of trees has
a matched drawing. The next theorem contributes by shedding more light about the
differences between the notion of matched drawability and simultaneous drawability.
Namely, while it is known that triples of graphs with the same vertex set may not have
a geometric simultaneous embedding even in the case that they are simple paths [4], it
turns out that a matched triple consisting of a caterpillar and two universal level planar
graphs is always triangular matched drawable.

A universal level planar graph G (also known as an ULP graph [6]) is a planar graph
such that for any numbering of its vertices with n distinct values there exists a straight-
line planar drawing of G such that every vertex has a y-coordinate equal to its given
number. Trees that are ULP graphs are characterized in [5]; general universal planar
graphs are characterized in [6].

4.1 Matched Drawings of a Caterpillar and Two Universal Level Planar Graphs

Let G0, G1, G2 be a caterpillar and two ULP graphs, respectively. The general approach
for computing a matched drawing 〈Γ0, Γ1, Γ2〉 is as follows. (1) The vertices of G0 are
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suitably assigned to a set L0 of n parallel lines by ensuring that crossings between pairs
of edges with no vertex in common are not possible (independently of the horizontal
position of the vertices along the corresponding lines). Such an assignment implicitly
defines a vertex numbering, i.e. the vertex assigned to line �j is numbered as j, (0 ≤
j ≤ n − 1). (2) A planar straight-line drawing of the ULP-graph G1 is computed by
preserving the vertex numbering defined by L0 [6]. Also, L1 is defined as a set of n
parallel lines with slope different from that of L0 and such that each line of L1 passes
through a distinct vertex of G1. (3) Similarly, a planar straight-line drawing of G2 is
computed by preserving the vertex numbering defined by L1. The set L2 is defined in
such a way that each line passes only through a distinct vertex of G2 and the lines of
L0, L1 and L2 form a set of parallel triangles as required in the definition of triangular
matched drawing. Γ0 is induced by the vertex numbering defined by L2, which fixes
the horizontal position of the vertices of G0 along the lines of L0.

The proof of the next theorem can be found in [9].

Theorem 4. Let 〈G0, G1, G2〉 be a matched triple such that G0 is a caterpillar, G1 and
G2 are universal level planar graphs. The matched triple 〈G0, G1, G2〉 is triangular
matched drawable.

4.2 Matched Drawings of Three Cycles

The proof of Theorem 4 strongly relies on the acyclicity of graph G0. The next theorem
studies the case that the three graphs in the triple are all cycles.

Theorem 5. A matched triple of cycles 〈C0, C1, C2〉 is triangular matched drawable.

Sketch of Proof: Let (u, v) denote an edge that does not belong to all the three cycles.
If such an edge does not exist, the three cycles are identical and the proof is trivial.
Without loss of generality, suppose that (u, v) ∈ C0 and (u, v) /∈ C2. Now, decompose
each cycle as a path plus an edge connecting its end-vertices, where such an edge is
referred to as the broken edge, as follows. Define Π0 as the n-vertex path formed by the
vertices encountered when traversing along C0 from u to v. Moreover, define Π1 and
Π2 as the paths obtained by removing an edge adjacent to vertex u from the cycle C1
and C2, respectively. As stated by Theorem 4, the three paths admit a triangular matched
drawing, which can be easily computed as follows (see Fig. 4 for an illustration).

Let ri be the direction orthogonal to the lines of Li (0 ≤ i ≤ 2). For each 0 ≤ i ≤ 2,
travel along ri and assign to the k-th encountered line of Li the k-th vertex of the path
Πi. Now, place each vertex z ∈ Πi at a point of the diamond Di by intersecting the
pairs of lines in Li × L(i−1)mod3 that have been associated to z (0 ≤ i ≤ 2). By con-
struction, each path is represented by a monotone chain, and thus the drawings Γ0, Γ1
and Γ2 are planar. Note that, if w denotes the last vertex of the path Π2, by construction
w �= v (i.e. paths Π0 and Π2 have two distinct end-vertices). Thus, the last vertex v of
the path Π0 does not lie on the corner of the diamond D0 (this corner is formed by the
intersection of the lines of L0 and L2 corresponding to vertices v and w, respectively).
At this point, the resulting drawings may not be planar because of the broken edges.
However, the following line shift operations remove possible crossings introduced by
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Fig. 4. Triangular matched drawing of three cycles

the broken edges while preserving the planarity of each path. More precisely, suppose
that all three cycles are not planar, then proceed as follows:

1. Move the first line of L0 in the direction opposite to r0 until the broken edge of C1
does not cross. Clearly, this operation does not affect path Π2, but it lengthens one of
the edges of Π0.
2. Move the first line of L2 in the direction opposite to r2 until the cycle C0 becomes
planar. This operation does not affect cycle C1, but it lengthens one of the edges of Π2.
3. Move the first n − 1 lines of L2 in the direction opposite to r2 until the cycle C2
becomes planar. Note that, this motion does not affect cycle C1. It modifies cycle
C0, but since there is no vertex on the corner of the diamond L0, cycle C0 remains
planar. �

5 Conclusions and Open Problems

In this paper we have addressed the matched drawability problem for well-known fam-
ilies of planar graphs. In particular, we have extended to triples of graphs the concept
of matched drawing, introduced in [4], and we have studied the drawability problem
for pairs and triples of graphs. We have introduced a general approach for computing a
matched drawing of a pair of graphs, and provided three algorithms based on this ap-
proach for drawing the pairs 〈outerplane, outerpillar〉, 〈outerplane, wheel〉 and 〈wheel,
wheel〉. Finally, we have presented two algorithms for computing a matched drawing of
a caterpillar and two ULP-graphs and of three cycles. We conclude with several inter-
esting open problems for future research:

1. Is a matched pair of biconnected outerplane graphs matched drawable?
2. Is the matched triple formed by a tree and two ULP-graphs matched drawable?
3. Is every triple of outerpillar graphs matched drawable?
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Abstract. We consider the standard algorithm to test the upward pla-
narity of embedded digraphs by Bertolazzi et al. [3]. We show how to
improve its running time from O(n + r2) to O(n + r

3
2 ), where r is the

number of sources and sinks in the digraph. We also discuss 2 applications
of this technique: finding a certificate of correctness of an implementation
of our upward planarity testing algorithm; and improving the running
time of getting a quasi-upward planar drawing for an embedded digraph
with minimum number of bends.

1 Introduction

A digraph G = (V, E) is upward planar if it has a planar drawing with all edges
pointing upward [6]. An upward planarity testing algorithm checks if a planar
digraph G has a drawing that is simultaneously upward and planar. Although an
upward planar digraph must be both upward and planar, these two properties
alone do not guarantee upward planarity. In fact, Garg and Tamassia [7] showed
that upward planarity testing is NP -complete for general digraphs, so efficient
upward planarity testing algorithms have been developed for some restricted ver-
sions of the problem. Hutton and Lubiw [9] presented an O(n2) upward planarity
testing algorithm for single-source digraphs, this algorithm was later optimized
to O(n) by Bertolazzi et al. [4]. An O(n + r2) time algorithm was developed by
Bertolazzi et al. to test the upward planarity of digraph with a fixed embedding
[3], where r is the number of sources and sinks in the digraph and n is the num-
ber of vertices of digraph. An st-digraph G is a directed acyclic graph (DAG)
with a single source s, a single sink t and an edge (s, t). Di Battista et al. and
Kelly independently showed that a digraph is upward planar if and only if it is
a spanning subgraph of a planar st-digraph [1,10].

In this paper, we present an improved algorithm for testing the upward pla-
narity of an embedded digraph. The algorithm by Bertolazzi et al. [3] works by
solving a c-matching problem. The flow network for this problem has a partic-
ular structure which allows for the maximum flow to be found in O(r

3
2 ) time

[11]. However, it takes another O(r2) time because we also need to check for a
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feasible external face [3]. We reduce the running time of the algorithm by giving
an efficient way to find a feasible external face. Since checking the upward pla-
narity of an embedded digraph is also used as a subroutine in other algorithms,
for example [8,5], improving the time taken by this algorithm may also make
other algorithms efficient.

A program is certifying if, along with its output, the program gives a certifi-
cate that the output is correct. A certificate is used by human users to ensure
that the output is correct for a particular input. For example, the planarity test-
ing algorithm of the class library LEDA implements this idea [12]. It presents a
planar drawing of a graph G when G is determined to be planar and when G
is determined to be non-planar it shows a subdivision of K5 or K3,3 inside G.
Hence users can be certain that LEDA computed the correct answer for that in-
stance. We argue that an upward planarity testing algorithm should also present
a certificate of correctness for the computed output. We present one possible way
that such certificate of correctness can be presented to a user.

In a quasi-upward drawing Γ of a digraph, a horizontal line through each
vertex in Γ locally splits the incoming edges from the outgoing edges [2]. In a
quasi-upward drawing, a bend is a point on an edge e where the tangent of e is
horizontal. Quasi-upward planarity is a generalization of upward planarity; and
all digraphs with a bimodal planar embedding have a quasi-upward planar draw-
ing. Let Gφ be an embedded digraph with a fixed external face. A quasi-upward
planar drawing of Gφ with minimum bends can be computed by finding the
minimum cost flow in a network N [2]. We also present how the practical run-
ning time of computing a quasi-upward planar drawing with minimum number
of bends can be improved.

1.1 Preliminaries

We assume basic familiarity with graph theory. Let B = (V, W, E) be a bipartite
graph. Let S ⊆ W , we let N(S) denote the neighborhood of S, i.e N(S) =
{v ∈ V : (v, w) ∈ E and w ∈ S}. Let c : W → N, where N is the set of natural
numbers. For each vertex w ∈ W , we call c(w) the capacity of w. The capacitated
matching or c-matching M of B with respect to c is a set M ⊆ E and has the
following properties: (a) a vertex v ∈ V is incident to at most 1 edge in M ;
and (b) vertex w ∈ W is incident to at most c(w) edges in M . We also define a
function IM : V ∪ W → N, such that for a v ∈ V ∪ W , IM (v) equals the number
of edges incident to v in M . A vertex v ∈ V is called matched if IM (v) �= 0,
otherwise it is called free. A vertex w ∈ W is called saturated if IM (w) = c(w),
and it is called unsaturated if 0 < IM (w) < c(w). A c-matching M is called a
perfect capacitated matching if

|M | =
∑

w∈W

c(w).

A path P = w0, v1, w1 . . . , wk, vk+1 = v is called an augmenting path for a
c-matching M if (wi, vi+1) ∈ E \ M and (vi, wi) ∈ M , such that IM (v) = 0 and
IM (w0) < c(w). We allow a non-free vertex w ∈ W to repeat in a augmenting
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path. Given M and an augmenting path P , we can obtain a c-matching M ′ =
M ⊕ P , such that (vi, wi−1) ∈ M ′ for all vi appearing on P and (vi, wi) ∈ M ′

for all v that do not appear on P . Note that |M ′| = |M | + 1.
A perfect c-matching can computed by changing B = (V, W, E) to a flow

network N and finding the maximum flow in it. We do this by first orienting
every edge e of B from V to W such that each edge has a capacity u(e) = 1,
adding a source s and a sink t, adding an edge e′ = (s, v) between s and every
vertex v ∈ V with capacity u(e′) = 1, and finally an edge e′′ = (w, t) from every
w ∈ W to t with capacity u(e′′) = c(w). If the maximum flow has a value equal
to

∑
w∈W c(w) then B has a perfect c-matching with respect to c. We can obtain

this perfect c-matching by taking all edges between V and W with non zero flow
in N . The following theorem is from [11].

Theorem 1. Let N = (V, E) be network. The maximum flow in N can be found
in O(

√
|V | · |E|) time if either out-degree(v) ≤ 1 or in-degree(v) ≤ 1 for every

vertex of N .

Corollary 1. In a bipartite graph B = (V, E), one can find a c-matching with
respect to a function c in O(

√
|V | · |E|) time.

In a digraph, a source vertex has only outgoing edges and a sink vertex has only
incoming edges. We denote the set of sources and sinks in a digraph G by S and
T respectively, we also let K = S ∪ T . An embedding is an equivalence class of
planar drawings for a graph G, such that an embedding φ has a fixed circular
order of edges around each vertex of G. A graph G with a given embedding is
denoted by Gφ and we call it an embedded digraph. Two drawings with the same
embedding have the same set of faces F . We can draw Gφ in a planar fashion
with any face in F as the external face. An embedded digraph Gφ is bimodal
if the edges incident to each vertex in Gφ can be partitioned into consecutive
incoming and outgoing edges. We can check if a planar digraph Gφ is bimodal
in O(n) time. Assume that the vertex v has the edges e1 and e2 incident to it in
a face f of an embedded digraph Gφ, such that e1 and e2 are consecutive edges
in the facial boundary of f . The triplet 〈e1, v, e2〉 is a switch if both e1 and e2
either point toward v or away from v. The number of switches in a face f in an
embedded DAG is even, and is denoted by 2nf .

Lemma 1 (Bertolazzi et al. [3]). Let F be the set of faces in a bimodal
embedded digraph Gφ. Then

∑

f∈F

(nf − 1) + 2 = |S| + |T |.

A mapping of sources and sinks to the faces of Gφ is a consistent assignment if
the following conditions are satisfied:

– Each source or sink is mapped to exactly one face.
– A face h has nh + 1 sources or sinks mapped to it.
– Every other face f has nf − 1 sources or sinks mapped to it.
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The embedded digraph Gφ cannot be upward planar if it is non-planar or
non-bimodal or has directed cycles. Bimodality, planarity and acyclicity can be
tested in linear time. Hence, the O(n + r2)-time embedded upward planarity
testing algorithm by Bertolazzi et al. [3] first ensures that Gφ satisfies these
properties and then checks if it satisfies the following theorem:

Theorem 2 (Bertolazzi et al. [3]). Let Gφ be a planar and bimodal embedded
DAG. Gφ is upward planar if and only if we can find a consistent assignment of
the sources or sinks of Gφ to its faces.

Bertolazzi et al. showed that there exists a consistent assignment for Gφ if a
bipartite graph BGφ

has a perfect c-matching. The graph BGφ
= (K, F, E) has

an edge (v, f) if v ∈ K is incident to f ∈ F in Gφ. Bertolazzi et al. show that
|F | is O(r), where r is the number of sources and sinks in G. The graph BGφ

is
planar and hence it has O(r) edges. The graph BGφ

can be constructed in O(n)
time. Given BGφ

, one can check if a consistent assignment exists for Gφ by using
the following 2 step procedure:

1. Define function c : F → N, such that c(f) = nf − 1 for every face f in Gφ.
Then find the c-matching in BGφ

with respect to c. If perfect c-matching
does not exist then Gφ is not upward planar, otherwise each face f can act
as an internal face in an upward planar drawing of Gφ.

2. If the previous test is successful, then we try to find a feasible external face,
if it exists. We let c(h) = nh + 1 for a face h and check if we can have a
perfect c-matching. If we get a perfect c-matching then Gφ is upward planar,
otherwise we revert back to c(h) = nh − 1 and let c(g) = ng + 1 for a face
g, we then find the maximum c-matching. We repeat this until we find a
perfect c-matching or we run out of faces, in which case Gφ is not upward
planar.

Bertolazzi et al. proposed an O(r2) method for step 1 [3], by converting it from
a matching problem to a maximum flow problem on a network N ′ as discussed
earlier. However, we conclude from Corollary 1 that step 1 can be done in O(r

3
2 )

time because BGφ
is planar. Bertolazzi et al. proposed an O(r2) method for step

2 [3], which essentially corresponds to iterativly checking each face if it can act
as the external face. We show in the next section how it can be done in linear
time.

A quasi-upward planar drawing with minimum bends for an embedded di-
graph Gφ with a fixed external face can be computed by finding the minimum
cost flow in a network N [2]. So we will breifly describe min cost flows. Assume
we have a network N = (V, E), such that each edge e has an associated value
c(e) called cost and u(e) called capacity. We also have a integer d(v) with each
vertex v called demand, if d(v) < 0 then v is a supply-node. The minimum cost
flow problem computes a function x : E → N, called flow, that minimizes

∑

e∈E

c(e)x(e).
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We let V al(x) represent the sum of flow “supplied” by the the supply-nodes.
Let R(N ,x) be the residual graph for the network N with respect to the flow x.

The residual graph R(N ,x) has the same vertices as N , for each edge e = (u, v)
in N , R(N ,x) has an edge e′ = (u, v) and an edge e′′ = (v, u). The edge e′ has a
cost c(e′) = c(e) and an upper bound on flow u(e′) = u(e)−x(e), while the edge
e′′ has a cost c(e′′) = −c(e) and an upper bound on flow u(e′′) = x(e). The cost
of a path P in R(N ,x) is defined as

cost(P ) =
∑

∀e∈P

c(e),

while the capacity of a path P is the minimum u(e) for all edges e on P .

Theorem 3. Let x be a flow of minimum cost of value V al(x) in N and let
P be a the minimum cost path in R(N ,x). Let x′ be a flow in R(N ,x) with non-
zero flow only along P . Then the flow x′′ is the minimum cost flow of value
V al(x) + V al(x′), such that

x′′(e) = x(e) + x′(e) for all e ∈ E

Theorem 3 leads to Successive Path Augmentation algorithm to find the mini-
mum cost flow [11].

2 An Improved Upward Planarity Testing Algorithm

Let F denote the set of faces of Gφ and K = S ∪T denote the sources and sinks
in Gφ. Assume we are given a bipartite graph BGφ

= (K, F, EB) such that BGφ

has an edge (s, f) if and only if the source or sink s is incident on the face f in
Gφ. Furthermore, we are given a function c : F → N, such that c(f) = nf −1 for
each f ∈ F . We note that BGφ

is planar and hence has O(n) edges [3]. If BGφ
has

no perfect c-matching then Gφ does not have a consistent assignment. Similarly,
if BGφ

has a perfect c-matching, then each face f in Gφ can be assigned nf − 1
sources or sinks. We can find if BGφ

has a perfect c-matching with respect to
the function c in O(r

3
2 ) time according to Corollary 1.

Assume that M is a perfect c-matching in BGφ
. The embedded digraph Gφ

is upward planar if we can show that there exists a face h, such that h can be
assigned nh + 1 sources or sinks. From Lemma 1 there will be two unmatched
sources/sinks, say, s and s′. Suppose a face f is reachable from s. That is, there
exists an alternating path P given by

s = s0, f1, . . . , sk−1, fk = f

satisfying (si−1, fi) ∈ EB \ M and (si+1, fi) ∈ M . Similarly, suppose f is also
reachable from s′ via another alternating path P ′ given by

s′ = s′0, f
′
1, . . . , s

′
l−1, f

′
l = f
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satisfying (s′i−1, f
′
i) ∈ EB \ M and (s′i+1, f

′
i) ∈ M . We claim that the first

common vertex between P and P ′ is a face. Suppose on the contrary that the first
common vertex between P and P ′ is a source or sink ŝ. Let f̂ be the preceding
vertex of ŝ in P , and f̂ ′ be the preceding vertex of ŝ on P ′. Then f̂ �= f̂ ′. But this
implies that both f̂ and f̂ ′ are matched to the same source/sink ŝ, contradicting
the fact that M matches a source/sink to only one face.

A simple modified version of BFS or DFS can search for all faces reachable
from s and s′ in linear time. Let P̂ be the alternating sub-path of P from s to
f̂ and P̂ ′ be the alternating path from s′ to f̂ . We let c(f̂) = nf + 1 and apply
these paths to obtain a capacitated matching, such that IM (f̂) = nf̂ + 1 and
IM (f) = nf − 1 for all f �= f̂ . We obtain a consistent assignment for Gφ by
assigning a source/sink v to a face f in Gφ if the edge (v, f) ∈ M .

It only remains to be shown that if the set of faces reachable from both s and
s′ are disjoint then there is no consistent assignment. In this case, let R1 and
R2 be the set of faces reachable via alternating paths from s and s′ respectively.
Then R1 ∩ R2 = ∅. We show that

|N(R1)| >
∑

f∈R1

nf − 1

where N(R1) is the neighborhood of R1 in BGφ
. Each face f ∈ R1 must have

been assigned to nf − 1 different sources/sinks. This accounts for
∑

f∈R1
nf − 1

sources/sinks in the neighborhood of R1. Since s is also included in this neigh-
borhood its total size is at least

(∑
f∈R1

nf − 1
)

+ 1. This implies that in a
consistent assignment the external face must belong to R1. A similar argument
shows that in a consistent assignment

|N(R2)| >
∑

f∈R2

nf − 1

and the external face must belong to R2. But this is impossible as R1 ∩ R2 = ∅.
Hence we have the following theorem.

Theorem 4. If BGφ
has a perfect c-matching then we can check if Gφ has a

consistent assignment in linear time.

The improved upward planarity testing algorithm is shown in Algorithm 1. We
can construct BGφ

in O(n) time. We can check in O(r2) time if BGφ
has a perfect

c-matching with respect to a function c, such that c(f) = nf − 1 for each face
f ∈ Gφ. Moreover, checking for a feasible external face takes linear time. Hence,
the time taken by our algorithm is O(n + r

3
2 ).

3 Application: A Certificate of Non-upward Planarity

We can compute a certificate that justifies the decision made by an upward
planarity testing algorithm for embedded digraphs by looking at it as a matching
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Algorithm 1. Improved Upward Planarity Checking
1: Input: A planar, acyclic and bimodal embedded digraph Gφ

2: Output: True if Gφ is upward planar; False otherwise
3: Construct the bipartite graph BGφ = (K, F, EB)
4: For each f ∈ F set c(f) = nf − 1.
5: Find the maximum c-matching M in BGφ

6: if |M | < |S| + |T | − 2 then
7: Return False
8: end if
9: u′ and v′ are the two vertices in BGφ that are not saturated

10: Run BFS from u′ coloring each face as red.
11: RUN BFS from v′

12: if reached a red face vertex then
13: Return True
14: else
15: Return False
16: end if

problem. This certificate can be used to ensure that an implementation of the
algorithm computes the correct answer for a given input. An upward planar
drawing of the embedded digraph Gφ is the certificate when Gφ is upward planar.
When Gφ is cyclic then we can highlight a directed cycle in a planar drawing.
Similarly, we could zoom in on a non-bimodal vertex in a planar drawing to show
that Gφ is not bimodal. However, it is not immediately clear what proof to use
when no consistent assignment of Gφ is found.

Let us consider the bipartite graph BGφ
defined in Section 2. The following

simple corollary of Hall’s theorem provides us with a proof that BGφ
does not

have a perfect c-matching.

Theorem 5 (Hall). A bipartite graph G = (V, W, E) has a matching that sat-
urates all vertices in W if and only if |N(S)| ≥ |S| for all S ⊆ W .

Corollary 2. If BGφ
does not have a perfect c-matching then there exists F ′ ⊂

F such that
|N(F ′)| <

∑

f∈F ′

(nf − 1)

The subset F ′ of faces serves as proof that BGφ
does not have a perfect matching.

In terms of Gφ, this implies that there is a subset of faces F ′ such that the
number of sources or sinks incident to F ′ are strictly less than the capacities of
F ′. In a planar drawing of Gφ, we can highlight the switches in all the faces in
F ′ and also the sources and sinks appearing in these faces. Such a drawing can
be examined visually for moderate sized graphs by a user to verify that Gφ is
indeed non-upward planar; for larger graphs, one might use a simple linear-time
verification algorithm.

Let M be a maximum c-matching in BGφ
that is not perfect. It is obvious

that BGφ
will have at least one face f that is not saturated. We find all vertices
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of BGφ
that are reachable from f with respect to M , that is, all those vertices

that have an alternating path from f . Since M is maximum, none of the possible
alternating paths will be an augmenting path. Let F ′ be faces that are reached
by an alternating path from f . Note that every vertex in N(F ′) will be reachable
from f because of the way BGφ

is constructed. Since f is not saturated and is
part of F ′, we conclude that |N(F ′)| <

∑
f∈F ′(nf − 1).

Even if BGφ
does have a perfect matching the assignment problem can still be

unsolvable if no face can serve as an external face in Gφ by accepting the remain-
ing two sources/sinks. One could give O(n) certificates by letting c(f) = nf + 2
for each of the O(n) faces. However, we can present a single proof by showing
that there is an external face conflict as shown in Section 2. An embedded di-
graph Gφ has an external face conflict if there are two disjoint sets of faces,
R1 ⊆ F and R2 ⊆ F , with R1 ∩ R2 = ∅ such that

|N(R1)| >
∑

f∈R1

nf − 1 and |N(R2)| >
∑

f∈R2

nf − 1.

The first condition implies that the external face must belong to R1 and
the second condition implies that the external face must belong to R2 thereby
proving that Gφ is not an upward planar graph. These faces can be highlighted
for the user in different colors. We can find R1 (and R2 analogously) as follows.

Let M be a perfect c-matching for BGφ
with respect to c. Let s1 and s2 be

the two unassigned sources or sinks. We find the set of all vertices reachable
from s1 via alternating paths from s1. Let R1 be the faces that are reachable
via alternating paths from s1. Each face f ∈ R1 will have been assigned nf − 1
different sources/sinks. This accounts for

∑
f∈R1

nf − 1 sources/sinks in the
neighborhood of R1. Since s is also included in this neighborhood its total size
is at least

(∑
f∈R1

nf − 1
)

+ 1. Hence, |N(R1)| >
∑

f∈R1
nf − 1.

Since we can find a certificate that a given embedded digraph is non-upward
planar by running a modified BFS on BGφ

and because BGφ
has O(n) edges we

have the following theorem.

Theorem 6. We can find a certificate that the embedded upward planarity test-
ing algorithm computes the correct answer in O(n) time.

4 Application: Improving Quasi-upward Planarity
Testing

We now show how to improve the practical running time of computing a quasi-
upward planar drawing with minimum bends for an embedded digraph. Berto-
lazzi et al. showed that this can be done by solving a minimum cost network N
[2]. The flow network N is constructed in the following manner. The vertices of
N consists of the sources/ sinks of Gφ and the faces of Gφ. Let f be a face in Gφ

then d(f) = nf + 1 if f is the external face and d(f) = nf − 1 otherwise. Note
that if f is a directed cycle and is an internal face then d(f) = −1, i.e it is a
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supply-node. Each source or sink v has a demand of d(v) = −1. There is an edge
e = (v, f) in N with u(e) = 1 and c(e) = 0 if the source or sink v is incident to
the face f . There is an edge e in N with u(e) = ∞ and c(e) = 2 between every
pair of adjacent faces.

We now use c-matching to reduce the number of iterations needed to find a
minimum cost flow in N . Let BGφ

= (K, F, E) be a bipartite graph, such that
K is the set of sources and sinks in Gφ while F is the set of faces in Gφ. Assume
that we also have a function cap : F → N such that cap(f) = nf + 1 when f
is the external face, cap(f) = 0 when f is an internal face with 0 switches, and
cap(f) = nf − 1 when f is an internal face with positive number of switches.
We find the maximum c-matching M in BGφ

with respect to the function cap. If
|M | = |S| + |T | and none of the facial boundaries of Gφ is a directed cycle, then
Gφ is upward planar, which means that Gφ has a quasi-upward planar drawing
with no bends. A quasi-upward planar drawing of Gφ has positive number of
bends in the following 2 cases: when none of the facial boundaries of Gφ are
directed cycles and |M | < |S| + |T |, or when at least one facial boundary of Gφ

is a directed cycle. We can map M to a flow x in N in the following manner: if
for a source or sink v and a face f the edge (v, f) ∈ M , then we add a unit flow
on the edge (v, f) in N . The flow x will have a value of |M |, and the total cost
of x is 0 because x(e) is positive only for edges with 0 cost. We argue that this
will be the minimum cost flow of value |M | in N .

Lemma 2. If x is the flow obtained from running c-matching on BGφ
with re-

spect to the function cap, then f is the minimum cost flow of value V al(x) = |M |.

Proof. Assume we have a flow x′ in N such that V al(x′) = V al(x) and c(x) >
c(x′). This means that c(x′) ≤ −1 because c(x) = 0, but there are no negative
cost edges in N . Hence we have a contradiction. ��

Let U be those supply-nodes with 0 out-flow with respect to the flow x. We
experimentally check the value of |U | by finding the maximum c-matching for
BGφ

for 3012 randomly generated planar bimodal connected digraphs. For each
digraph G in our test-suite, we first find a bimodal embedding Gφ and then
find the maximum c-matching in BGφ

with respect to the function cap. We find
that mostly |U | is below 2 and very rarely goes above 3. The detailed result of
our experiment is given in Figure 1. Hence, it is reasonable to believe that in
practical situations |U | will be a small number.

We then modify the network N so that it has a single supply-node ŝ and a
single demand-node t̂. The modified network remains to be O(n) in size, and
the modification will take O(n) time. We can find the minimum cost flow in
N by repeatedly taking the cheapest augmenting path from ŝ to t̂ until the
maximum flow value is attained [11]. We usually find the cheapest augmenting
path in O(n log n) time by using Dijkstra’s algorithm. However, we can do it in
O(n) time by modifying N to a new network N ′. N ′ is constructed by replacing
every edge (h, g), where h and g are faces in Gφ, by a dummy vertex v and the
edges e1 = (h, v) and e2 = (v, g). Moreover, we let u(e1) = u(e2) = u(e) and
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(b) The total number of supply-nodes

Fig. 1. Results

c(e1) = c(e2) = 1. We can now find the cheapest augmenting path in O(n) time
by using a modified BFS algorithm.

It takes O(n) time to construct the flow network N . Hence, we can find the
minimum bend drawing for Gφ in O(n+r

3
2 +|U |n). We have seen experimentally

that |U | ≈ O(1), so practically one can expect the running time be be close to
O(n+r

3
2 ). Recall that the algorithm described by Bertolazzi et al. has a running

time of O(n2 log n) [2].

5 Conclusion

We showed that testing if an embedded digraph is upward planar can be done
in O(n + r

3
2 ) time by presenting an efficient way to find a feasible external face.

We also showed how to compute a certificate of correctness for an embedded
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upward planarity testing algorithm. Moreover, we showed that we can improve
the practical running time of computing a quasi-upward planar drawing with
minimum number of bends by using our improved upward planarity testing
algorithm.
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12. Mehlhorn, K., Näher, S.: LEDA: a platform for combinatorial and geometric com-

puting. Cambridge University Press, New York (1999)



Spherical-Rectangular Drawings

Mahdieh Hasheminezhad1, S. Mehdi Hashemi1, and Brendan D. McKay2

1 Department of Computer Science, Faculty of Mathematics and Computer Science
Amirkabir University of Technology, Tehran, Iran

m.hashemi@aut.ac.ir, hashemi.aut.ac.ir
2 Department of Computer Science, Australian National University, Canberra,

ACT 0200, Australia
bdm@cs.anu.edu.au

Abstract. We extend the concept of rectangular drawing to drawings
on a sphere using meridians and circles of latitude such that each face
is bounded by at most two circles and at most two meridians. This is
called spherical-rectangular drawing. Special cases include drawing on
a cylinder, a cone, or a lattice of concentric circles on the plane. In
this paper, we prove necessary and sufficient conditions for cubic planar
graphs to have spherical-rectangular drawings, and show that one can
find in linear time a spherical-rectangular drawing of a subcubic planar
graph if it has one.

Introduction

A plane graph is a planar graph with a given planar embedding and a plane-
embedded graph is a plane graph with a given face designated as the external
face.

A rectangular drawing of a plane graph G is a crossing-free drawing of G on
the plane in which each edge is drawn as a horizontal or vertical segment, and
each face is drawn as a rectangle.

On a sphere with fixed North and South poles, a meridian is a semicircle
with ends at the poles of the sphere. A spherical-rectangular drawing of a plane
graph is a crossing-free drawing of the graph on a sphere such that edges do
not have any bends (where an edge changes its direction abruptly) except at
the poles, and each face is bounded by at most two circles of latitude and two
meridians. We will present the definition more precisely in the next section. We
say that a planar graph has a spherical-rectangular drawing if at least one of
the plane graphs corresponding to its embeddings has a spherical-rectangular
drawing. We are interested in characterization of plane and planar graphs with
spherical-rectangular drawings.

In a spherical-rectangular drawing, if the North and South poles are in the
interior of the same face, the drawing is equivalent to a rectangular drawing.
Thomassen [8] proved a necessary and sufficient condition for plane-embedded
graphs with vertices of degree 3 except for four vertices of degree 2 on the exter-
nal face to have rectangular drawings. Rahman et al. [5,6,7] studied the problem
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on planar graphs with vertices of degree 2 and 3, and found necessary and suf-
ficient conditions to check in linear time whether these graphs have rectangular
drawings. Miura et al. [4] found an O(n1.5/ logn) algorithm for plane-embedded
graphs with maximum degree 4.

In this paper we solve the problem of spherical-rectangular drawability in
linear time for planar graphs with maximum degree 3. In Sections 2 and 3,
we state our results on cubic and subcubic planar graphs, and in Section 4 we
outline the proof of the main theorem of the paper. Solving the problem for
planar graphs of maximum degree 4 is an interesting problem for future work.

In this paper, we consider graphs to be multigraphs, that is, graphs which
may have multiple edges and loops.

1 Spherical-Rectangular Drawings

On a sphere, a meridional arc is a connected part of a meridian and a circular
arc is a connected part of a circle of latitude. We denote the South pole and
the North pole of the sphere by S and N , respectively, and define the concepts
rectangle, sector and lens on a sphere as follows:

– A rectangle is a closed curve consisting of two disjoint non-zero length circu-
lar arcs and two (possibly coincident) non-zero length meridional arcs (see
Figure 1(a,b)).

– A sector is a closed curve consisting of one non-zero length circular arc and
two distinct non-zero length meridional arcs (see Figure 1(c)).

– A lens is a closed curve consisting of two distinct meridional arcs meeting at
the poles (see Figure 1(d)).

(a) (d)(c)(b)

Fig. 1. (a) A rectangle with distinct meridional arcs, (b) a rectangle with coincident
meridional arcs, (c) a sector, (d) a lens

A spherical-rectangular drawing of a plane graph G is a crossing-free drawing
of G on a sphere such that each edge is drawn as a circular arc, a meridional arc
or two meridional arcs connected at one of the poles, and the boundary of each
face of G is drawn as a rectangle, circle, sector or lens (Figure 2).

For a plane graph G, a vertex, edge or face of G is called an object of G. In
a spherical-rectangular drawing of G, we say that an object x is drawn at S if:
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- x is a vertex and x is drawn at S,
- x is an edge and S is in the interior of x, or
- x is a face and S is inside x.

Being drawn at N is defined similarly.
Let G be a plane graph, and let x and y be objects of G. An xy-drawing of G

is a spherical-rectangular drawing such that x is drawn at N and y is drawn at
S. We say G is xy-drawable if G has an xy-drawing. Obviously G is xy-drawable
iff G is yx-drawable.

As we mentioned a spherical-rectangular drawing is equivalent to a rectangular
drawing on the plane if S and N are in the interior of the same face, which means
that one face is drawn at both poles (Figure 2(e)). It can be considered that a
spherical-rectangular drawing is a drawing on a cone or a lattice of concentric
circles if at least one of the objects drawn at the poles is a face (Figure 2(b,c,d,e)),
and a drawing on a cylinder if both of the objects drawn at the poles are faces
(Figure 2(d,e)). A different investigation of drawings on a cylinder using lines
parallel to the axis and circles perpendicular to the axis is presented in [2].

Note that in a spherical-rectangular drawing, an edge drawn at a pole consists
of any two distinct meridional arcs which meet at the pole, and thus may have
a bend at the pole. We can also ask for when the two meridional arcs can be
required to be part of the same great circle passing through the pole. This
question is more complex and we do not have a complete answer. If we have an
edge e drawn at one of the poles and there is a vertex or face drawn at the other
pole, we can always draw the graph in such a way that there is no bend in e.
But when we have two edges drawn at the poles, there is not always a drawing
with no bends. In Figure 3 we give an example.

(a) (b) (c) (d) (e)

Fig. 2. Spherical-rectangular drawings with different objects drawn at the poles

x

y

x

y

Fig. 3. Every xy-drawing of this graph has a bend at one of the poles
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We will consider a number of related questions for a planar graph G.

1. If an embedding of G is given, then we can ask:
(a) Given objects x and y, is G xy-drawable? This is answered in Theorem 1

for biconnected cubic graph G after which we explain the case of cubic
graphs which are not biconnected.

(b) Does G have any objects x and y, such that G is xy-drawable? This
is achieved in linear time by Algorithm S-R(G) for biconnected cubic
graph G.

2. If an embedding of G is not given, we can ask whether G has an embedding
for which questions (a) and (b) have affirmative answers. This is answered
in Theorems 3 and 4 for cubic graph G.

These questions are considered for subcubic graphs in Section 3.

2 Cubic Graphs

2.1 Cubic Plane Graphs

Let G be a plane graph. A cycle of G with length k is called a proper k-cycle if
it is not the boundary of a face. We denote the planar dual of G by G∗ and the
object of G∗ corresponding to an object x of G by x∗.

The following theorem gives necessary and sufficient conditions for a cubic
plane graph G to have an xy-drawing for objects x and y.

Theorem 1. Let G be a biconnected cubic plane graph with more than two ver-
tices, and let x and y be objects of G. Then G is xy-drawable iff x∗ and y∗ are
on opposite sides of each proper 2-cycle and proper 3-cycle of G∗ and one of the
following holds (possibly with the roles of x and y reversed).

1- x and y are non-adjacent faces;
2- x is a face and y is a vertex which is not on the boundary of x.
3- x is a face and y is an edge with no end-vertex on the boundary of x;
4- x and y are edges with no common end-vertices;
5- x is an edge and y is a vertex which is not an end-vertex of x.
6- x and y are distinct vertices.

Proof. A sketch of the proof is given in Section 4.

Let G be a cubic plane graph, connected but not necessarily biconnected, and
let x and y be two objects of G. If G is xy-drawable, then for each bridge e of
G, if g is the unique face whose boundary includes e, then g should be drawn as
a rectangle that has exactly one meridional arc which is e, and x and y are in
the different components of G \ {e} (see Figure 4(a)).

Let Gx be the component including x, Gy be the component including y, and
let gx and gy be the faces of Gx and Gy, respectively, subdivided by end-vertices
of e. Then Gx is gxx-drawable and Gy is gyy-drawable. Conversely, if Gx is gxx-
drawable and Gy is gyy-drawable, then G is xy-drawable. If G has several bridges,
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(a) (b)

Fig. 4. Spherical-rectangular drawings of graphs with bridges

then applying the same logic to each bridge shows that a spherical-rectangular
drawing has a form as shown in Figure 4(b). This decomposition can be carried
out in linear time and then a linear implementation of Theorem 1 applied to
each biconnected component can be used to test if G is xy-drawable and find
such a drawing if it exists.

We next present a linear-time algorithm to find two objects x and y of a
biconnected cubic plane graph G such that G is xy-drawable. The extension to
the general case of connected G will be presented in the full version of the paper.

Let G be a plane-embedded graph and let C be a cycle of G. Then G(C) is
the subgraph of G consisting of C and all the vertices and edges inside C, and
Go(C) is the subgraph of G consisting of C and all the vertices and edges outside
C. In each case we consider the subgraph embedded in the plane with external
face bounded by C.

Algorithm. S-R(G)
Input: a biconnected cubic plane graph G.
Output: two objects x and y of G such that G is xy-drawable, or ∅ if there
is no such pair of objects.

Begin
1. Embed G∗ in the plane and let C0 be the boundary of the external face. If

G∗ has two vertices joined by more than two edges, return ∅.

2. If G consists of two vertices x and y connected by 3 edges, return {x, y}, and
if G is the complete graph K4, return {x, y} where x is a face and y is the
vertex which does not lie on x.

3. If G∗ has no proper 2-cycles or 3-cycles return {x, y}, where x and y are any
two non-adjacent vertices of G.

4. Let C be a shortest proper cycle of G∗. Set x = Proc(G∗(C)) and y =
Proc(G∗

o(C)). If x = ∅ or y = ∅, return ∅; otherwise return {x, y}.

End
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Procedure Proc(H)
Input: a biconnected plane-embedded graph H whose internal faces have size
at least 3.
Output: a vertex x which is in the interior of all proper 2-cycles and 3-cycles
of H and not on the boundary of the external face, or ∅ if there is no such
vertex.

Begin

1. If H has two vertices joined by more than two edges, return ∅.

2. Set C0 = the boundary of the external face of H .

3. For each proper 2-cycle C of H , if H(C) ⊆ H(C0) set C0 = C, otherwise if
H(C0) is not a subgraph of H(C) return ∅.

4. For each proper 3-cycle C of H , if H(C) ⊆ H(C0) set C0 = C, otherwise if
H(C0) is not a subgraph of H(C) return ∅.

5. Return x, where x is a vertex in the interior of C0.

End

Theorem 2. We can find in linear time a spherical-rectangular drawing of a
connected cubic plane graph if it has one.

Proof. If the graph is biconnected, we apply Algorithm S-R. The correctness of
the algorithm is a consequence of Theorem 1. To implement the algorithm in
linear time, we embed G∗ on the integer grid with bounded bends per edge using
a suitable linear-time algorithm (such as [9]) so that questions of whether a short
cycle or object lie inside or outside a specified short cycle can be answered in
constant time. We find the 2-cycles and 3-cycles by deleting one of each pair of
parallel edges, applying the linear-time algorithm of [3] to find the remaining
2-cycles and 3-cycles, then adjusting the list to reincorporate the deleted edges.

The case that G has bridges relies on a decomposition as in Figure 4(b) and
will be treated in the full version of the paper.

2.2 Cubic Planar Graphs

For a planar graph G and an embedding ρ of G, Gρ is the plane graph corre-
sponding to embedding ρ of G.

In this section, we consider the case of a cubic planar graph whose embedding
is not specified. The following theorem shows that to test whether a biconnected
cubic planar graph has a spherical-rectangular drawing it is enough to test one
of the plane graphs corresponding to its embeddings.

Theorem 3. Let G be a biconnected cubic planar graph. Then either all the
plane graphs corresponding to embeddings of G have spherical-rectangular draw-
ings or none of them do.
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(a) (b)

e' e''
e' e''

N N

Fig. 5. (a) Flipping over one side of a 2-edge-cut, (b) flipping over one part of a
drawing

Specifically, for two embeddings ρ1 and ρ2 of G, if f1 and h1 are objects of
Gρ1 such that Gρ1 is f1h1-drawable, then Gρ2 is f2h2-drawable for two objects
f2 and h2 such that: (1) if f1 is a face, then f2 is a face with the same boundary
as f1 (possibly reversed), otherwise f2 = f1; and (2) similarly for h1 and h2.

Proof. It follows from Lemma 4.2 of [1] that any planar embedding of G can be
obtained from a single fixed embedding by a finite number of operations which
consist of flipping over one side of a 2-edge-cut (see Figure 5(a)). Suppose this
operation applied at 2-edge-cut {e′, e′′} takes embedding ρ1 to embedding ρ2.

Now take a spherical-rectangular drawing of Gρ1 . Without losing generality,
we can assume that e′ and e′′ are drawn as meridional arcs. This allows us to
make a spherical-rectangular drawing of Gρ2 by flipping over one part of the
drawing as in Figure 5(b).

Theorem 3 does not hold in the case that the graph is not biconnected. For
a connected cubic planar graph G with at least one bridge, let A be the set
of bridges of G. Define T ′(G) to be the graph with the components of G \ A
as its vertices and two vertices adjacent iff their corresponding components are
incident to the same bridge of G. Let H be a component of G \ A and ρ be
an embedding of H . A face f of Hρ is a candidate face if the boundary of f
includes an end-vertex of a bridge of G. The following theorem gives necessary
and sufficient conditions for G to have a spherical-rectangular drawing.

Theorem 4. Let G be a connected cubic planar graph with at least one bridge.
Then G has a spherical-rectangular drawing iff all of the following hold:

(1) T ′(G) is a path.
(2) Let G1, G2, . . . , Gk be the components of G\A in the order given by the path

T ′(G), and let ρi be an arbitrary embedding of Gi. Then:
(a) G1

ρ1
has a candidate face h1, and an object x such that G1

ρ1
is xh1-

drawable,
(b) Gk

ρk
has a candidate face fk, and an object y such that Gk

ρk
is fky-drawable,

and
(c) For i = 2, . . . , k−1, Gi

ρi
has two different candidate faces fi and hi such

that Gi
ρi

is fihi-drawable.
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Proof. The theorem is a consequence of Theorem 3.

A corollary of the proof of Theorem 4 is that, if a connected cubic planar graph
G has a spherical-rectangular drawing then, for an arbitrarily chosen embedding
of each biconnected component of G, there is a spherical-rectangular drawing of
G that induces the chosen embedding of each biconnected component.

Theorem 5. Let G be a connected cubic planar graph. Then we can find in
linear a spherical-rectangular drawing of G if there is one.

3 Subcubic Planar Graphs

A graph whose vertices have degree at most 3 is called subcubic. Let v be a
degree 2 vertex of a graph G with neighbours u and w. Remove v and add edge
uw. We call this operation smoothing v. Define Gs to be the result of smoothing
all degree 2 vertices of G.

Theorem 6. A connected subcubic plane graph G has a spherical-rectangular
drawing iff at least one of the following holds:

(a) G has a rectangular drawing,
(b) Gs has a spherical-rectangular drawing, and
(c) G has a vertex or edge y on the boundary of a face x such that G is xy-

drawable. (In this case face x is drawn as a sector. (Figure 2(c))

Proof. A graph with a spherical-rectangular drawing does not have any vertex
of degree 1, so we consider only the subcubic graphs with minimum degree 2.

The sufficiency is obvious. To prove the necessity, note that a face of a
spherical-rectangular drawing has a 3π/2 angle other than at a pole only in
the cases that the drawing is a rectangular drawing or there is a face x drawn
at one of the poles and a vertex or edge on the boundary of x drawn at the
other pole. So if those cases do not happen, each vertex of degree 2 not drawn
at a pole has an angle of π. Therefore, every spherical-rectangular drawing of G
corresponds to a spherical-rectangular drawing of Gs.

The first case of the theorem is characterized by Rahman et al. [5,6,7] and the
second case in Section 2. The third case is characterized by the following theorem
if Gs does not have any 2-edge-cuts.

Let x be a face of a plane graph G and let C be a cycle of G. An x-leg of C is
an edge of G \ C incident to C and lying on the same side of C as x. Note that
a chord of C on the same side as x is counted as two legs. Two cycles C1 and
C2 of G are x-independent if G(C1) and G(C2) have no common vertices when
G is embedded in the plane with external face x.

Theorem 7. Let G be a subcubic plane graph of minimum degree at least 2 such
that Gs does not have any 2-edge-cuts, and let x be a face of G. Then G has
a vertex or edge y on the boundary of x such that G is xy-drawable iff all the
following hold:
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(a) all the proper 3-cycles of (Gs)∗ include x∗;
(b) there are at least two degree 2 vertices on the boundary of x;
(c) G has at most three pairwise x-independent cycles with three x-legs and for

every two x-independent cycles with three x-legs, at least one of them has a
degree 2 vertex lying on x.

Theorems 6 and 7 provide a linear-time algorithm to test if a connected sub-
cubic plane graph which is a subdivision of a 3-connected cubic graph has a
spherical-rectangular drawing. In the full version of the paper, we will discuss
the subdivisions of general cubic with or without a specified embedding and show
that it can also be handled in linear time. In summary we have the following.

Corollary 1. Let G be a connected subcubic planar graph. We can find in linear
time a spherical-rectangular drawing of G if there is one.

4 Proof of Theorem 1

Let x and y be faces of a plane graph G and let C be a cycle of G. Then C is
called an xy-bad cycle if x and y are on the same side of C and C has less than
four x-legs.

Proof. First consider the case that x and y are faces. Suppose G is xy-drawable.
Let C be a cycle of G that does not separate x and y. Then the vertices at the
ends of north-most and south-most circular arcs of C must be incident to x-legs.
So C has at least four x-legs and is not an xy-bad cycle . The absence of xy-bad
cycles shows that x and y are not adjacent. If there is a proper 2-cycle or 3-cycle
C with x and y on the same side, choose such a cycle with the minimum number
of vertices on the other side. Then, the boundary of the part of G that lies on
the latter side of C is an xy-bad cycle. Therefore, no such proper 2-cycles and
3-cycles exists.

Conversely, suppose that x and y are non-adjacent and on opposite sides of
each proper 2-cycle and 3-cycle of G∗. If G has an xy-bad cycle C, the edges of
G∗ corresponding to the x-legs of C induce a proper 2-cycle or 3-cycle with x
and y on the same side, except for two cases: (a) C has a chord on the same side
as x and y, and (b) C has three x-legs whose end-vertices not lying on C are the
same. In both cases (a) and (b) all the faces on the same side as x are adjacent
and so are x and y. Therefore, G does not have any xy-bad cycles.

If there is a face g which is adjacent to both x and y, then the common
boundary of g and x is an edge ex, and the common boundary of g and y is an
edge ey. Subdivide ex and ey with new vertices and join them with an edge e
crossing g. Cut the graph through e. By Theorem 2.5 in [5], the resulting graph
has a rectangular drawing which we can easily convert to an xy-drawing of G.
Otherwise, since G is cubic and has no xy-bad cycles, each face adjacent to x
shares exactly one edge with x. Define f1, f2, ..., fk, fk+1 = f1 to be the faces
adjacent to x in cyclic order. The absence of xy-bad cycles implies fi ∩ fj is
empty for j �= i − 1, i, i + 1. Therefore, the edges which are on the boundary of
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x

C’
C’’

y

Fig. 6. The bold cycle is C and the dashed cycles are C′ and C′′

exactly one of f1, f2, ..., fk, x induce a cycle C which separates x and y, and has
no common edge with x or y.

Let Gx be the subgraph of G consisting of C and all the vertices and edges
on the same side of C as x and let gx be the face of Gx with boundary C. Define
Gy and gy similarly. It is clear that Gx has no xgx-bad cycles. If Gy has any
ygy-bad cycles, they must have connected intersection with C. By using maximal
ygy-bad cycles of Gy and analogous to the method used in [5], we can construct
two cycles C′ and C′′ such that the following conditions hold:

(a) C′ and C′′ separate x and y, they are disjoint from the boundaries of x
and y, and all edges of C′ \ C′′ are on the same side of C′′ as x.

(b) Let G′ be the subgraph of G consisting of C′ and all the vertices and
edges on the same side of C′ as x and let g′ be the face of G′ with boundary
C′. Define G′′ and g′′ similarly. Then G′ has no xg′-bad cycles and G′′ has no
yg′′-bad cycles.

(c) The resulting graph after removing common edges of C′ and C′′ from
[G\(G′∪G′′)]∪(C′∪C′′) consists of some isolated vertices and t components G1,
G2,..., Gt which each have exactly four degree 2 vertices lying on the boundary
of the same face and satisfy the conditions of Theorem 2.5 in [5].

Then we find spherical-rectangular drawings of G′, G′′ and Gi, i = 1, ..., t,
and combine these drawings to produce a spherical-rectangular drawing of G.

An illustration of how to construct C′ and C′′ is given in Figure 6.
Now we consider all other cases when x and y are not necessarily faces. We

will use two following operations.
Let v be a degree d vertex of a plane graph G, and let v1, . . . , vd be the neigh-

bors of v in clockwise order around v. Replace v with the cycle u1u2, u2u3, . . . ,
udu1 and replace edges vv1, vv2, . . . , vvd with edges u1v1, u2v2, . . . , udvd. We call
this operation replacement of a vertex with a cycle (see Figure 7(a)).

Let e be an edge of G with end-vertices v1 and v2. Replace e with two parallel
edges u1u2 and two edges v1u1 and v2u2. We call this operation replacement of
an edge with a cycle (see Figure 7(b)).
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v1 v1 v1

u1 u1

v2

v3
v3

u3

v2

v2v2

u2
u2

v1

(a) (b)

e
v

Fig. 7. (a) Replacement of a vertex with a cycle, (b) replacement of an edge with a
cycle

f
1

f
2

f
3

f*y

e

Fig. 8. The dashed lines are edges of G∗
0. Vertices x∗ and f∗

y are on the same side of
the thick dashed cycle when they are on opposite sides of the cycle f1f2, f2f1.

Let G0 be the graph obtained from G by replacing each of x and y with a
cycle unless they are faces already. Define fx = x if x is a face, and the face
bounded by the cycle replacing x if x is not a face. Define fy similarly. It is clear
that G is xy-drawable iff G0 is fxfy-drawable.

In order to complete the proof, we consider the various cases of whether x
and y are faces, vertices or edges. In each case, we can show that the following
conditions are equivalent: (1) f∗

x and f∗
y are non-adjacent and on the opposite

sides of each proper 2-cycle and 3-cycle of G∗
0; (2) one of the conditions 1–6

holds, and x∗ and y∗ are on the opposite sides of each proper 2-cycle and 3-cycle
of G∗.

For example if x is a face and y is a vertex, then fx and fy are adjacent iff y is
on the boundary of x. G∗ is a subgraph of G∗

0, namely G∗ = G∗
0 \ {f∗

y }. Suppose
that x∗ and y∗ are on opposite sides of each proper 2-cycle and 3-cycle of G∗.
Let C be a proper 2-cycle or 3-cycle of G∗

0. If C is a proper 2-cycle or 3-cycle of
G∗, then f∗

x and f∗
y are on opposite sides of C. Otherwise C either includes f∗

y or
C = f1f2, f2f3, f3f1 where f1, f2, f3 are the vertices adjacent to f∗

y . In the first
case, without loss of generality we can suppose C = f∗

y f1, f1f2, f2f
∗
y . Since C is

proper there are two parallel edges between f1 and f2 such that f1f2, f2f1 is a
proper 2-cycle. Let e be the edge between f1 and f2 such that e, f1f

∗
y , f∗

y f2 is not
the boundary of a face. Cycle e, f1f3, f3f2 in G∗ is a proper 3-cycle such that x∗

and y∗ are on the same side of the cycle when they are on opposite sides of cycle
f1f2, f2f1 (see Figure 8). So this case does not happen. If C = f1f2, f2f3, f3f1,
then f∗

x and f∗
y are on opposite sides of C since y is not on the boundary of x

by Condition 2.
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The fact that G∗ = G∗
0 \ {f∗

y } proves that, if f∗
x and f∗

y are on opposite sides
of each proper 2-cycle or 3-cycle of G∗

0, then x∗ and y∗ are on opposite sides of
each proper 2-cycle or 3-cycle of G∗.

The other cases can be proved in similar fashion.
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Abstract. A promising and active field of comparative genomics con-
sists in comparing two genomes by establishing a one-to-one correspon-
dence (i.e., a matching) between their genes. This correspondence is
usually chosen in order to optimize a predefined measure. One such
problem is the Exemplar Breakpoint Distance problem (or EBD,
for short), which asks, given two genomes modeled by signed sequences
of characters, to keep and match exactly one occurrence of each char-
acter in the two genomes (a process called exemplarization), so as to
minimize the number of breakpoints of the resulting genomes. Bryant [6]
showed that EBD is NP-complete. In this paper, we close the study of
the approximation of EBD by showing that no approximation factor can
be derived for EBD considering non-trivial genomes – i.e. genomes that
contain duplicated genes.

1 Introduction

Comparative genomics is a recent and active field of bioinformatics. One of the
problems arising in this domain consists in comparing two species, and more
specifically to look for conserved sets of genes between their genomes: a set of
genes that is conserved in the same order during the evolution suggests that it
participates to the same biological process. Finding conserved sets of genes in
genomes is usually done by optimizing a given (dis)similarity measure. Many
such measures have already been studied in the recent past: number of break-
points, of adjacencies, of conserved intervals, of common intervals, etc. In this
paper, we focus on the number of breakpoints between genomes.

All these measures are well-defined when genomes do not contain duplicates,
and can usually be computed in polynomial time in this case. However, this
assumption does not hold biologically. Moreover, by definition, the above men-
tioned measures do not apply when genes appear several times in a genome.
A way to overcome this difficulty is to start from two genomes and to obtain a
one-to-one correspondence (i.e., a matching) between their genes, in order to end
up with a permutation on which the measure can then be computed. Among all
possible matchings, the choice goes to the one that optimizes the studied mea-
sure. There exists several ways to achieve the desired matching. In this paper,

S. Das and R. Uehara (Eds.): WALCOM 2009, LNCS 5431, pp. 357–368, 2009.
c© Springer-Verlag Berlin Heidelberg 2009
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we are interested in the so-called exemplar model [9], where, for any gene family,
exactly one gene is kept (and thus matched) in the genome. The motivation for
this model is that the gene which is kept is assumed to be the ancestral gene,
from which the other copies have derived.

Following the notations from Blin et al. [5], given an alphabet Σ of elements
called gene families, a genome G on Σ is a sequence of signed elements of Σ,
where the sign represents the DNA strand on which the gene lies. Each occur-
rence of an element of Σ in G is called a gene. For any gene family g ∈ Σ, we
denote by occ(G, g) the number of genes (+g and −g) that appear in G. Let also
occ(G) = max{occ(G, g) | g ∈ Σ}.

For any genome G, a gene family g is said to be trivial if occ(G, g) = 1.
Otherwise, g is said to be non-trivial. A gene belonging to a trivial (resp. non-
trivial) family is said to be trivial (resp. non-trivial). A genome is called trivial if
it only contains trivial genes, i.e. if it is a signed permutation. For convenience,
we will use characters to represent each gene. In the following, given a genome
G over an alphabet Σ, let χ(i, g, G) denote the ith occurrence of character g ∈ Σ
in G (not taking signs into account). When there is no ambiguity, we will simply
use χ(i, g). Moreover, we will refer to the ith character of G as G[i]. We will
also note G[i] < G[j] for any i < j, that is when G[i] appears before G[j]. For
any gene g in G, we denote by g the gene with opposite sign. As introduced
by Chen et al. [7], a genome G is called an s-span genome if all the genes from
the same gene family g are within distance at most s in G. For example, let
G = +a − d + c − b − d − a + e + b − b. We have occ(G, a) = 2, occ(G) = 3,
χ(2, b) = +b and G is a 5-span genome.

Given a trivial genome G, we say that gene g = G[i] immediately precedes
g′ = G[j] iff j = i+1. Given two trivial genomes G1 and G2, if gene g immediately
precedes gene g′ in G1 while neither (i) g immediately precedes g′ nor (ii) g′
immediately precedes g in G2, then they constitute a breakpoint in G2. The
breakpoint distance between two trivial genomes G1 and G2 is then defined as
the number of breakpoints in G2.

As previously mentioned, the breakpoint distance is not well defined for non-
trivial genomes. The idea is then to establish a matching between genes of G1
and G2, in order to get back to a signed permutation on which the breakpoint
distance can be computed. The exemplar model, introduced by Sankoff [9], is
one of several ways to construct the matching, which consists in keeping, for
each gene family, only one occurrence of its genes in G1 and in G2. This raises
the following problem, named Exemplar Breakpoint Distance problem, or
EBD for short.

Given two genomes G1 and G2, built over the same alphabet Σ, and an integer
k, the Exemplar Breakpoint Distance problem asks whether it is possible to
establish an exemplar matching of G1 and G2, such that the breakpoint distance
between the resulting genomes is at most k.

Bryant [6] showed that EBD is NP-complete, even when one of the genomes
is trivial, and the other has genes that appear at most twice in each genome.
Concerning (in)approximability results, Angibaud et al. [2] proved that EBD is
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APX-hard under the same conditions. Chen et al. [7] also showed that there
exists no approximation algorithm for EBD, even when both genomes have genes
that appear at most three times. However, this result does not completely close
the question of EBD potential approximation. Indeed, whether EBD can be
approximated on genomes that contain at most 2 copies of each gene remains
unknown, and was actually raised as an open question by Chen et al. [7] and
Angibaud et al. [4]. In this paper, we will answer this open question by showing
that no approximation factor can be derived for EBD, even when considering
genomes in which each gene occurs at most twice.

Chen et al. [7] also provided a logarithmic approximation ratio for the partic-
ular case in which one of the genomes is an s-span genome, with s = O(log m),
m = |Σ|. It should also be noted that Nguyen et al. [8] designed a divide-and-
conquer heuristic method in order to compute the Exemplar Breakpoint

Distance while Angibaud et al. [3] proposed an exact method based on trans-
forming the problem into a 0-1 linear programming problem.

In order to prove that EBD is not approximable, we will prove that a par-
ticular subproblem of EBD – called the Zero Exemplar Breakpoint Dis-

tance problem (ZEBD for short) – is NP-complete. This decision problem
asks whether there exists an exemplar matching of two genomes, such that the
breakpoint distance between the resulting genomes is equal to zero. For sake of
readability, for any 1 ≤ p ≤ q, we will denote ZEBD(p, q) the ZEBD problem
in which occ(G1) = p and occ(G2) = q. It is easy to see that ZEBD(1, q) can be
solved in linear time, for any q ≥ 1. Chen et al. [7] showed that ZEBD(3, 3) is
NP-complete. Angibaud et al. [4] also showed that ZEBD(2, q) is NP-complete,
but with a value of q unbounded due to their reduction. Hence, the remaining
unknown cases concern the complexity of ZEBD(2, q), with fixed q. We will an-
swer this question, by proving that ZEBD(2, 2) (and thus, ZEBD(2, q) for any
q ≥ 2) is NP-complete.

In this paper, we thus focus on ZEBD. More precisely, we first complete
and close the study of the complexity of ZEBD, by proving that ZEBD is
NP-complete, even when both genomes contain at most two occurrences of each
gene. This result thus provides a full characterization of the polynomial and
NP-complete cases for ZEBD, and also answers an open question raised by Chen
et al. [7] and Angibaud et al. [4]. It also proves that no approximation factor
can be derived for EBD, even when considering genomes in which each gene
occurs at most twice; that is the simpliest case considering non-trivial genomes.
We then propose to overcome this difficulty by studying the fixed-parameter
tractability of ZEBD which was also leaved as an open question in [7].

2 Inapproximability of Exemplar Breakpoint Distance

In this section, we prove that ZEBD(2, 2) is NP-complete. This result implies
that EBD does not admit any approximation unless P = NP, even when both
genomes contain at most two occurrences of each gene.

Theorem 1. ZEBD(2, 2) is NP-complete.
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It is easy to see that ZEBD is in NP. In order to prove its NP-hardness, we
propose a reduction from 3-SAT : let Vn = {x1, x2, . . . , xn} be a set of n boolean
variables, and Cq = {c1, c2, . . . , cq} be a collection of q clauses, where each clause
is a disjunction of three literals taken from Vn. The 3-SAT problem asks whether
there exists an assignment of each variable of Vn such that each clause is satisfied.
Let I = (Cq, Vn) be an instance of 3-SAT. From I, we will build an instance
I ′ = (G1, G2) of ZEBD, such that occ(G1) = occ(G2) = 2. In our construction,
all genes carry a positive sign, which is omitted for sake of clarity. Moreover, for
convenience, for any 1 ≤ i ≤ q and 1 ≤ j ≤ 3, we let Lj

i denote the jth literal
of clause ci in Cq. Moreover, for any 1 ≤ k ≤ n, let Nxk

(resp. Nxk
) denote the

number of occurrences of xk (resp. xk) in Cq. For each clause ci ∈ Cq, 1 ≤ i ≤ q,
we first build a pair of sequences (Ui, Vi), with Ui = U1

i di U2
i di U3

i ti and
Vi = V1

i di V2
i di V3

i ti, such that

U1
i U2

i U3
i

Ui =
︷ ︸︸ ︷
m1

i TL1
i

p1
i FL1

i
ai m1

i di

︷ ︸︸ ︷
ai m2

i TL2
i

p2
i FL2

i
bi m2

i di

︷ ︸︸ ︷
bi m3

i TL3
i

p3
i FL3

i
m3

i ti
Vi = p1

i FL1
i

m1
i TL1

i
p1

i ai
︸ ︷︷ ︸

di p2
i ai FL2

i
m2

i TL2
i

p2
i bi

︸ ︷︷ ︸
di p3

i bi FL3
i

m3
i TL3

i
p3

i
︸ ︷︷ ︸

ti

V 1
i V 2

i V 3
i

Let us now define formally TLj
i

and FLj
i

for all 1 ≤ i ≤ q and 1 ≤ j ≤ 3. Let
TLj

i
= T 1

Lj
i

T 2
Lj

i

(resp. FLj
i

= F 1
Lj

i

F 2
Lj

i

), defined as follows:

– if (i) Lj
i is the first occurrence of xk or xk in Cq, and (ii) Nxk

and Nxk
are

both strictly positive, then T 1
Lj

i

= y1
k and F 1

Lj
i

= y2
k ; otherwise, T 1

Lj
i

and F 1
Lj

i

are empty.
– if Lj

i is the lth occurrence of xk (resp. xk), let p = l + 1 if l < Nxk
(resp.

l < Nxk
), and p = 1 otherwise. If Nxk

> 1 (resp. Nxk
> 1), then T 2

Lj
i

= xl
k

(resp. xk
l) and F 2

Lj
i

= xp
k (resp. xk

p) ; otherwise, T 2
Lj

i

and F 2
Lj

i

are empty.

Genomes G1 and G2 are then defined as G1 = U1 U2 . . . Uq and G2 =
V1 V2 . . . Vq. Clearly, this construction can be carried out in polynomial time,
and it can also be seen that occ(G1) = occ(G2) = 2.

We now give an intuitive description of the different elements of this construc-
tion: each clause ci ∈ Cq, 1 ≤ i ≤ q, is represented by a pair (Ui, Vi) of sequences.
Those sequences are both composed of three subsequences representing the lit-
erals of ci. More precisely, the pair (U j

i , V j
i ) represents a selection mechanism of

the jth literal of ci. For each variable xk ∈ Vn, the set {x1
k, x2

k, x3
k, . . . , x

Nxk

k } is
used to propagate the selection of the literal xk all over Cq, in order to make sure
that if a literal satisfies a clause, then it satisfies all clauses where it appears.
Similarly, the set {xk

1, xk
2, xk

3, . . . , xk
Nxk } is a propagation mechanism for xk.

Finally, for each variable xk ∈ Vn such that Nxk
and Nxk

are both strictly posi-
tive, the pair (y1

k, y2
k) in both G1 and G2 is a control mechanism that guarantees

that a variable xk cannot be true and false simultaneously.
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U1
1 U2

1 U3
1

︷ ︸︸ ︷
m1

1 y1
1 x1

1 p1
1 y2

1 x2
1 a1 m1

1 d1
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2 p2
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2 x2
2 b1 m2

1 d1
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3 p3
1 y2
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Fig. 1. The instance (G1, G2) of ZEBD(2, 2) obtained starting from Cq = {x1 ∨ x2 ∨
x3), (x1 ∨ x2 ∨ x3), (x1 ∨ x2 ∨ x3), (x1 ∨ x2 ∨ x4)}

Figure 1 illustrates an example of an instance (G1, G2) of ZEBD(2, 2) ob-
tained from our construction, starting from Cq = {(x1 ∨ x2 ∨ x3), (x1 ∨ x2 ∨
x3), (x1 ∨ x2 ∨ x3), (x1 ∨ x2 ∨ x4)}.

In the following, let us denote by Sk (resp. Sd) the set of characters that are
kept (resp. deleted) in an exemplarization of G1 and G2, in a given solution
for ZEBD. By definition, exactly one occurrence of each gene family must be
kept. We also note that by construction, since, for 1 ≤ i ≤ q, there is only one
occurrence of ti in G1 and in G2 , characters of Ui may only be matched with
characters of Vi. Moreover, for a given 1 ≤ i ≤ q and a given 1 ≤ j ≤ 3, in
U j

i , χ(1, mj
i ) < pj

i < χ(2, mj
i ), whereas, in V j

i , χ(1, pj
i ) < mj

i < χ(2, pj
i ). Those

properties induce the following lemma.

Lemma 1. In any solution for ZEBD on (G1, G2), for any 1 ≤ i ≤ q and
1 ≤ j ≤ 3, either (a) {χ(1, mj

i , U
j
i ), χ(2, pj

i , V
j
i )} ⊆ Sk or (b) {χ(2, mj

i , U
j
i ),

χ(1, pj
i , V

j
i )} ⊆ Sk.
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Lemma 2. In any solution for ZEBD on (G1, G2), for any 1 ≤ i ≤ q and
1 ≤ j ≤ 3, at least one of χ(1, m1

i , U
1
i ), χ(1, m2

i , U
2
i ), χ(1, m3

i , U
3
i ) belongs to Sk.

Proof. By contradiction, let us suppose that none of χ(1, m1
i , U

1
i ), χ(1, m2

i , U
2
i ),

χ(1, m3
i , U

3
i ) belongs to Sk. Then, by Lemma 1, {χ(2, mj

i , U
j
i ), χ(1, pj

i , V
j
i )} ⊆ Sk

for all 1 ≤ j ≤ 3. Since in Ui, χ(1, ai) < χ(2, m1
i , U

1
i ) < χ(1, di) < χ(2, ai) < p2

i ,
whereas in Vi, m1

i < χ(1, ai) < χ(1, di) < χ(1, p2
i , V

2
i ) < χ(2, ai) < m2

i , we con-
clude that {χ(1, ai, Ui), χ(2, ai, Vi)} ⊆ Sd. Therefore, {χ(1, di, Ui), χ(1, di, Vi)}
⊆ Sd, whereas {χ(2, ai, Ui), χ(1, ai, Vi)} ⊆ Sk.

Moreover, since in Ui, χ(1, bi) < χ(2, m2
i , U

2
i ) < χ(2, di) < χ(2, bi) < p3

i ,
whereas in Vi, m2

i < χ(1, bi) < χ(2, di) < χ(1, p3
i , U

3
i ) < χ(2, bi) < m3

i , we con-
clude that {χ(1, bi, Ui), χ(2, bi, Vi)} ⊆ Sd. Thus, {χ(2, di, Ui), χ(2, di, Vi)} ⊆ Sd,
whereas {χ(2, bi, Ui), χ(1, bi, Vi)} ⊆ Sk. Consequently, none of the occurrences
of di can be kept in the exemplarization, a contradiction. ��

Lemma 3. Let I = {(i1, j1), (i2, j2), . . . (ip, jp)} such that ∀ 1 ≤ m 
= n ≤
p, Ljm

im
= Ljn

in
. Then either (a) {χ(1, mjm

im
, U jm

im
), χ(1, mjn

in
, U jn

in
)} ⊆ Sk, or (b)

{χ(2, mjm

im
, U jm

im
), χ(2, mjn

in
, U jn

in
)} ⊆ Sk.

Proof. Let us first suppose that Lj1
i1

= xk. Then, by construction, xr
k < pjr

ir
<

xr+1
k in U jr

ir
and xr+1

k < mjr

ir
< xr

k in V jr

ir
, for any 1 ≤ r < p and xp

k < p
jp

ip
< x1

k

in U
jp

ip
and x1

k < m
jp

ip
< xp

k in V
jp

ip
. If χ(1, mjr

ir
, U jr

ir
) ∈ Sk, for a given (ir, jr) ∈ I

such that r < p, xr+1
k in U jr

ir
must be deleted. Therefore, the two occurrences of

xr+1
k in U

jr+1
ir+1

and V
jr+1
ir+1

must be kept. Consequently, χ(1, m
jr+1
ir+1

, U
jr+1
ir+1

) ∈ Sk.

By induction on r, we have χ(1, m
jp

ip
, U

jp

ip
) ∈ Sk. This implies that x1

k in U
jp

ip

must be deleted, which in turn means that x1
k in U j1

i1
must be kept, and thus

χ(1, mj1
i1

, U j1
i1

) ∈ Sk. The induction can then be continued from U j1
i1

, and we
conclude that χ(1, mjn

in
, U jn

in
) ∈ Sk for any 1 ≤ i ≤ p. This proves case (a) of the

above lemma, when Lj1
i1

= xk.
Moreover, if χ(1, mjr

ir
, U jr

ir
) ∈ Sd, for a given (ir, jr) ∈ I such that r > 1, then

χ(2, mjr

ir
, U jr

ir
) ∈ Sk and xr

k in U jr

ir
must be deleted. Therefore, the two occur-

rences of xr
k in U

jr−1
ir−1

and V
jr−1
ir−1

must be kept. Consequently, χ(2, m
jr−1
ir−1

, U
jr−1
ir−1

) ∈
Sk. By induction on r, χ(2, mj1

i1
, U j1

i1
) ∈ Sk and, thus, this implies that x1

k in U j1
i1

must be deleted, which in turn means that x1
k in U

jp

ip
must be kept, and thus

χ(2, m
jp

ip
, U

jp

ip
) ∈ Sk. The induction can then be continued from U

jp

ip
, and we

conclude that χ(2, mjn

in
, U jn

in
) ∈ Sk for any 1 ≤ i ≤ p. This proves case (b) of the

above lemma, when Lj1
i1

= xk.
By a similar reasoning, it is possible to prove that the same holds when Lj

i =
xp. ��
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Lemma 4. ∀ (i, j), (i′, j′) such that (1) Lj
i = Lj′

i′ and (2) Lj
i and Lj′

i′ are the
first occurrences of the corresponding variable, only one of χ(1, mj

i , U
j
i ) and

χ(1, mj′

i′ , U
j′

i′ ) may be kept.

Proof. Let Lj
i = Lj′

i′ = xk and suppose Lj
i (resp. Lj′

i′ ) is the first occurrence of
xk (resp. xk). If χ(1, mj

i , U
j
i ) is kept, then y2

k in U j
i (resp. V j

i ) must be deleted,
and therefore of y2

k in U j′

i′ (resp. V j′

i′ ) must be kept. In that case, it can be seen
that χ(1, mj′

i′ , U
j′

i′ ) must be deleted. The proof is similar if we choose to keep
χ(1, mj′

i′ , U
j′

i′ ). ��

Thanks to the four above lemmas, we can prove the following theorem (the
proof is omitted due to space constraints, and is devoted to the full version of
the paper).

Theorem 2. Let I be an instance of 3-SAT, and let I′ = (G1, G2) be the in-
stance of ZEBD(2, 2) constructed from I. There exists a truth assignment that
satisfies each clause in I iff there exists a zero breakpoint distance exemplariza-
tion in I ′.

Altogether, this proves that ZEBD(2, 2) is NP-complete.

3 Exponential-Time Algorithms for ZEBD

It can be easily seen that, for two genomes G1 and G2 = g1 g2 . . . gn, if
ZEBD is answered positively, the induced exemplarization is either (1) a com-
mon subsequence of G1 and G2 or (2) a common subsequence between G1 and←−
G2 = gn . . . g2 g1. Therefore, any algorithm that answers ZEBD should check
both cases. For simplicity, we will only discuss case (1) in this section. Checking
case (2) just requires to run the same algorithm on (G1,

←−
G2), instead of (G1, G2),

which does not change the complexity.
Let G1 and G2 be two genomes defined over a set of m gene families, and such

that occ(G1) = k1 and occ(G2) = k2. A brute-force algorithm for answering to
ZEBD of G1 and G2 consists in computing all the possible exemplarizations of
G1 and G2, and then determining whether one of them leads to a zero breakpoint
distance. Since for any gene family there are at most ki occurrences in Gi,
1 ≤ i ≤ 2, there are at most (k1)m (resp. (k2)m) exemplarizations of G1 (resp.
G2). Moreover, given two exemplar genomes (each of length m), one can check
in O(m) whether their breakpoint distance is equal to zero. Therefore, on the
whole the time complexity of the brute force algorithm is O(m · (k1 ·k2)m) time.
In the following, we present two fixed parameter algorithms, which give more
feasible solutions.

Theorem 3. There exists an O(m2m) algorithm for solving ZEBD, where m
is the number of gene families of the input genomes.
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Fig. 2. a) Two genomes G1 and G2; b) A coloring function C; c) The corresponding
graph (V, A)

Proof. The key idea is to decrease the time complexity of the brute-force algo-
rithm by using a color-coding like method (see [1]). Color-coding is a technique
to design fixed-parameter algorithms for several NP-complete subgraph isomor-
phism problems. This technique is based on a random coloring of each vertex of
the input graph, using a small set of colors, and looking for a colorful path in the
graph, that is a path whose vertices carry different colors and all colors are used.

Given two genomes G1 and G2 over a set Σ of m gene families, we build a
directed graph (V, A) defined as follows. For each pair (G1[i], G2[j]) of genes of
the same gene family that carry the same sign, add a vertex (i, j) to V . For all
{(i, j), (p, q)} ∈ V 2 such that i < p and j < q, add an edge from (i, j) to (p, q)
in A. Finally, let C : Σ → {c1, c2, . . . , cm} be a function that assigns a unique
color to each gene family. For each vertex (i, j) ∈ V , we assign to (i, j) the color
C(f(G1[i])), where f(G[i]) denotes the gene family corresponding to G[i]. An
illustration is given in Figure 2.

It can be seen that looking for a colorful path of length m in the graph (V, A)
is equivalent to finding an zero breakpoint distance exemplarization of G1 and
G2, since (i) genes belonging to the same family carry the same color, and (ii) the
order is preserved by construction of A. It can be easily seen that there exists
a dynamic programming algorithm in O(m2m) to answer that question. Indeed,
we only need to maintain the set of colors already selected in the current path,
instead of the current selected vertices of the graph. Therefore, ZEBD is fixed
parameter tractable with respect to the number m of gene families. ��

We now propose a second fixed-parameter algorithm for solving ZEBD, defined
as follows. As previously, we transform the ZEBD problem into the problem
of finding a path in a directed acyclic graph (or DAG, for short). But instead
of having a vertex for each possible match between two genes of G1 and G2,
in this DAG, a vertex will represent a common subsequence between the two
genomes (i.e. a sequence formed from the original sequence by deleting some
of the elements without changing the relative order and signs of the remaining
elements). The complexity of this algorithm will stem from the construction
of this graph, which is, as we will see, exponential on the span s of the input
genomes, rather than on m.

Suppose, w.l.o.g., |G1| ≤ |G2|. The algorithm is based on two functions :
CommonSubsequenceSet (cf. Figure 3) and BuildGraph (cf. Figure 4). The func-
tion CommonSubsequenceSet consists in (1) computing – for all the common
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Function CommonSubsequenceSet (G1,G2) {1

V = ∅; j = 1;2

for (i = 1; i ≤ |G1|; i = i + s) do3

foreach common subsequence αi
j between G1[i..i + s − 1] and G2 do4

V = V ∪ {vi
j} such that vi

j = (αi
j , s

i
j , e

i
j) where si

j (resp. ei
j) is the5

starting (resp. ending) position of αi
j in G2;

end6

j + +;7

end8

return V }9

Fig. 3. Function CommonSubsequenceSet over two s-span genomes G1 and G2

subsequences between non overlapping segments of G1 of size s (i.e. G1[i..i+s−1]
for i = {1, s + 1, 2s + 1, . . .}) and G2 – the starting and ending positions of
the common subsequences in G2 ; and (2) add a vertex represented as a triplet
(αi

j , s
i
j , e

i
j) (formally defined in Figure 3) for each of those common subsequences

to a set V . This set will be returned by the function.
Function BuildGraph consists in building a DAG G = (V, A) from two s-span

genomes G1 and G2. The set of vertices V is obtained by calling the Common-
SubsequenceSet function on G1 and G2. BuildGraph then considers each pair of
vertices (vi

j , v
i′

j+1) and (vi
j , v

i′

j+2), and adds an edge to A iff the corresponding
common subsequences are compatible, i.e. if they have no gene of the same fam-
ily in common (exemplar solution) and do not overlap. In the resulting graph
(as illustrated in Figure 5), a path is an exemplarization of both G1 and G2. In
such a graph, if one decomposes each vertex vi

j into a path of length |αi
j | then,

as we will show, the existence of a path of length m induces that there exists a
zero breakpoint distance exemplarization of G1 and G2.

Before proving the correctness and complexity of the above algorithm, let us
prove an interesting property on the set V returned by CommonSubsequenceSet.
In the following, δj will refer to the set {vi

j|vi
j ∈ V }.

Lemma 5. Given two s-span genomes G1 and G2, the function CommonSub-
sequenceSet, ran on (G1, G2), returns a set V of size less than or equal to n2ss,
where n = |G1|.

Proof. Given any segment of size s of G1, there are at most 2s different subse-
quences. Moreover, for each such subsequence αi

j , there are at most s positions
in G2 for the first (resp. the last) gene of αi

j since G2 is a s-span genome; namely
αi

j [1] (resp. αi
j [|αi

j |]). Since in the function CommonSubsequenceSet, a vertex is
added to V for each (αi

j , s
i
j, e

i
j), V is of cardinality at most |G1|

s 2ss2. ��

By construction, given any sequence of vertices along a path in the DAG obtained
by BuildGraph(G1, G2), the order of the vertices in the path is similar to the
one of the corresponding genes in both G1 and G2. Moreover, by definition, for
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Function BuildGraph (G1,G2) {1

V = CommonSubsequenceSet(G1, G2);2

foreach (vi
j , v

i′
j+1) ∈ V 2 do3

if ei
j < si′

j+1 then4

//the order is respected;5

if αi
j and αi′

j+1 have no gene of the same family in common then6

//the concatenation is exemplar;7

A = A ∪ {(vi
j , v

i′
j+1)};8

end9

end10

end11

foreach (vi
j , v

i′
j+2) ∈ V 2 do12

if ei
j < si′

j+2 then13

//by construction, the concatenation is exemplar;14

A = A ∪ {(vi
j , v

i′
j+2)};15

end16

end17

return G = (V, A) }18

Fig. 4. Function BuildGraph over two s-span genomes G1 and G2

Fig. 5. Resulting graph from BuildGraph(G1, G2) with G1 = +a − b + a + c + d +
c + d + e − f and G2 = +a − b + c − b + d − f + e − f . The dotted path
corresponds to a positive solution for ZEBD. Links between δ1 and δ3 have not been
drawn. All arcs are drawn without arrow, but should be understood from left to right.
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any j the set of genes involved in any common subsequence of δj is disjoint from
the one for δj′ with j′ ≥ j + 2. Therefore, a path in the DAG corresponds to
an exemplarization of both G1 and G2. Hence, for any s-span genome G1 and
G2, ZEBD is positively answered iff there exists a path of length m in the DAG
obtained by BuildGraph(G1, G2).

Let us now analyze the time complexity of our algorithm. The function
CommonSubsequenceSet(G1, G2) has a worst time complexity in O(n2ss), where
n is the length of G1. Indeed, for each value of i (which is bounded by n

s ), accord-
ing to Lemma 5 there are at most 2s different subsequences in G1 and s2 pairs
(si

j , e
i
j) for any such given subsequence in G2. Moreover, any set δj , 1 ≤ j ≤ n

s , is
of size at most 2ss2.

Function BuildGraph(G1, G2) has a worst time complexity in O(n22ss3). In-
deed, there are less than (2ss2)2 pairs (vi

j , v
i′

j+1) in V , for each of 1 ≤ j ≤ n
s .

Finally, finding a longest path in the resulting DAG from BuildGraph(G1, G2)
may be done polynomially in the size of the graph. On the whole, the algorithm
has a time complexity in O(n22ss3).

Altogether, the above results lead to the following theorem.

Theorem 4. There exists an O(n22ss3) algorithm for solving ZEBD, where n
is the length of the shortest input genome, and s is the span of the input genomes.

4 Conclusion

In this paper, we have given several results concerning the Exemplar Break-

point Distance and Zero Exemplar Breakpoint Distance problems.
We first proved that that EBD cannot be approximated at all as soon as
both genomes contain duplicates; this was done by showing that ZEBD(2,2)
is NP-complete. This last result fills the remaining gaps concerning the knowl-
edge of the complexity landscape of ZEBD. In particular, this answers an open
question from Chen et al. [7] and Angibaud et al. [4]. We have also provided
two fixed-parameter algorithms for ZEBD: one parameterized by the number of
gene families, and the other by their span. Two questions remain open:

(1) since ZEBD(1, q), q ≥ 1, is polynomial, there may exist approximation
algorithms for EBD(1, q) (we recall that EBD(1, q) is APX-hard [2]). For in-
stance, is it possible to approximate EBD(1, q) within a constant ratio ?

(2) as mentioned by Chen et al. [7], for problems whose optimal value could be
equal to zero, it is sometimes better to look for so-called weak approximations. The
natural question is thus the following: what can be said concerning weak approxi-
mations forEBD(p, q) ? Chen et al. [7] gave a negative result in the general case but
restricting our study to particular values of p and q could lead to positive results.
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Xavier Muñoz1,�, Sebastian Seibert2,��, and Walter Unger3,� � �
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Abstract. For the Minimal Manhattan Network Problem in three di-
mensions (MMN3D), one is given a set of points in space, and an ad-
missible solution is an axis-parallel network that connects every pair of
points by a shortest path under L1-norm (Manhattan metric). The goal
is to minimize the overall length of the network.

Here, we show that MMN3D is NP- and APX -hard, with a lower
bound on the approximability of 1 + 2 · 10−5.

This lower bound applies to MMN2-3D already, a sub-problem in
between the two and three dimensional case. For MMN2-3D, we also
develop a 3-approximation algorithm which is the first algorithm for the
Minimal Manhattan Network Problem in three dimensions at all.

1 Introduction

The Minimal Manhattan Network Problem (MMN) has recently attracted some
attention. Originally, it was stated in two dimensions, but it generalizes naturally.

One is given a finite set of n points in (k-dimensional) space, and as distance
measure the L1-norm is used, also called Manhattan metric. A rectilinear path
is a path that consists solely of axis-parallel line segments. A shortest rectilinear
path is called a Manhattan path. A Manhattan path connecting two points p1 =
(x1, y1, z1) and p2 = (x2, y2, z2) will always be a (k-dimensional) staircase, and
its length is the L1-distance between p1 and p2, i.e. |x1 −x2|+ |y1 −y2|+ |z1−z2|
(in the three-dimensional case). The task is to construct a network that connects
each pair of points by a Manhattan path. The goal is to minimize the overall
length of the network.
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This problem is part of a wide range of network problems with applications in
VLSI design and related areas. In general, given a set of points in a plane or in
a higher dimensional space, one is asked for a minimal cost network of a certain
type. Steiner trees and spanners are prominent examples of such networks, and
the MMN can be seen as a special case of finding a spanner. The problem of find-
ing cheap spanners has numerous applications, and it has been widely studied,
especially metric subproblems [1,4,5,7,10].

In a recent sequence of papers [9,11,2,6,12] approximation algorithms for the
two-dimensional case (MMN2D) have been studied, where 1.5 is the best ap-
proximation ratio achieved so far1. One has to note, however, that there is still
the possibility that the MMN2D is solvable optimally in polynomial time.

A generalized version of the MMN3D is considered in [8]. For a given set P
of points, a transitive relation R ⊆ P × P , and a length bound B > 0, it is
shown to be NP-hard to decide whether there is a network that connects all
pairs {p, q} ∈ R by Manhattan paths and has total length ≤ B.

Here, we give the first hardness proof for MMN3D by showing that at least
in three dimensions, the original problem is NP hard. Moreover, we show that
there is no polynomial time approximation algorithm with a ratio better than
1 + 2 · 10−5, unless P = NP , and consequently no approximation scheme exists.
This proof applies in fact to a sub-case already, defined as MMN2-3D below.
Here, the points are distributed in three dimensions, but the critical connections
need to be made in (multiple) planes only.

Also, we develop a first approximation algorithms for three dimensions, in
that we get a 3-approximation2 for MMN2-3D. Thus, MMN2-3D presents the
first case of the Minimal Manhattan Network Problem where both a lower bound
and an approximation algorithm are known.

The remainder of the paper is structured as follows: in the next section, a
few preliminaries and basic observations will be stated. In Section 3, we describe
how an MMN2-3D instance is constructed for a given SAT formula. This will
be used in the subsequent section to derive the claimed lower bound on the ap-
proximability of MMN2-3D, which includes NP-hardness. Afterwards, we show
how to obtain approximation algorithms for MMN2-3D.

2 Preliminaries

Let P be the set of points given. We will consider positive integer valued coor-
dinates only, so we can identify each point pi with a triple (xi, yi, zi) of positive
integers. A solution S is given as a set of line segments.

Next, we want to transfer an observation that is well known from the two-
dimensional case.

Each pair {p, q} of points spans a cuboid C(p, q) inside which (including the
surface) all possible shortest Manhattan paths between those two points lie. Here,

1 There exists an unpublished 1.25-approximation algorithm on MMN2D [13].
2 This becomes a 2.5-approximation with the result from [13].
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we need to consider only cuboids with axis parallel sides, so in the following, by
“cuboid” we always mean a cuboid with axis parallel sides, and the same holds
for planes.

Assume that there exists another point r inside C(p, q) (again including the
surface). Any admissible solution needs to contain shortest paths from p to r, and
from r to q. Those two paths together form a shortest one from p to q already.
Consequently, the pair {p, q} is not critical for the correctness of a solution.

If we look at it the other way round, we call a pair {p, q} and its cuboid critical
if the cuboid contains no other point besides p and q.

Remark 1. A solution S is admissible for P iff, for every critical pair {p, q} in
P , a shortest path from p to q is contained in S.

Easy though this observation is, one has to keep it always in mind. Because of
it, in the following, for each point we need to discuss its connections with few
selected others, only. Most of the other points will not form a critical pair with
the currently considered one. They lay “behind” other points (in Manhattan
metric).

Another rather obvious fact is that, if the cuboid C(p, q) degenerates into
a line segment, then that line segment is a necessary part of every admissible
solution. This will be used to construct certain fixed parts of the solutions, and
to separate other parts.

One feature of our construction will be that all critical cuboids will be in fact
rectangles. That is, for each point we only have to consider the axis parallel
planes it belongs to in order to see which connecting line segments it needs.
This greatly facilitates arguing which amount of lines segments is needed and
sufficient, respectively. Also this gives rise to the definition of MMN2-3D as that
sub-case of MMN3D where all critical cuboids are just rectangles. In other words,
the points are spread in three dimensions but the critical connections are always
two-dimensional, hence the name.

3 Construction of Hard Instances

Our proof is going to be a reduction from 3SAT, that is, we have to construct,
for a given formula, a corresponding set of points as an MMN2-3D instance.

We assume that we are given a formula Φ = φ1 ∧ φ2 ∧ . . . ∧ φm with clauses
φi = li,1 ∨ li,2 ∨ li,3 over the variable set x1, . . . , xk.

The point set P to be constructed will be contained in a large cuboid C0 all
of whose corners are in P . In fact, most of the points will lie on the surface
of C0, giving some sort of “cage” inside which the essential decisions about
placing line segments take place. In Figure 1, an example is given for the formula
(x∨y)∧ (y ∨ z)∧ (x∨ z). Note that for readability, it is not true to scale. We can
see a long sequence of upright plane segments. For each variable, there will be a
subsequence of such “frames”. The frames with five vertical lines are separators
between the variables. For each clause, we will use a horizontal plane to place
the respective points on it.
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(x ∨ y) ∧ (y ∨ z) ∧ (x ∨ z)

x ∨ y
y ∨ z

x ∨ z

F irst

x
x

Sep.

y
y

Sep.

z
z

Sep.

Last

Fig. 1. Overview

We begin by describing the vertical frames first. More precisely, we construct
subsets of points with identical z-coordinate, and we analyze the necessary and
optional line segments between them.

A separator frame is shown in Figure 2 (a). It causes a fixed grid of necessary
lines, as do the last and first frame shown in Figure 2 (b) and (c), respectively.
Please note that in Figure 2 (c), the points k1, k2, . . . , km are drawn as open
circles. This will always indicate that the respective points are not in the plane
which is depicted by the current figure. Here, the points k1, k2, . . . , km are lying
slightly (distance 1) in front of the last frame. They are shown in this figure for
later orientation only.

Note that in the figures some large distances are used, annotated as b and b′,
and later a and a′. We will set concrete values for these later, when we calculate
a lower bound on approximability. For lines that are drawn close to each other
in the figures, we generally assume the distance between them to be 1, if not
stated differently.
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Fig. 2. Separator, first, and last frame

pt

pb

nb

nt

Fig. 3. Variable setting

For each variable xj , we construct an even number of frames. Those for pos-
itive and negative occurrences of xj are constructed alternatingly. If there are
more positive or more negative occurrences, some of the frames will not be used
in any clause, but this situation does not appear in the formulas we will use in
the reduction in Section 4.

Let us look at a pair of positive and negative occurrence, as depicted in Figure 3.
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Sep x x x x x x

Fig. 4. Variable block from above

The solidly drawn lines on the outside of the cuboid are necessary lines (partly
caused by the connections from first to last frame). The only point where there
is some choice is in connecting pt, pb, nt, and nb with each other. Here, two
vertical lines are sufficient, but only if either both dotted or both dashed lines
are chosen. This is the essential mechanism to represent the setting of variable
values. We will interpret the variable to be set to true, iff in the frame for a
positive occurrences, the left vertical line is used, the dotted choice in the figure.
Note that the horizontal lines shown in the figure could be used to obtain a
solution “mixed from dotted and dashed lines”. But we will see below that this
would make things only more expensive.

Now, in general, each variable occurs more than once each, positive and nega-
tive. But then, the above pattern is just repeated. In the end, the complete block
for one variable, including one separator, looks from above as shown in Figure 4.

Next, since a frame for a variable is used for an occurrence of that variable
in a certain clause, we will add few more points to it, the essential ones for the
interaction with that clause. The case of negative and positive occurrences are
shown in Figure 5 (a) and (b), respectively. In the following, we describe the
case of a negative occurrence, since the other one is just a mirrored version.

For each clause φi = li,1 ∨ li,2 ∨ li,3, a horizontal plane is reserved. At exactly
that level, in the frame for the occurrence, a point l′i,j is added as shown in
Figure 5 (a). And as its counterpart, another point li,j is added on the left side,
at distance 1 from the bottom.

Also, a point exactly above l′i,j is added at the top level, which fixes the
upward connections from l′i,j . And a point opposite li,j on the right hand side
generates a solid line between itself and li,j .

The focus however lies on the connection from l′i,j to li,j . Here, potentially an
expensive additional line segment is needed. If the right vertical line is chosen
in the variable assignment, this already produces a connection from l′i,j to li,j .
Otherwise, an additional segment is needed, and by choosing b to be smaller
than b′, we ascertain that the better choice is to use the horizontal segment from
l′i,j to the left.
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Fig. 5. A negative and a positive occurrence

The important point is that only in the latter case, a line segment in the plane
of the clause is added. The intended interpretation is that this corresponds to
the clause being satisfied by the variable occurrence under consideration.

Note that in the end, we will apply our construction to formulas where every
variable is used exactly twice positive and exactly twice negative. Then, every
variable setting will cause in two of the four frames for that variable the addition
of a horizontal line segment as just described.

Now, we consider the mixed use of dotted and dashed lines. That would mean,
here, to go down from nt, then move to left, and down to nb. But then, in every
frame for this variable, the dashed horizontal line would be needed to connect
l′i,j to li,j , not only in every other frame. For each such dashed line, we might
save a segment of the same length in a clause plane, as we will see later, but
not more. So, since we cannot gain anything by it, we will rule out those “mixed
choices” in the following.3

Before we move on to the clauses, we have to consider the following. Different
points l′i,j and li,j from different occurrences (even from different variables) might
form critical pairs. With respect to the li,j this is no problem. All of them lie on
two lines behind each other, surrounded by c, c′, d, and d′ on the first and last
frame. Thus, they are connected by necessary lines. Also, for (i, j) �= (i′, j′), the
cuboid C(l′i,j , li′,j′) is not critical since it contains li,j .

The points l′i,j and l′i′,j′ however are on different horizontal planes. In Figure 5,
the potential positions of other l′i′,j′ are shown as open circles. Now, the points

3 Note that using the horizontal line at distance 1 from the bottom could be of no
use at all: the line segment of length 1 from nb upwards would help for no other
connection. This is essentially the same as drawing the line from nt downwards all
the way.
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Fig. 6. A clause

c′1, . . . , s
′
m and k′

1, . . . , k
′
m on the first and last frame, respectively, guarantee that

there are connections in z-direction. What is missing to connect different l′i,j can
only be small vertical segments. And here, by choosing the distance between
clause planes to be just 1, we make sure that all of these small pieces together
will not affect the overall optimum by much.

Finally, let us look at the horizontal plane for a single clause, see Figure 6.
The only point we did not discuss before is ki. First, we note that k1, . . . , km lie
above each other. Also at the bottom most level, and at distance 1 above the
bottom (the plane of the li,j), we add points below the ki, as we do at the top
most level and at distance 1 below the top. That way, all we have to consider in
the following are the connections that ki needs in its own horizontal plane.

The distance between ki and k′
i is just 1 in both coordinates, so that we need

not to worry about where exactly the connections to the right and front will
be done. The only essential connection is from ki to ci. Here, it is important to
note that we chose the distance a′ to be much larger than a (and a′ is slightly
larger than b). By a, we mean the distance between the last frame and the first
one which represents any variable occurrence. In other words, there is the huge
distance a′ between the first frame and the next one, and then all other frames
are close to each other.

The effect of this is that the connection from ki to ci is cheap, if one of
the variable occurrences has a connection from l′i,j towards li,j in the current
plane. Then, only the connection from ki to the left is needed, costing at most
a. Otherwise, a connection from ki to the line connecting ci and k′′

i is needed,
costing at least b.

4 The Lower Bound on Approximability

In order to obtain a lower bound, we use a result by Berman, Karpinski, and Scott
about a SAT variant where each variable occurs only a limited number of times.
To this end, let (3,B2)-SAT be the restriction of SAT to inputs where each clause
contains exactly 3 variables, and each variable occurs exactly twice positive and
twice negative. MAX-(3,B2)-SAT is the corresponding maximization problem.
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Theorem 1. [3] There exists a family of MAX-(3,B2)-SAT instances, contain-
ing 1016n clauses for some n, such that it is NP-hard to distinguish between
instances where (1016 − ε)n clauses can be satisfied and those where at most
(1015 + ε)n clauses can be satisfied (for arbitrary small ε < 1

2). �	

We are going to show that, using our construction from the previous section, we
can proof now the following theorem.

Theorem 2. There exists a family of MMN2-3D instances, containing 194l+4
points for some l, such that it is NP-hard to distinguish between instances where
a solution of cost less than (48260 + δ)L exists and those where every solution
costs at least (48261 − δ)L (for L = l4

254 and arbitrary small δ < 1
2).

Proof. Given a MAX-(3,B2)-SAT instance Φ with 1016n clauses, we apply our
construction from the previous section and obtain a point set P as an MMN2-
3D instance. We have to show that, if there is a variable assignment satisfying
(1016 − ε)n clauses, we obtain a point set P with a Manhattan Network of cost
at most (48260+ δ)L. And if at most (1015+ ε)n clauses of Φ can be satisfied at
the same time, every Manhattan Network for P will cost at least (48261 − δ)L.

What we have seen already, when constructing P , is that there are a lot of
necessary lines in any Manhattan Network for P . And if we want a minimum cost
solution for P , only a few choices remain. First, we have some choices of vertical
line segments in the variable frames, and we have seen that these influence how
expensive the additional line segments needed in the clause planes will be.

Now, one could think it a good idea to “cheat” in the variable frames in order
to save a lot of cost for the clauses. That is, one could consider investing a
little bit of vertical lines in the variable frames in order to switch in the middle
of a variable block from one choice to the other. Then, some of the variable
occurrences would represent the variable assignment to true while other would
correspond to the assignment to false. But here is the respect where the choice
of formulas from MAX-(3,B2)-SAT comes into play. Every variable has just four
occurrences, two positive and two negative, and the frames for those alternate
in our construction. If we add the consideration that any optimal assignment
will satisfy at least two of the four clauses a variable occurs in, we see that by
the described way of cheating at most one more “satisfied clause” can be gained.
More precisely, we might save a line segment of length b in the clause plane, but
we pay with a vertical line segment of length at least b′ in a variable frame. Since
we will choose b′ > b, this would result in a loss overall.

So, what we have is that a minimal Manhattan Network always represents
a variable assignment, and for those clauses satisfied by this assignment, only
line segments of cost at most a need to be added in the corresponding plane
(besides the necessary segments). For the non-satisfied clauses however, we need
additional line segments of cost at least b.

What remains is to calculate the resulting cost of a minimal solution, de-
pending on the number of satisfiable clauses. Any (3,B2)-SAT formula has, for a
natural number l, exactly m = 4l clauses and 3l variables who occur four times
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each. Depending on l, we get the dimensions left open so far in our construction.
a is just the number of frames that follow at distance 1 from each other before
the last (i.e. all but the first frame) which is 15l + 1. We choose b = l3 and
a′ = b′ = l3 + 1.

From this, it is easy to calculate the length of all the necessary line segments.
Let us look closer at the few places with a choice. In a frame for a variable
occurrence (Figure 5), we always have four necessary horizontal lines of full
width of cost b + 3 = l3 + 3 each. Likewise, three full height vertical lines are
necessary, if we include the one with optional placement (dotted or dashed).
Each costs 2b′+m+1 = 2l3 +4l+3. We have argued that in a minimal solution,
every other frame for a variable occurrence needs the dashed horizontal line of
cost b, so we can count 1/2b per frame. The short horizontal segment through
l′i,j of length 2 is needed in any case. Some uncertainty comes in here only
with respect to the vertical connections of l′i,j . The part of length b′ above the
necessary horizontal line is always present, but how long the part below is, is
uncertain. Not only because of the horizontal plane on which l′i,j lies, but also
because we do not know how much below l′i,j will be needed for connecting to
other points l′i′,j′ . But remember that the horizontal connections to those l′i′,j′

are always there, so we need to worry about the vertical part only. And this will
have a short length, namely between 1 and m.

The largest uncertainty occurs in the clause planes, see Figure 6. If the line
placement in the variable frames corresponds to an assignment satisfying the
current clause, only a left to right connection of length ≤ a is needed besides
the necessary line segments. Otherwise, we know that a connection of length b
is needed (in addition to the length 1 pieces from ki to the front and right).

If all is added up, we get for the whole construction a necessary cost of an
optimal solution of 190l4 + O(l3), and there are flexible costs depending mainly
on the number α of non-satisfied clauses (by an optimal assignment), which are
between 16l+α(l3 +1) and 108l2+4l+α(l3+15l+1). Here, we see why we used
l3 as the main dimension. That way all the small pieces we are uncertain about
are one order smaller and can be “neglected”. (Remember that α is at most in
the order of l.)

More precisely, we fix a small ε′ > 0, and we have that, for sufficiently large l,
the costs of an optimal solution are between 190l4 + αl3 and 190l4 + αl3 + ε′l4.

Now, we apply this to the formulas from Theorem 1. There, we have m =
1016n, i.e., l = 254n.

If at least (1016 − ε)n clauses can be satisfied (α ≤ εn), the corresponding
minimal Manhattan Network costs at most

190l4 + ε′l4 + αl3 ≤ ((190 + ε′)254n + εn)l3 = (48260 + δ)L,

if we set δ = 254ε′ + ε and L = nl3 = l4

254 .
If at most (1015+ε)n clauses can be satisfied (α ≥ (1−ε)n), the corresponding

minimal Manhattan Network costs at least

190l4+αl3 ≥ (190·254n+(1−ε)n)l3 ≥ (48261−δ)L. �	
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The result from Theorem 2 implies not only NP-hardness of MMN2-3D and
MMN3D but also the nonexistence of a polynomial time approximation scheme.

Corollary 1. For the three-dimensional Minimum Manhattan Network prob-
lem, there exists no polynomial time approximation algorithm with a ratio of
1 + 2 · 10−5 or better, unless P = NP. �	

5 Approximation Algorithms in Three Dimensions

Let us show how any approximation algorithm for MMN2D can be used for
MMN2-3D. With the result from [12], the following gives a 3-approximation
algorithm on MMN2-3D.

Theorem 3. For every polynomial-time α-approximation algorithm on MMN2D,
there is a polynomial-time 2α-approximation algorithm on MMN2-3D.

Proof. The idea is simply to run the given algorithm on any axis-parallel plane
on which at least two points lie, and to put together all resulting partial solution.

Since all critical cuboids are assumed to be rectangles, this will produce a
valid solution. Obviously, the running time grows at most by O(n), compared
to the given algorithm: Each point belongs to three axis-parallel planes, thus at
most 3

2n planes need to be considered.
For the approximation ratio, we consider an optimal solution Sopt. In every

considered plane E, the intersection SE of Sopt and E gives an admissible so-
lution. Thus, the algorithm’s solution AE in that plane is at most a factor of
α more expensive than SE . If we put together all AE , these may at worst be
disjoint, while in putting together all SE , every line from Sopt is counted at most
twice (it belongs to two axis-parallel planes). Thus, the sum of the AE costs is
at most 2α times the cost of Sopt. �	

We note, that there is already a 2.5-approximation algorithm on MMN2-3D,
because there exists a unpublished 1.25-approximation algorithm on MMN2D
[13]. This new approximation algorithm is submitted in parallel to this paper.

6 Conclusion

In this paper, we have given a hardness proof for the Minimum Manhattan
Network problem, including a first lower bound on approximability. Also, we
have introduced a first approximation algorithm for a three dimensional sub-
case.

It is certainly desirable to transfer the lower bound to MMN2D. This, however,
seems rather unlikely if one analyses the construction. There seems to be no way
to combine the effects of independent choices (for the variables) like we did in
the clause planes, if one is restricted to two dimensions. The problem is that
the demand, that all pairs of points need to be connected by a shortest path,
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limits the ability to let different information (the effects of placement choices)
pass each other independently in one plane.

On the other hand, approximation algorithms for MMN3D are needed. We
expect that at least the algorithm from [9] will be adaptable to three dimensions,
though not trivially (and the ratio can be at most 8 since one has to deal with
octants instead of quadrants). Another approach would be to reduce MMN3D
to MMN2-3D by introducing auxiliary points. However, it is not clear how to
bound the cost incurred by this by some multiple of the optimum.
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Abstract. In order to determine the similarity between two planar
shapes, which is an important problem in computer vision and pattern
recognition, it is necessary to first match the two shapes as good as
possible. As sets of allowed transformation to match shapes we con-
sider translations, rigid motions, and similarities. We present a generic
probabilistic algorithm based on random sampling for matching shapes
which are modelled by sets of curves. The algorithm is applicable to the
three considered classes of transformations. We analyze which similarity
measure is optimized by the algorithm and give rigorous bounds on the
number of samples necessary to get a prespecified approximation to the
optimal match within a prespecified probability.

1 Introduction

Matching two geometric shapes under transformations and evaluating their sim-
ilarity is one of the central problems in computer vision systems where the
evaluation of the resemblance of two images is based on their geometric shape
and not color or texture. Because of its significance the problem has been widely
covered in the literature, see [4,15] for surveys.

We assume that the shapes are modeled by sets of plane curves. As possible
classes of transformations we will consider translations, rigid motions (rotation
and translation) and similarities (rotation, scaling, and translation). Our ob-
jective is to develop an algorithm which allows an efficient implementation and
whose result comes close to human similarity perception.

Several similarity measures and algorithms are known to match two curves,
especially polygonal curves. One of the most widely used similarity measures is
the Hausdorff distance which is defined for any two compact sets A and B. Alt
et al. describe in [2,4] efficient algorithms for computing the Hausdorff distance
and minimizing it under translations and rigid motions for arbitrary sets of line
segments. One of the drawbacks of the Hausdorff distance is that it is very
sensitive to noise. A few similarity measures are defined for pairs of curves,
which capture the relative course of two curves: Fréchet distance [3], turning
function distance [7], and dynamic time warping distance [12]. There are only
few generalizations of those distances to sets of curves, see [5,14,19].
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The method we introduce is close to an intuitive notion of “matching”, i.e.,
find one or more candidates for the best transformations, that when applied
to the shape B map the most similar parts of the two shapes to each other.
The major idea is to take random samples of points from both shapes and give a
“vote” for that transformation (translation, rigid motion, or similarity) matching
one sample with the other. If that experiment is repeated frequently, we obtain
by the votes a certain probability distribution in the space of transformations.
Maxima of this distribution indicate which transformations give the best match
between the two shapes. The matching step of our algorithm is, therefore, a
voting scheme. The idea of random sampling for geometric problems with an
analysis similar to ours has been used in a more general context by Cheong et
al. in [10] and a similar random sampling method for symmetry detection in 3D
shapes with a different clustering method was described by Mitra et al. in [16].

Related methods in the image processing community are the generalized
Hough transform, also called pose clustering [1,18], the Radon transform [20]
and the RANSAC algorithm [13]. In contrast to those methods we do not con-
sider a discrete set of features that describe shapes, but work with continuous
curves. Our method is independent of the choice of parameterization and dis-
cretization grid in transformation space. In addition, we give rigorous bounds
on the runtime (number of experiments) necessary to obtain the optimal match
within a certain approximation factor with a prespecified probability. We con-
sider this as the major contribution of this paper, the analysis leads to a better
understanding of this kind of heuristic techniques. In fact, our algorithm is not
meant to be directly applied to shape comparison problems arising in practice.
For such purposes it makes sense to modify our technique and enhance it with
heuristic methods, which we did (see [6]) within a shape retrieval system de-
veloped in the EU-funded project PROFI. Its major application, in cooperation
with the industrial PROFI-partner Thomson-Compumark in Antwerp, is to iden-
tify (illegal) similarities between new trademark designs and existing trademarks
of various companies in a large trademark database.

2 The Probabilistic Algorithm

We assume that shapes are modelled by finite sets of rectifiable curves in the
plane, and that for each curve a random point under uniform distribution can
be generated in constant time. This is the case for line segments, which would
be the most common representation in practice, but also for curves for which a
natural parameterization is explicitly given.

Given two shapes A, B ⊂ R
2, a class of allowed transformations T and a

certain parameter δ, we want to find a transformation t ∈ T which lets t(B)
match best A within a tolerance of δ. The definition of what exactly a good
match means is given in section 3. We follow an intuitive notion of a “good
match”: two shapes are similar if they can be mapped to each other in such a
way that large parts of them are close. We assume that the underlying metric
in the plane is a piecewise algebraic function, e.g., an Lp metric.
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Depending on the class of allowed transformations the algorithm generates
ordered random samples SA, SB of the shapes A and B of appropriate size so that
there is a unique transformation mapping SB to SA. For example, the samples
consist of one point for translations and of two points for similarity maps. We
denote by SB

t−→
δ

SA the fact that transformation t maps every element of SB into
the δ-neighborhood of the corresponding element of SA. For a pair of samples
SA, SB we define the corresponding δ-region in the space of transformations as
the set of transformations t such that SB

t−→
δ

SA.
The idea of the probabilistic approach is quite simple. We describe the algorithm

in a generic way and give the details for different classes of transformations below:

1. Take random samples SA from A and SB from B and record the correspond-
ing δ-region.

2. Repeat this experiment many times, say N .
3. Return the points of T covered by the largest number of δ-regions as candi-

dates for good transformations.

The idea behind this algorithm is, that the transformations, that map large parts
of the two shapes close to each other, should receive significantly more votes than
others.

The size of a random sample within one experiment and the shape and the
size of a δ-region depend on the class of transformations allowed:

For translations a random sample consists of a single randomly selected point
of each shape, SA = a ∈ A and SB = b ∈ B. Two points determine uniquely
a translation mapping one point to the other. The transformation space is two-
dimensional and a δ-region in translation space corresponding to a sample pair
(a, b) is a δ-neighborhood of the translation vector t = a − b with respect to the
same metric as used for points in image space.

In case of rigid motions the transformation space is three-dimensional. A
rigid motion t = (α, vx, vy) is defined by a rotation angle α and a translation
v = (vx, vy) and maps a point b ∈ R

2 to the point t(b) = Mb + v, where

M =
�

cos α − sin α
sin α cos α

�
=

�
m1 −m2

m2 m1

�
is the rotation matrix. For computational

reasons we consider the four dimensional parameterization by (m1, m2, vx, vy)
and restrict it to a three dimensional variety by the constraint m2

1 +m2
2 = 1, i.e.,

det(M) = 1. Observe that for two points a, b for every rotation angle α there
exists a unique translation vector vα, such that the rigid motion t = (α, vα)
maps b to a. For four points a1, a2, b1, b2 there is, in general, no rigid motion
that maps b1 to a1 and b2 to a2. Therefore, we use a single random point of
each shape a ∈ A and b ∈ B as a sample in one random experiment and record
the δ-region {(M, v) | dist(M · b + v, a) ≤ δ}, where all matrices M of the form
given above are allowed.

For similarity maps the transformation space is four-dimensional. A similar-
ity map t = (α, k, vx, vy) is defined by a rotation angle α, a scaling factor k, and
a translation vector v = (vx, vy). t maps a point b ∈ R

2 to a point t(b) = Mb+v,

where M =
�

k cos α −k sin α
k sin α k cos α

�
=
�

m1 −m2

m2 m1

�
.
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A random sample from the shapes contains two points SA = (a1, a2) of A, and
two points SB = (b1, b2) of B, which determine a unique similarity transforma-
tion t mapping b1 to a1 and b2 to a2. Although a standard way to parameterize
the space of similarity transformations is by (α, k, vx, vy), for computational
reasons it is more convenient to use the parameterization (m1, m2, vx, vy) where
m1 = k cosα and m2 = k sin α. For general Lp metric a δ-region is then bounded
by algebraic surfaces, and for the L1 and L∞ metrics it is a convex polytope
bounded by four pairs of parallel hyperplanes.

3 Analysis

3.1 Hit Probability in Transformation Space

In this section we analyse the measure of resemblance optimized by the algorithm
and bound the number of experiments needed to get an ε-approximation of the
maximum of that measure.

First we introduce some formal notation and definitions. Let Ω denote the
sample space, i.e., the set of all sample pairs (SA, SB). By the definition of our
random experiment, the samples of two shapes are drawn independently and
uniformly, therefore, we have a uniform distribution on Ω.

Let T ⊂ R
d denote the d-dimensional transformation space. We define a

function pδ : T → R as the probability that a transformation vector t is covered
by a δ-region corresponding to a randomly selected sample. We will call pδ(t) the
hit probability of transformation t. The set of samples yielding a δ-region that
covers a transformation t is Mδ(t) = {(SA, SB) ∈ Ω|SB

t−→
δ

SA}, and pδ(t) =
|Mδ(t)|

|Ω| , where |·| denotes the Lebesgue measure. Consequently, we have

Remark 1. The hit probability pδ(t) in the transformation space induced by the
generic algorithm described in Section 2 has its maximum at the transformation
maximizing the Lebesgue measure of the set Mδ(t) defined as

Mδ(t) = {(SA, SB) ∈ Ω|SB
t−→
δ

SA}.

We can interpret the Lebesgue measure of the set Mδ(t) as a measure of
resemblance associated with a transformation t. Intuitively, this should reflect
the perceived notion of “closeness” of two shapes.

Let us discuss the meaning of Remark 1 for the different classes of transfor-
mations.

Translations and rigid motions. The sample space is in this case Ω = A × B
and Mδ(t) = {(a, b) ∈ A × B | dist(a, t(b)) ≤ δ}. To maximize the measure of
this set means to find a transformation that maps largest possible parts of the
shapes into proximity of each other.

In the case of translations, it can be observed that for δ → 0 the resulting
probability distribution corresponds to the normalized generalized Radon trans-
form of the shape A with respect to shape B as defined in [20].
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A
topt(B)

A

topt(B)

Fig. 1. Matching A (dashed lines) with B (solid lines) with large (left) and small (right)
values of δ and the graphs of the corresponding functions pδ(t) in translation space

Similarity maps. In case of similarity maps a sample taken from one shape con-
sists of two random points, the sample space is then Ω = A2 ×B2. By Remark 1
the similarity map with maximum coverage by the δ-regions is the one maximiz-
ing the measure of the set

Mδ(t)=
{
(a1, a2, b1, b2) ∈ A2 × B2 | dist(t(b1), a1)≤ δ and dist(t(b2), a2) ≤ δ

}
.

This measure is less intuitive with respect to matching shapes than the one
in the previous cases. A simple consideration shows, however, that maximiz-
ing the measure of Mδ(t) also means to maximize the measure of M ′

δ(t) =
{(a, b) ∈ A × B | dist(t(b), a) ≤ δ}. The measure of the set Mδ(t) is exactly∣
∣M ′2

δ (t)
∣
∣ = |M ′

δ(t)|
2. Since the measure of a set is always non-negative, both

functions have maxima at the same values of t.

The role of the parameter δ. In the description of the algorithm we introduced a
parameter δ, which defines how far apart two samples are allowed to be and still
be considered close. The choice of δ, therefore, should be specified by the user
and controls the trade-off between the quality of match and the size of the parts
matched. With a small value of δ our algorithm would find a transformation
which maps nearly congruent parts of two shapes to each other. A large value
of δ leads to a transformation which gives a rough match but for larger parts of
the shapes, see Figure 1.

For nearly congruent shapes, however, a small δ already leads to a complete
matching, see Figure 2(a). If shape B or parts of it are nearly congruent to some
parts of A, then with a small value of δ we detect these occurrences as shown
in Figures 2(b) and 2(c). For this purpose it might be worth to consider several
local maxima of pδ.

3.2 Approximation of the Hit Probability

In this section we determine how many samples are needed in order to approxi-
mate the function pδ(t) in the transformation space within a certain accuracy ε
with high probability and analyze the total running time of the algorithm.
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t(B)A

(a) Nearly congruent
shapes yield a func-
tion pδ(t) with a clear
maximum.

A

t1(B)

A

t2(B)

(b) Shape B occurs twice
in A which results in two
(almost) equally large local
maxima of pδ(t).

A

t(B)

(c) A rough complete-partial
match of horse and carriage
shapes from the MPEG7-
Shape B data set results in
a less distinct maximum of
pδ(t) than in case of nearly
congruent shapes.

Fig. 2. Matched shapes and the corresponding function pδ(t) in translation space

In order to find a transformation covered by the highest number of δ-regions
corresponding to the samples, we consider the arrangement of these δ-regions,
i.e., the subdivision of the transformation space induced by the boundaries of
the regions. All transformations in the same cell of the arrangement have the
same region coverage. Therefore, it is sufficient to traverse the arrangement and
take the nodes with the highest number of δ-regions that contain this node.

We will show that the fraction of δ-regions covering the deepest cell of the
arrangement gives a good approximation to the maximum value of pδ(t). Let the
random variable Z(t) denote the number of δ-regions produced by N random
experiments that cover t. Let p̃δ(t) denote the ratio of the number of the observed
δ-regions that cover t to the total number of samples, that is p̃δ(t) = Z(t)

N . p̃δ(t)
is an estimate of pδ(t).

Theorem 1. Given two shapes A and B, i.e., finite sets of rectifiable curves
with total lengths LA, LB, respectively, and a tolerance value δ > 0, for any
ε, η, 0 < ε, η < 1, and for the transformation classes translations, rigid mo-
tions, and similarities, the following holds: Let tapp be a transformation maxi-
mizing p̃δ(t) after some number N of random experiments and topt a transfor-
mation maximizing pδ(t), and let m = max(LA, LB, nδ), where n is the total
number of curves in A and B. Then there exists a constant c such that for
N ≥ c m2

ε2δ2 ln
(
max( 1

η , m2

ε2δ2 )
)

the probability that |p̃δ(tapp) − pδ(topt)| ≥ εpδ(topt)
is at most η.
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Observe that the relative error with respect to pδ(t) is also the relative error with
respect to |Mδ(t)|, which is the measure of resemblance underlying our algorithm.
For the proof of the theorem we first show that for a fixed transformation t the
probability of a bad estimate of pδ(t) falls exponentially with N (Lemma 1).
Then we define some experiment dependent transformations t and show that
also for those t the probability of a bad estimate depends exponentially on N
(Lemma 2). Finally we argue that it is sufficient to compute the estimate p̃δ

for a finite set of experiment dependent transformations t in order to get a
good approximation of the maximum of pδ. These considerations are valid for
all transformation classes considered.

Lemma 1. For all 0 < ε, ν < 1, for a sample S of size N , and any transforma-
tion represented by some vector t ∈ R

d the following holds:

– pδ(t) ≤ ν ⇒ P (p̃δ(t) > (1 + ε)ν) ≤ e−
ε2νN

3

– pδ(t) ≥ ν ⇒ P (|p̃δ(t) − pδ(t)| > εpδ(t)) ≤ 2e−
ε2νN

4 .

Proof. If pδ(t) ≤ ν:

P (p̃δ(t) > (1 + ε)ν) = P (Z(t) > (1 + ε)νN) = P (erZ(t) ≥ er(1+ε)νN) for all r > 0

≤ E(erZ(t))
er(1+ε)νN by the Markov inequality [17]

≤ e(er−1)pδ(t)N

er(1+ε)νN
since r ≤ er − 1

≤
�

e(er−1)

er(1+ε)

�νN

= (eε−(1+ε) ln(1+ε))νN for r = ln(1 + ε)

≤ e− ε2νN
3 for 0 < ε < 1 .

In case pδ(t) ≥ ν:

P (|p̃δ(t) − pδ(t)| > εpδ(t)) = P (|Z(t) − pδ(t)N | > εpδ(t)N)
= P (|Z(t) − E(Z(t))| > εE(Z(t)))

≤ e−
ε2E(Z(t))

2 + e−
ε2E(Z(t))

4

by the simplified Chernoff bound [17, Thm. 4.4,4.5]. Since pδ(t) ≥ ν, we get

P (|p̃δ(t) − pδ(t)| > εpδ(t)) ≤ 2e−
ε2pδ(t)N

4 ≤ 2e−
ε2νN

4 ,
which concludes the proof. �	

We associate with each cell C of the arrangement A of δ-regions a so-called
witness point, i.e., a point that lies on a lowest-dimensional face F of A that
contributes to the boundary of C. Observe, that F is in general a connected
component of the intersection of k boundaries of δ-regions with 1 ≤ k ≤ d. Thus,
by considering all k-subsets of δ-regions for all k, 1 ≤ k ≤ d, and taking a point
in each connected component of the intersection of those k region boundaries we
can be sure to have at least one witness point for each cell of the arrangement.

The following lemma states approximation bounds for the witness points:
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Lemma 2. For all ε, ν, 0 < ε, ν < 1, and a sample set S of size N ≥ 2d
εν + d,

for any witness point t ∈ R
d of the arrangement of the δ-regions corresponding

to the samples in S, the following holds:

– pδ(t) ≤ ν ⇒ P (p̃δ(t) > (1 + ε)ν) ≤ e−
ε2(N−d)ν

12

– pδ(t) ≥ ν ⇒ P (|p̃δ(t) − pδ(t)| > εpδ(t)) ≤ 2e−
ε2ν(N−d)

16 .

Proof. Observe that Lemma 1 cannot be applied to the witness points directly
since they depend on the experiment, i.e., the chosen samples. However, since
they depend on at most d samples, the remaining ≥ N −d samples are “random”
for them and we can apply Lemma 1 replacing N by N − d. More specifically:

Let S1, . . . , Si ∈ S, 1 ≤ i ≤ d, be the sample pairs whose δ-regions induce
the witness point t. Consider the sample set Q = S \ {S1, . . . , Si}, |Q| = N − i.
Let ZQ(t) denote the number of the δ-regions that cover t in samples Q and
p̃δQ(t) = ZQ(t)/(N − i). Since we consider closed regions, ZQ(t) = Z(t) − i,
p̃δQ(t) ≤ p̃δ(t) and

p̃δQ(t) = Z(t)−i
N−i = Z(t)

N
N

N−i − i
N−i ≥ p̃δ(t) − i

N−i ≥ p̃δ(t) − d
N−d .

Therefore,

|p̃δ(t) − pδ(t)| ≤ |p̃δQ(t) − pδ(t)| + |p̃δ(t) − p̃δQ(t)| ≤ |p̃δQ(t) − pδ(t)| + d
N−d .

In case pδ(t) ≤ ν:

P (p̃δ(t) > (1 + ε)ν) ≤ P
�
p̃δQ(t) + d

N−d
> (1 + ε)ν

�
= P

�
p̃δQ(t) > (1 + ε)ν − d

N−d

�

≤ P
�
p̃δQ(t) >

�
1 + ε

2

�
ν
�

for N ≥ 2d
εν

+ d

≤ e− (ε/2)2(N−d)ν
3 by Lemma 1

= e− ε2(N−d)ν
12

If pδ(t) ≥ ν:

P (|p̃δ(t) − pδ(t)| > εpδ(t)) ≤ P
�
|p̃δQ(t) − pδ(t)| + d

N−d
> εpδ(t)

�

≤ P
�
|p̃δQ(t) − pδ(t)| > ε

2pδ(t)
�

for N ≥ 2d
εν

+ d

≤ 2e− (ε/2)2ν(N−d)
4 = 2e− ε2ν(N−d)

16 . ��

In the above lemmata we used an additional parameter ν for the smallest value
of pδ(t) which we want to approximate well enough. Next, we eliminate this
parameter:

Lemma 3. For any two shapes A and B of total length LA and LB, respectively,
and for the following classes of transformations: translations, rigid motions, and
similarities, there exists a transformation t such that pδ(t) ≥ δ2

m2 , where m =
max(LA, LB, nδ) and n is the total number of curves in A and B.
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Proof. Let sa denote a part of one of the curves of A of length δ if there exists one,
otherwise sa denotes the longest curve of A. The length of sa is at least LA

n ≤ δ
in the second case. Similarly sb denotes a subcurve of length δ or the longest
curve of B with length at least LB

n ≤ δ. Let v denote the translation vector that
maps the center of sb to the center of sa. For an arbitrary point pa of sa and an
arbitrary point pb of sb it holds that dist(pa, pb + v) ≤ δ, therefore v is covered
by the δ-region corresponding to pa, pb. Thus, in case of translations sa × sb is a

subset of Mδ(v) and pδ(v) ≥ |sa×sb|
|Ω| ≥ min(δ2, δLA/n, δLB/n, LALB/n2)

LALB
≥ δ2

m2 .
For rigid motions the same argument as above shows that the rigid motion

t with rotation angle 0 and translation vector v is covered by every δ-region
corresponding to an arbitrary point in sa and an arbitrary point in sb.

In case of similarity maps the shape B can be scaled by the factor δ
DB

, where
DB is the diameter of B, so that the diameter of the scaled shape B is δ. If A
contains a connected component of length at least δ, then we can place the scaled
shape B in such a way that for any point of a part of A of length δ the distance
to any point of the scaled B is at most δ. Therefore, the measure of the set Mδ(t)
for that t is at least L2

B · δ2. The corresponding value of pδ is pδ(t) = |Mδ(t)|
|Ω| ≥

L2
B ·δ2

L2
AL2

B
= δ2

L2
A

≥ δ2

m2 . Otherwise, observe that the largest connected component of

A must have length at least LA

n ≤ δ. For the transformation t that maps the
scaled B to the largest component of A the measure of Mδ(t) is then at least
L2

A

n2 L2
B and pδ(t) ≥ 1

n2 ≥ δ2

m2 . �	

Now we can prove Theorem 1:

Proof. (Of Theorem 1) Any witness point lies on the boundary of a k-subset of
δ-regions. Furthermore, any k-subset yields a system of constantly many poly-
nomial equations of constant degree. There are constantly many connected com-
ponents of the solution set of such system of equations, and with each con-
nected component we associate a witness point. Therefore, there are at most
c0

∑d
k=1

(
N
k

)
≤ c0N

d witness points, where c0 is a constant. Then the probabil-
ity that there exists a witness point t with pδ(t) ≥ ν and |p̃δ(t) − pδ(t)| > εpδ(t)
or with pδ(t) < ν and p̃δ(t′) > (1 + ε)ν is, according to Lemma 2, at most

c0N
d2e−

ε2ν(N−d)
16 . A straightforward calculation shows that for N ≥ c1

ε2ν ln
( 1

ε2ν

)

with some suitable constant c1 this value is at most e−
ε2ν(N−d)

32 , which is less
than η for N ≥ 32

ε2ν ln 1
η + d. So the probability that there exists a witness point,

for which the estimate of pδ(t) is bad in the sense described above, is at most
η/2 for

N ≥ c2
ε2ν ln

(
max

(
1
η , 1

ε2ν

))
(1)

for some constant c2.
By Lemma 3 for any two shapes and the transformation classes considered

there always exists a transformation t such that pδ(t) ≥ δ2

m2 , where m = max
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(LA, LB, nδ). The maximum of pδ is then also greater or equal δ2

m2 and we can
choose the value ν as ν = δ2

m2 .
Let t∗ be a witness point of the cell of the arrangement containing

topt. Plugging the value of ν in formula (1) we obtain that after N =

O
(

m2

ε2δ2 ln
(
max( 1

η , m2

ε2δ2 )
))

experiments for all witness points, in particular for
t∗ and tapp, and additionally for topt it holds with probability at least 1 − η/2
that |p̃δ(t) − pδ(t)| ≤ εpδ(t). Combining these error bounds we get

p̃δ(tapp) ≥ p̃δ(t∗) since tapp maximizes p̃δ(t)
= p̃δ(topt) for topt is in the cell witnessed by t∗

≥ (1 − ε)pδ(topt) with probability ≥ 1 − η/2

and

p̃δ(tapp) ≤ (1 + ε)pδ(tapp) with probability ≥ 1 − η/2
≤ (1 + ε)pδ(topt) since topt maximizes pδ(t)

Therefore, |p̃δ(tapp) − pδ(topt)| ≤ εpδ(topt) with probability at least 1 − η. �	

Running time. The running time of the algorithm consists of the time needed
to generate N random samples denoted by Tgen(n, N), where n is the number
of curves in the shape, and the time needed to determine the depth of the
arrangement of N δ-regions denoted by Tdepth(N). A random point on a curve
can be generated in constant time. For generating a random point from a set of
n curves we first select a curve randomly with probability proportional to the
relative length of the curve and then take a random point from the selected curve.
If we first record the curve lengths and record the corresponding probabilities
to allow for binary search during the generation process we get preprocessing
time linear in n and O(log n) generation time for a single point. Therefore,
Tgen(n, N) = O(n + N log n).

In order to determine the depth of the arrangement of N δ-regions we can
construct this arrangement and during the construction keep record of the depth
of the cells. Then at the end of the construction algorithm we know the depth
of the deepest cell. For general metrics Lp and the considered classes of trans-
formations the boundaries of δ-regions are algebraic hypersurfaces. By Basu et
al. [9], the arrangement of such surfaces can be constructed and traversed in
Tdepth(N) = O(Nd+1) time.

Summarizing these results and using Theorem 1 we obtain the following the-
orem for all three classes of transformations considered:

Theorem 2. For any two shapes A and B represented by finite sets of rectifiable
curves in the plane, for all transformation classes considered, and for any ε, η,
0 < ε, η < 1, the following holds: Let topt denote the transformation maximizing
pδ(t), LA, LB the total lengths of the curves in A and B, respectively, n the total
number of curves in both shapes, and m = max(LA, LB, nδ). Then there exists
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a constant c, such that for N ≥ c m2

ε2δ2 ln
(
max( 1

η , m2

ε2δ2 )
)

the generic probabilistic
algorithm with probability at least 1−η computes a transformation tapp such that
|p̃δ(tapp) − pδ(topt)| ≤ εpδ(topt) in time O(n + N log n + Nd+1), where d is the
dimension of the transformation space.

The theorem only states that with high probability the numerical value obtained
by p̃δ(tapp) is close to pδ(topt) which is a measure for the closeness of the two
shapes. tapp and topt need not be close in transformation space. But it is also
easily possible to derive that the transformation tapp is “good” in the sense that
pδ(tapp) is close to the optimum, since p̃δ(tapp) is close to pδ(tapp).

Observe that, at least for sufficiently small values of δ, the runtime of the
algorithm depends much more on the parameters ε and η than on the combina-
torial input size n, which is only needed in the preprocessing and the drawing
of random samples.

For translations and for similarities in combination with the L1 and L∞ met-
rics the running time of the algorithm can be improved: In case of transla-
tions, the δ-regions are pseudo-disks and their arrangement can be constructed
straightforwardly in time O(N2). For similarities in combination with the L1 or
L∞ metric the δ-regions in transformation space are bounded by a constant num-
ber of 3-dimensional hyperplanes. Using the algorithm of Edelsbrunner et al. [11]
the arrangement of N such δ-regions can be constructed in O(N4) time. For
translations, further speed-up can be achieved in combination with the depth
approximation algorithm by Aronov and Har-Peled [8] resulting in running time
Tdepth(N) = O(Nε−2 log N).

4 Conclusions

In this paper we presented a probabilistic approach for matching two shapes
which comes close to the human notion of match and is easy to implement. In this
paper, we only considered the transformations: translations, rigid motions, and
similarities, since those are the ones most commonly used for shape matching.
However, our approach is much more general. Elaborating the details of similar
analyses for homothety, shear and affine transformations is part of our ongoing
work.

A minor problem occurs for the described variant for matching under simi-
larity transformations in practice. As we observed in Lemma 3 a transformation
t1 that scales the shape B down to a shape of diameter δ and maps the scaled
B to some position on the shape A has a measure of resemblance of δ2

m2 . On the
other hand, if the shapes A and B are similar, then the transformation t2 that
matches best the shape B to the shape A has approximately the same measure
of resemblance, since for every point b of B there is a segment sa(b) of A of
length (approximately) δ such that b is in the δ-neighborhood of every point in
sa(b). Because of this overrating of shrinking transformations other, reasonable
transformations are likely to be missed, This problem can easily be avoided by
setting a lower bound for the allowed scaling factor to some constant times δ

DB
,
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where DB is the diameter of the shape B. Samples yielding smaller scaling factor
will be discarded. By this restriction of the scaling factor we could achieve good
experimental results. A similar problem arises in matching under affine trans-
formations, where the analogue to a lower bound on the scaling factor is a lower
bound on the value of the determinant of the linear transformation matrix.

We also considered some variants of random sample generation for rigid mo-
tions and similarities. For rigid motions, in addition to a point of the shape we
take the direction of the tangent line at that point and restrict the corresponding
δ-region so that not only points but also the sample directions are close. For simi-
larity transformations, a sample of one shape consists of one point, the direction
of the tangent line at that point and the (eventually interpolated) curvature
at that point instead of a sample consisting of two points. The idea for rigid
motions is to reduce the search space, and in case of similarity transformations
this alternative approach is not affected by the downscaling problem described
above. These approaches are best suitable for shapes where the tangent slopes
actually contribute to the shape characterization, as opposed to shapes with
noisy contours or shapes composed of many sparse and small parts.

In general the probabilistic algorithm presented here is robust to noise, defor-
mations and cracks in the representation of shapes and does not require shapes
to be modelled by a single contour line. It is applicable to the problem of com-
plete and partial matching. As was mentioned before, for practical purposes we
enhanced this algorithm with various heuristics (see [6]) but even in the sim-
ple form presented here we observed reasonable matching results in experiments
with the MPEG7-ShapeB data set and a selection of trademark images.
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Abstract. We consider a new online problem, called caching for queries
and updates, which encompasses three expansions to standard caching:
requests can be for multiple data objects (or “file bundles”), requests can
be queries that return results much smaller than the data they access, or
there may be updates to the data at the source. Different combinations
of these expansions arise in modern applications such as scientific com-
puting on data-grids and middle-tier caching in web-based databases.
We present a randomized online (2α + 2)-competitive algorithm for this
problem, given any α-competitive algorithm for the well studied object
caching (multi-size paging) problem. This is the first known online algo-
rithm for the combined problem and for several simpler combinations of
the three extensions. This algorithm is both space-efficient and computa-
tionally tractable and has bounded overhead for control communication.

1 Introduction

We present an online competitive algorithm for a new abstract caching problem,
which we call caching for queries and updates. This problem combines three ex-
pansions to caching, which have arisen in modern network-bound applications,
into one seamless whole. These expansions are with respect to the baseline prob-
lem of object caching [1, 2, 3], described as follows: There is a remote data server
that hosts data objects of varying sizes and a local cache, at or close to a client,
which can hold only a few objects at any given time due to its limited size. The
cache receives client requests for objects, and it responds to each request either
(1) by forwarding the object to the client if it happens to have a local copy, or
(2) else by first evicting some other objects to make space, then loading a copy
of the required object from the server, and then forwarding it to the client. If
the cache does not have a local copy it may choose another option: (3) getting
a copy of the object from the server and just forwarding it to the client without
actually storing a local copy. This last option does not affect the contents of the
cache and is called the bypass option. The objective is to make eviction and by-
pass decisions that minimize the cost in terms of network traffic, i.e., the number
of bytes sent on the network between the server and the cache. Object caching,
both with and without the bypass option, is well studied and has known online
competitive algorithms. [1, 2, 3]. The three expansions we address are:
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Multi-object Requests. Often single requests are for multiple objects in the
cache, as in scientific data-grids in which computational jobs process sev-
eral files concurrently and can only be executed when all files are present in
the cache—termed file-bundle caching [4, 5]. These also occur, e.g., in table
caching for web-databases where the requests, which are database queries,
perform joins on multiple tables [6]. No online competitive algorithms are
currently known for this; simple object caching algorithms (as in [1, 2, 3])
break down as they are not designed to track or maintain the right combi-
nation of objects.

Query Processing Requests. These occur in web-databases using table or
column caching. Here, instead of requesting an entire object (table or col-
umn), a request is essentially a (read-only) database query that accesses
the object but forwards to the client only the final processed result—often
much smaller in size than the object accessed [7, 6]. Competitive online algo-
rithms are known when the query accesses a single object [7], but not when
it involves a join on multiple objects.

Dynamic Source Data. In databases for e-commerce or science, often the
server independently receives updates to objects, which effectively make the
corresponding copies in the cache stale [8, 9, 10, 6]. To answer client requests
using the latest updates but without incurring substantial network costs, sev-
eral mechanisms, including query-shipping and update-shipping (described
in Sect. 1.1), have been designed. There are, however, no known competitive
online algorithms that optimize their use.

1.1 Problem Description

As in object caching, in the problem of caching for queries and updates we have
a single remote server which hosts objects of different sizes and a single local
cache of limited size which at any given time can maintain copies of only some
of the objects at the server. The cache receives a sequence of client queries,
each of which accesses a bundle (subset) of objects on the server, and requires
a processed query result to be forwarded to the client. The server meanwhile
receives a sequence of updates, each of which affects a specific object. As soon as
an update is received, the server copy of the affected object is updated, but any
copy on the cache becomes stale unless a deliberate action is taken to update it.
The objective is to service all queries in the sequence with the latest updated
data, such that the network traffic incurred is minimized.

To reduce network traffic and yet allow queries to be serviced with the latest
data, we use the complementary mechanisms of query shipping and update ship-
ping. When a query arrives, if the cache contains the latest updated copies of all
objects in the query’s bundle, then the query is executed in cache and serviced
without incurring any network traffic between server and cache. (We ignore the
traffic between cache and client as it is both negligible and the same irrespective
of the choices we make.) Else, we have two options. The first option is to send
the specification of the query from the cache to the server, execute the query on
the server (with the latest updated copies), and then send the query result from
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server to cache to be forwarded to the client. This is called query result shipping
or simply query shipping.

The other option is to first load into cache all objects in the query’s bundle
that are currently not in cache. For this some of the current objects may have
to be evicted to create sufficient space. Next, some of the objects in the query’s
bundle that are currently in cache, but not freshly loaded, may need to be
updated. So for each update that affects one such object, which arrived after
the object was loaded but before the query arrived, and which has not yet been
applied to the object copy in cache, we send the update specification from the
server to the cache. These updates are then applied to the corresponding object
copies in cache. This is called update shipping. The query is now executed in
cache and the result forwarded to the client. The cost incurred for loading an
object, or shipping a query, or shipping an update is the corresponding number
of bytes sent on the network between the server and the cache in each case. A
solution to the problem is a sequence of online decisions of loading and evicting
objects, and shipping queries and updates, which services all queries with the
latest updated data, and minimizes the sum of the costs incurred. (For a formal
definition of online algorithms and competitive ratios please see [11].)

Aside from loading objects and shipping queries and updates, the server and
cache may need to communicate simply to inform the other of the events at their
ends or to decide which choices to make. We call such communication control
communication and distinguish it from data communication, which is used to
transfer the data in loading objects, or shipping queries or updates. We assume
that cost of control communication is relatively insignificant, and ignore it in
the problem definition. Our online algorithm, however, does guarantee bounds
on the number of control messages used (see [12]).

Formal Definition. An instance of the caching for queries and updates problem
consists of (using P(·) to denote the powerset)

– a set W of objects at the server, and for each object o ∈ W a size s(o) ∈ IR
and a load cost l(o) ∈ IR—the sizes are normalized such that the smallest
object has size 1;

– a size k ∈ IR of the cache;
– a set U of updates, and for each update u ∈ U , an object o(u) ∈ W updated

by u and a cost y(u) ∈ IR of shipping u;
– a set Q of queries, and for each query q ∈ Q, a set (bundle) B(q) ∈ P(W )

of objects accessed by q and a cost y(q) ∈ IR of shipping q; and
– an online sequence of events σ = e1, . . . , ei, . . ., in which each ei ∈ (U ∪ Q)

is either an update or a query.

The objective is, at each event ei, to decide (online), the objects to load into
cache, the objects to evict from cache, the updates to ship to cache, and the
queries to ship to the server, if at all, such that the sum of the costs of loading
objects, shipping updates, and shipping queries is minimized, and the following
constraints are met: (1) the sum of the sizes of the loaded objects at any given
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time is at most k, and (2) each query q in σ is serviced with the latest updated
data before the next event in σ is revealed. To ensure that a query q is serviced
with the latest updated data at least one of the following must be true: (1) q
is shipped to the server, or (2) for each object o ∈ B(q) accessed by q, o is in
the cache when q is serviced, and for each update u such that u updates o (i.e.,
o(u) = o) and u is an event that occurs after o was last loaded and before q, u
is shipped to the cache.

Our Contributions. Our primary contribution is an online randomized algo-
rithm, which we call DynamicBypass, for the problem of caching for queries and
updates, which has a competitive ratio of (2α + 2) given any α-competitive on-
line algorithm for the object caching problem (with the bypass option). Given
the O(lg2 k)-competitive algorithms known for object caching, when the load
cost of an object is either a fixed cost (fault model) or proportional to the size
(bit model) [2], our algorithm yields O(lg2 k)-competitive algorithms for the
corresponding cost models. Further, the amount of state stored at any moment
depends only on the objects currently in the cache and the outstanding updates
rather than all the objects ever affected by updates or accessed by queries in
the sequence σ. This is achieved through randomization. Lastly, the total num-
ber of control messages is bounded by the number of actual data messages, i.e.,
O(L + U + Q), in which L is the number of loads, U is the number of updates
shipped, and Q is the number of queries shipped by the algorithm.

Approach Overview. The caching for queries and updates problem can be
viewed as encompassing subproblems of type rent-versus-buy at two different
levels: (1) choosing between loading objects into cache (buying) versus ship-
ping corresponding queries (renting), which we call the outside subproblem, and
(2) choosing between shipping updates to cache (buying) versus shipping cor-
responding queries (renting), which we call the inside subproblem. The outside
subproblem involves making eviction decisions as well. We use the classic ski-
rental approach for the rent-versus-buy decisions. There are, however, two kinds
of obstacles that need to be overcome: In both subproblems the rent-versus-buy
decisions are not independent for different objects. Queries can access multiple
objects and overlap “sub-bundles” in common with other queries. This adds a
combinatorial element to the decision-making, and a crucial question is allocat-
ing the rental cost of a query among the objects in its bundle. We use different
approaches for the two subproblems: In the inside subproblem we convert this
into a minimum-weighted vertex cover problem on bipartite graphs (this special
case is polynomial-time solvable); and in the outside subproblem we find that,
given some minimal constraints, even a fairly arbitrary allocation of costs works.

The second obstacle is that the solution to one subproblem influences the so-
lution to the other and vice versa. Bounding the performance of the integrated
algorithm, derived by combining the solutions for the subproblems (two indepen-
dent algorithms, oblivious to each other), is nontrivial. We achieve this surprising
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result by introducing an hypothetical algorithm that mimics the offline optimal
for one subproblem and our algorithm for the other, facilitating comparison.
This technique should have applicability in other similar situations.

2 Related Work

The caching for queries and updates problem, has not been addressed before.
It is however a generalization of several well-studied problems in caching, which
we now describe. The fundamental caching problem of paging occurs in virtual
memory hierarchies and is for objects of uniform size and with uniform load
cost. The cache can hold at most k objects at any time. If an object is in cache
when requested (cache hit) no cost is incurred, otherwise (cache miss) the object
must be loaded from slow memory to cache incurring the load cost—there is no
bypass option. The objective is to make online eviction decisions to minimize
the cost. Deterministic online k-competitive algorithms (best possible) and a
randomized online Hk-competitive algorithm (again, best possible) are known
(see [11, 13]). (Hk = Θ(lg k) is the kth harmonic number.) These lower bounds
on best possible competitive ratios also apply to any problem that generalizes
paging, such as caching for queries and updates.

The multi-size caching problem or object caching generalizes paging by al-
lowing data objects that differ in size. It naturally arises in web proxy caching.
Best-possible (k-competitive) deterministic algorithms are known for this prob-
lem without the bypass option [1, 3]. Randomized O(lg2(k))-competitive algo-
rithms for this problem are known when the bypass option is allowed [2].

The file-bundle caching problem extends multi-size caching to allow requests
involving groups of objects called bundles. All of the objects in a request must
be present in the cache simultaneously for the cache to satisfy the request. For
this problem, which arises in scientific data processing, empirical performance
of heuristics have been studied [4, 5], but no prior online algorithm is known.

The bypass-yield caching problem extends multi-size caching to requests that
are queries which access a single object but forward to the client only the final
processed result. This final result may contain data much less than the accessed
object. A query may be bypassed, i.e., it is shipped to the server and the result
shipped directly back to the client. This option is useful for queries on infre-
quently accessed objects. An O(k)-competitive deterministic algorithm and an
O(log2 k)-competitive randomized algorithm are know for this problem [7].

In the push-pull partitioning problem, instead of the cache we have a replica
of the server, which has no space constraints. (This is not a caching problem
as it does not generalize paging.) Queries arriving at the replica access multiple
data objects, and updates arriving at the server modify the server copies of the
objects. The objective is to use query shipping and update shipping to service
all queries with the latest updated data such that the network communication
cost is minimized. Heuristics and offline solutions have been proposed [8, 9, 10]
but no prior online algorithms are known for this problem as well.
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For conciseness we represent the different problems by P followed by a list of
problem parameters. P{k} denotes paging, and in general, P{k,. . . } denotes a
problem where the cache is space-constrained—k is the ratio of the size of cache
to the size of the smallest object. Similarly, “m” denotes multiple object sizes;
“f” denotes file bundles; “b” denotes the bypass option; “q” denotes queries and
query shipping; and “u” denotes updates at server.

3 The DynamicBypass Algorithm

In the algorithm DynamicBypass we distinguish between two kinds of query. If a
query requires at least one object that is not currently in the cache, it is called
an outside query. DynamicBypass uses the subroutine OutQ (see Fig. 1 and 2) to
decide between shipping the query or loading the missing objects into the cache—
solving the outside subproblem. In the pseudocode, CACHE represents the set of
objects currently in cache, Aobj is any given algorithm for object caching with
bypass, and the labels are used to limit the number of control messages used (they
play no role in the competitive analysis). If not all of the required objects are in
the cache when OutQ finishes, the query is shipped. A query is an inside query
if every object it requires is in the cache. A query may be an inside query when
it arrives or may begin as an outside query but become an inside query during
the execution of OutQ. DynamicBypass uses the subroutine InQ (see Fig. 3-6) to
decide whether to satisfy an inside query by shipping outstanding updates or by
shipping the query—solving the inside subproblem. The next sections explore
these subroutines in further detail.

Algorithm:OutQ on cache

Invocation: User query q accessing bundle B(q) and shipping cost y(q)
y ← y(q)
while

(
B(q) \ CACHE

)
�= ∅ and y > 0 do

B ← B(q) \ CACHE
foreach o ∈ B do

if y ≥ l(o) then
Invoke Aobj with next input o with probability 1
y ← y − l(o)

else
Invoke Aobj with next input o with probability y/l(o)
y ← 0

Maintain CACHE according to Aobj

if Aobj chooses to load o and evict set of objects X then
DATA MSG to server: “Load o into cache”
CONTROL MSG to server: “Loading o, evicting X”

if
(
B(q) \ CACHE

)
= ∅ and y(q) > 0 then

Invoke InQ on cache with q
else

DATA MSG to server: “Ship back result of q”

Fig. 1. OutQ on cache
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Algorithm:ServiceLoadRequest on server

Invocation: DATA MSG from cache to load object o
DATA MSG to cache: “Loading o”; object o data
Set label(o) to UpdateShipped

Fig. 2. ServiceLoadRequest on server

Algorithm:InQ on cache

Invocation: By OutQ on cache with query q accessing bundle B(q) and shipping
cost y(q)
foreach o ∈ B(q) do

if label(o) is QueryShipped then
CONTROL MSG to server: “Invoke InQ with q”
exit

Process q in cache and forward result to client

Fig. 3. InQ on cache

Algorithm:ServiceServerRequest on cache

Invocation: DATA MSG from cache shipping update u or query q result
if DATA MSG from server is shipped update then

Wait to receive entire set P of shipped updates for the query q
foreach u ∈ P do

Apply u to o(u) ∈ CACHE
Set label(o(u)) to UpdateShipped

Process q in cache and forward result to client
else

/* DATA MSG from server is shipped query q result */
Forward query q result to client

Fig. 4. ServiceServerRequest on cache

3.1 Outside Queries

During the OutQ subroutine (Fig. 1) DynamicBypass essentially ignores the
presence of data updates, which are handled later in the InQ subroutine.
The costs OutQ incurs, correspond to the costs of outside queries, and are
the costs DynamicBypass would incur if all updates were removed from a se-
quence. (OutQ solves P{k, m, q, f}.), Let σQ designate the queries of sequence
σ without the updates. We shall compare OutQ(σQ) (equivalent to OutQ(σ)) to
OPT{k, m, q, f}(σQ).

OutQ decides randomly (with weighted probabilities) which objects to load
(see Fig. 1). This simulates the use of counters to determine which objects are
most costly to not have in cache, but is more memory-efficient since its memory
usage does not scale with the number of distinct objects in σ. When an outside
query arrives, OutQ attributes a portion of its shipping cost to each of the missing
objects. If the amount of shipping cost that has not yet been attributed is greater
than the cost of loading the object currently in consideration, it attributes a
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Algorithm:ServiceUpdate on server

Invocation: Update u affecting object o and shipping cost y(u)
if o ∈ CACHE then

Add update vertex v with weight y(u) to interaction graph G
if label(o) is UpdateShipped then

Set label(o) to QueryShipped

CONTROL MSG to cache: “Label o QueryShipped”

Fig. 5. ServiceUpdate on server

Algorithm:InQ on server

Invocation: CONTROL MSG from cache with query q accessing bundle B(q) and
shipping cost y(q)
/* Maintains Ut−1, the minimum-weighted vertex cover from the last execution
of this subroutine. */
/* Update the interaction graph */
Add query vertex v with weight y(q) to interaction graph G
foreach u ∈ V (G) do

/* Find interacting updates for query q */
if o(u) ∈ B(q) and u at server arrives before q at cache then

Add edge (u, v) to G
/* Compute min vertex cover for bipartite graph G using polynomial algorithms
*/
Compute the minimum-weighted vertex cover Ut ⊆ V (G) for G
if q �∈ Ut then

/* Vertex cover consists of new updates */
foreach u ∈ Ut \ Ut−1 do

DATA MSG to cache:“Shipping u”; update u data
if u was last outstanding update for o(u) then

Set label(o) to UpdateShipped

CONTROL MSG to cache: “Label o UpdateShipped”
else

/* Vertex cover consists of new query */
Process q on server
DATA MSG to cache: “Shipping q result”; q result data

Fig. 6. InQ on server

portion equal to the cost of loading the object and loads the object into the cache.
If the load cost is the greater quantity, it attributes the remaining shipping cost
to the object and loads the object with a probability proportional to the ratio
of that amount to the load cost of the object. Thus the sum of all the shipping
costs attributed to objects equals the total shipping costs of outside queries in
σ (whether or not those queries are shipped by DynamicBypass).

When OutQ decides to load an object, it sends a request for that object to
the caching algorithm Aobj (which may be any algorithm for P{k, m, b}), which
decides whether to load or bypass the request for the object and what objects (if
any) to evict. When Aobj is loading objects, it may evict others that the query
requires. In this case, DynamicBypass will attribute any unattributed shipping
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costs to these objects and load then with the corresponding probabilities. OutQ
will continue until all objects required by the query are simultaneously in the
cache or the entire shipping cost of the query has been attributed to objects.
Note it may make counterintuitive decisions by loading only some of the objects
required by a query and not others, or by evicting some of the required to load
others. These do not negatively affect the competitive ratio, but reduce the
complexity of the algorithm. The following theorem summarizes the analysis of
DynamicBypass for outside queries. See [12] for the proof.

Theorem 1. Given any α-competitive online algorithm Aobj for P{k, m, b},
E[OutQ(σQ)] ≤ 2α · OPT{k, m, q, f}(σQ) for any query sequence σQ. (OutQ
is 2α-competitive for P{k, m, q, f}.)

3.2 Inside Queries

InQ solves the problem of servicing queries which only access objects that are cur-
rently cached. Let σI designate all updates and those queries in σ that are inside
queries for DynamicBypass (including queries which only become inside queries
after OutQ processes them). For each inside query, InQ must decide whether
to ship all outstanding updates to objects accessed by the query (outstanding
updates that interact with the query) or to ship the query itself. Recall that
the cache contains only a subset of the objects at the server at any given time
and may contain different objects at different times. Yet, the inside subproblem
can be mapped directly to the push-pull partitioning problem P{m, q, f, u} [8]
in which the replica (which corresponds to the cache) stores (possibly outdated)
copies of all objects at the server. The replica, thus, does not make any load or
eviction decisions, and just chooses between shipping queries and updates. The
mapping is by giving an object in the inside subproblem a unique name each
time it is loaded, and using that in all future references. In the following discus-
sion we assume such a mapping when evaluating the cost of DynamicBypass in
processing σI .

InQ essentially computes, at each query in σI , the decisions the correspond-
ing offline optimum OPT{m, q, f, u}, denoted OPTIn, would make if the event
sequence terminated with the current query—the incremental optimum for this
point in the sequence. InQ mimics the incremental optimum by shipping any
outstanding updates that the incremental optimum would have shipped or ship-
ping the current query if that is what the incremental optimum would do. These
decisions may differ from those of subsequent incremental optima, since a de-
cision that is optimal for a sequence terminating with one event may not be
optimal in light of further events. This may cause InQ to do extra work (such as
shipping a query initially and then later also shipping all interacting updates).
Nevertheless, we show that InQ incurs data communication costs no more than
twice those of OPTIn (see Theorem 2).

Figures 3, 4, and 6 address inside queries. The heart of InQ is in its represen-
tation of the input sequence σ as a graph, which we call the interaction graph.
An interaction graph at any stage of the input sequence consists of a node vu
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for each update u and a node vq for each query q received till now. Each node
has a weight equal to the shipping cost associated with it. An update node vu

has an edge with a query node vq if and only if u and q interact, i.e., q accesses
the object that u modifies, and that object was kept in the cache in the entire
period between u and q. There are no other edges; thus, the graph is bipartite.
We can show that for any set of valid shipping decisions, the set of nodes that
correspond to the updates or queries that are shipped form a valid vertex cover
in the interaction graph. This implies that to know what an incremental op-
timum does, InQ needs to compute the minimum-weighted vertex cover of the
interaction graph. Since the graph is bipartite, this can be done in polynomial-
time by a transformation to maximum flow problem (see e.g., [14]). Further, we
can show that, for any incremental optimum, the update nodes included in the
vertex cover and query nodes excluded from it will not affect the other parts of
the cover when it is recomputed for later events. We can therefore remove these
nodes from the interaction graph to form the remainder interaction graph for
more efficient computation. (To keep the pseudocode concise, we have not in-
cluded this additional efficiency in it.) The interaction graph can be maintained
at either the server or cache; here we have described the algorithm with the
graph maintained at the server.

Let InQ(σI) and OPTIn(σI) designate the cost InQ and OPTIn incur, respec-
tively, in satisfying inside queries. The following theorem summarizes the analysis
of DynamicBypass for inside queries. See [12] for the proof.

Theorem 2. InQ(σI) ≤ 2OPTIn(σI). (InQ is 2-competitive for push-pull parti-
tioning.)

3.3 Analysis of DynamicBypass for All Queries

Now we bound the competitive ratio for DynamicBypass for an entire sequence.
The corresponding optimal offline algorithm is OPT{k, m, q, f, u}. We prove the
following theorem.

Theorem 3. Given any α-competitive online algorithm Aobj for P{k, m, b},
E[DynamicBypass(σ)] ≤ (2α + 2) · OPT{k, m, q, f, u}(σ) for any sequence σ.
(DynamicBypass is (2α + 2)-competitive for caching for queries and updates.)

Recall that OutQ(σQ) is what DynamicBypass pays to handle outside queries
during the sequence σ, and this is at most 2α times what OPT{k, m, q, f}
pays for the sequence σQ of queries. Clearly, OPT{k, m, q, f}(σQ) ≤
OPT{k, m, q, f, u}(σ). This means that DynamicBypass(σQ) ≤
2αOPT{k, m, q, f, u}(σ). Also recall that the optimal offline algorithm for min-
imizing the costs incurred in handling inside queries (given some sequence of
loads and evictions) is OPTIn, and DynamicBypass pays at most 2 times what
OPTIn pays for handling inside queries (InQ(σI) ≤ 2OPTIn(σI)). Note, however,
that OPTIn minimizes the cost to handle σI in terms of DynamicBypass’s cache.
Since OPT{k, m, q, f, u} may not have the same objects cached at every point,
we cannot simply sum OPT{k, m, q, f}(σQ) and OPTIn(σI) for a lower bound



404 P. Little and A. Chaudhary

on OPT{k, m, q, f, u}(σ). We use a hypothetical algorithm Composite to relate
the performance of DynamicBypass to OPT{k, m, q, f, u}. Suppose there is an
algorithm Composite that does the following:

Rule 1. Composite handles outside queries as OutQ would handle them.
Rule 2. Composite never ships updates to an object that is not in the cache of

OPT{k, m, q, f, u}.
Rule 3. Composite always ships outstanding updates to an object in the cache

of DynamicBypass when OPT{k, m, q, f, u} loads the object.
Rule 4. Composite always ships updates to an object in its cache when

OPT{k, m, q, f, u} ships them.
Rule 5. Composite ships any inside query that cannot be satisfied from the

cache after rules 1-4 have been followed.

Theorem 4. Composite(σI) ≤ OPT{k, m, q, f, u}(σ) for any sequence σ

Proof. Rules 2-5 are sufficient to handle all inside queries. The costs Composite
incurs in following these rules is no more than the cost OPT{k, m, q, f, u}
incurs over the entire sequence σ: Following rule 2 will not in itself cost
Composite anything. Rule 3 will involve Composite shipping some updates
when OPT{k, m, q, f, u} loads corresponding objects, but since the updates
cannot exceed the load costs, Composite will not pay more for these up-
dates than OPT{k, m, q, f, u} pays for these loads. Rule 4 will only involve
Composite shipping updates that OPT{k, m, q, f, u} ships at the same cost.
Any queries that Composite is forced to ship because of rule 5 cannot be satis-
fied from OPT{k, m, q, f, u}’s cache, and thus are shipped at the same cost by
OPT{k, m, q, f, u}. Thus rules 2-5 together will cost Composite no more than
OPT{k, m, q, f, u}(σ), the total cost of OPT{k, m, q, f, u}.

Observe that Composite(σ) = Composite(σQ) + Composite(σI). Since Composite
handles outside queries exactly like DynamicBypass, Composite(σQ) =
OutQ(σQ) = 2αOPT{k, m, q, f, u}(σ). Since OPTIn is optimal for handling
inside queries in terms of DynamicBypass’s (and thus Composite’s) cache,
OPTIn(σI) ≤ Composite(σI) ≤ OPT{k, m, q, f, u}(σ). This means InQ(σI) ≤
2Composite(σI). Since the total costs of DynamicBypass are OutQ(σQ) +
InQ(σI) ≤ Composite(σQ) + 2Composite(σI) =≤ 2αOPT{k, m, q, f, u}(σ) +
2OPT{k, m, q, f, u}(σ), we conclude that DynamicBypass(σ) ≤ (2α +
2)OPT{k, m, q, f, u}(σ).

Conclusions. We have presented a new abstract caching problem, caching for
queries and updates, and a (2α + 2)-competitive randomized online algorithm
for it, given any α-competitive online algorithm for the object caching problem
with the bypass option. A useful line of further investigation will be to extend
this algorithm to the scenario with multiple servers and clients.
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Muñoz, Xavier 369
Mukhopadhyay, Debapriyay 83

Nagamochi, Hiroshi 202, 214
Nakano, Shin-ichi 141, 151
Nandy, Subhas Chandra 47, 83
Nikolopoulos, Stavros D. 117
Nimbhorkar, Prajakta 274

Otachi, Yota 141

Pach, János 1
Pal, Sudebkumar Prasant 47
Parvez, Mohammad Tanvir 151
Petreschi, Rossella 165

Rahman, M. Sohel 93
Rahman, Md. Saidur 151, 310
Rangan, C. Pandu 262
Rasheed, Md. Muhibur 93
Reeves, Tristan 129
Rextin, Aimal 334
Richoux, Florian 286
Rosamond, Frances A. 298

Saitoh, Toshiki 177
Sarvattomananda, Swami 47
Scharf, Ludmila 381
Seibert, Sebastian 369
Sen, Sandeep 32
Sikora, Florian 357
Swar, Namrata 238
Symvonis, Antonios 250



408 Author Index

Tokuyama, Takeshi 71

Uehara, Ryuhei 177
Unger, Walter 369

Varadarajan, Kasturi 274
Vialette, Stéphane 357
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